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NOMENCLATURE

AI Artificial intelligence, see Sec. II A
B3LYP Becke, three-parameter, Lee-Yang-Parr, a hybrid

DFT functional
CCSD(T) Coupled cluster with single, double and pertur-

bative triple excitations, an electronic structure
method

DFT Density functional theory, an electronic structure
method

DFTB Density functional theory tight binding, an elec-
tronic structure method

DNN Deep neural network, see Sec. II C
EAM Embedded atom model/method, an interatomic

potential
GAP Gaussian approximation potential, a machine

learning potential
HOMO Highest occupied molecular orbital
KRR Kernel ridge regression, see Sec. II C
LUMO Lowest unoccupied molecular orbital
MAE Mean absolute error, see Sec. II D
MD Molecular dynamics, a simulation technique
ML Machine learning, see Sec. II A
MP2 Møller-Plesset perturbation theory to second

order, an electronic structure method
QM/MM Quantum mechanics/molecular mechanics, a

molecular simulation method
(A)NN (Artificial) neural network, see Sec. II C
QSPR Quantitative structure-property relationship, see

Sec. II A
RMSE Root mean squared error, see Sec. II D
SINDy Sparse identification of nonlinear dynamics, a

machine learning method
SNAP Spectral neighbor analysis potential, a machine

learning potential
SVM Support vector machine, see Sec. II C
tICA Time structure independent component analysis,

see Sec. II C
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I. INTRODUCTION

Welcome to the Journal of Chemical Physics Special
Topic on data-enabled theoretical chemistry. We expect that
this will be a timely addition to this new and rapidly evolving
field, with a variety of articles from the front lines.

Unless you have disconnected from all social media, you
will have noticed that artificial intelligence, machine learn-
ing, big data, and other vague but computer-driven terms have
invaded many realms of public life. Facial recognition soft-
ware has been revolutionized by machine learning, cars now
drive themselves, the world’s best chess and go players are
algorithms, and perhaps someday soon they will even be able
to recommend a good movie.

The same revolution has also been occurring in many
branches of theoretical and computational chemistry, driven
by the same force: the never-ending increase in data being
generated by computers. Our Special Topic is devoted to
data-enabled chemistry, which we interpret broadly. We cover
essentially all algorithmic developments that fit under the
broad rubric of machine learning, using varying amounts
of data, and driven by applications from small molecule
chemistry to materials science to protein behavior.

In Fig. 1, we show papers being published involving
machine learning and chemistry or materials over the last three

FIG. 1. Number of publications per year from a web of science search for
articles with topics of machine learning and either chemistry or materials,
taken June 5, 2018. The average number of citations per article is 12.
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ML taking off in computational 
chemistry/materials

• 44 papers in the field in Special Topic
• Searching chemical (and materials) compound 

space
• Making interatomic potentials
• Making new density functionals
• Making accurate potential energy surfaces for 

small molecules
• Accelerating MD by finding slow variables
• …
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Materials Project

Kieron Burke WTC20 8



Force fields

• Used for classical MD simulations of, e.g.,
– Biomolecules in drug design (CHARMM, AMBER, etc.)
– Microscopic amounts of materials (Stillinger-Weber)
– For water, at least 104 different respectable force fields
– Often not good at bond-breaking

• Want improved accuracy, or greater transferability, 
etc.

• Two big uses:
– Searching chemical compound space: What molecules 

could exist (dozen elements, all possible bonds)?
– Searching materials configuration space: 1-2 elements, 

but thousands to millions of them
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Generalized Neural-Network Representation of High-Dimensional Potential-Energy Surfaces

Jörg Behler and Michele Parrinello
Department of Chemistry and Applied Biosciences, ETH Zurich, USI-Campus, Via Giuseppe Buffi 13, CH-6900 Lugano, Switzerland

(Received 27 September 2006; published 2 April 2007)

The accurate description of chemical processes often requires the use of computationally demanding
methods like density-functional theory (DFT), making long simulations of large systems unfeasible. In
this Letter we introduce a new kind of neural-network representation of DFT potential-energy surfaces,
which provides the energy and forces as a function of all atomic positions in systems of arbitrary size and
is several orders of magnitude faster than DFT. The high accuracy of the method is demonstrated for bulk
silicon and compared with empirical potentials and DFT. The method is general and can be applied to all
types of periodic and nonperiodic systems.

DOI: 10.1103/PhysRevLett.98.146401 PACS numbers: 71.15.Pd, 61.50.Ah, 82.20.Kh

The reliability of molecular dynamics (MD) or
Monte Carlo (MC) simulations depends crucially on the
accuracy of the underlying potential-energy surface (PES).
Ab initio methods based on density-functional theory [1]
(DFT) provide accurate PESs for many systems, but they
are computationally very demanding and even on the most
advanced platforms ab initio MD simulations are limited to
tens of picoseconds and a few thousand atoms. This is the
reason for the continuing popularity of empirical potentials
which provide fast access to energy and forces. However
the construction of reliable empirical potentials is a diffi-
cult and lengthy process which usually relies on fitting the
parameters of a guessed, physically motivated simple func-
tional form for the interaction potential. This can lead to
qualitatively wrong results when used in circumstances in
which the assumed functional form is not appropriate. The
database used in the fitting can include experimental or
theoretical data and even the forces obtained in an ab initio
MD run [2–4].

In this Letter we present a generalized neural-network
(NN) method for constructing DFT-based PESs which have
ab initio accuracy and are capable of describing all types of
bonding. The method overcomes the limitations that have
so far restricted the use of NNs to low-dimensional PESs
[5,6]. This is achieved by combining NN precision and
flexibility with a PES representation that is inspired by
empirical potentials. The resulting many-body potentials
are a function of all atomic coordinates and can be used in
systems of arbitrary size. We apply our ideas to the con-
struction of an NN-based many-body potential for bulk
silicon. Constructing an empirical potential for Si that is
valid across the phase diagram has proven to be a frustrat-
ing challenge for conventional empirical potentials. Our
potential works well in the solid semiconducting and in the
liquid metallic phases. In addition we can reproduce the
small energy differences between the different high-
pressure phases of crystalline Si.

Neural networks are biology-inspired algorithms that
provide an accurate tool for the representation of arbitrary
functions. Given a number of points in which the value of

the function is known, the parameters of the NN are
optimized in order to reproduce the input data in a ‘‘train-
ing’’ process and then used to evaluate the function else-
where. For the representation of PESs DFT calculations are
generally used to provide the training data set. Once
trained, the atomic coordinates are given to the NN and
the potential energy, from which also forces can be calcu-
lated analytically, is received [5,6].

The structure of a simple NN as it has hitherto been used
to represent PESs is shown schematically in Fig. 1 for a
two-dimensional PES. In the nodes of the input layer the
two generalized coordinates G1

i and G2
i that determine the

energy of configuration i are provided. The node in the
output layer yields the associated energyEi. In between the

 

FIG. 1. Example of a standard neural network employed for
fitting potential-energy surfaces [5,6]. The node in the output
layer yields the energy Ei, which in this case depends on the
values of the two input nodes, G1

i and G2
i . In between the input

and the output layer there is a hidden layer with three nodes
represented by the circles. The arrows correspond to the 13
weight parameters wkij, which connect node j in layer k with
node i in layer k! 1. The bias node is used to adapt the
nonlinearity region of the activation functions. The functional
form of this small network is given in Eq. (1).
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At interatomic separations larger than the cutoff Rc this
function yields zero value and slope. The cutoff has to be
sufficiently large to include several nearest neighbors, and
in the present Letter a cutoff of 6 Å has been used.

Radial symmetry functions are constructed as a sum of
Gaussians with the parameters ! and Rs,

 G1
i !

Xall

j!i
e"!#Rij"Rs$

2
fc#Rij$: (4)

The summation over all neighbors j ensures the indepen-
dence of the coordination number.

Angular terms are constructed for all triplets of atoms by
summing the cosine values of the angles "ijk ! Rij%Rik

RijRik
centered at atom i, with Rij ! Ri "Rj,
 

G2
i ! 21"# Xall

j;k!i

#1& $ cos"ijk$#

' e"!#R2
ij&R2

ik&R2
jk$fc#Rij$fc#Rik$fc#Rjk$; (5)

with the parameters $ #! &1;"1$, !, and # . The multi-
plication by the three cutoff functions and by the Gaussian
ensures a smooth decay to zero in the case of large inter-
atomic separations. We note that the G%

i in Eqs. (4) and (5)
depend on all atomic positions inside the cutoff radius and
thus represent ‘‘many-body’’ terms. Several functions of
each type with different parameter values are used. The
choice of symmetry functions and their parameters is not
unique nor does it need to be, and many types of functions
can be used, as long as the set of function values is suitable
for describing the environment of an atom.

To demonstrate the capability of the method we calcu-
lated the PES of bulk silicon using DFT in the local density
approximation (LDA). The system used for the optimiza-
tion of the NN parameters contains 64 atoms yielding 64
atomic environments per calculation. The calculations
were carried out employing the plane-wave pseudo-
potential method as implemented in PWSCF [7]. A cutoff
of 20 Ry was applied in combination with an ultrasoft
pseudopotential [8]. A mesh of 3' 3' 3 k points was
used. To improve the convergence of the metallic phases a
Fermi smearing of 0.1 eV was employed.

Since the functional form of the NN has no physical
motivation, the construction of an optimized NN requires
special care. The structures used to train the NN [9] were
initially taken from crystal structures including high-
pressure phases [10] and MD simulations at different pres-
sures and temperatures. Starting from this data set a series
of fits was generated employing different NN topologies,
i.e., numbers of hidden layers and nodes per hidden layer.
The best fits can then be used to optimize the NN in a self-
consistent way by performing MD, hybrid Monte Carlo
[11,12], and metadynamics [13,14] runs based on these fits
and subsequently recalculating several hundred represen-
tative structures with DFT. If the root mean square error

(RMSE) is larger than the error of the fit, the DFT calcu-
lations are added to the training set and new fits deter-
mined, which are used to generate more structures, and so
forth.

In total about 9000 DFT energies were calculated, 8200
of which were used for optimizing the NN and 800 as an
independent test set to investigate the predictive capability
of the NN for structures not included in the optimization
set. The RMSE of the optimization set is typically 4–
5 meV per atom, the RMSE of the test set 5–6 meV. For
the NN atomic forces we found a RMSE of about
0:2 eV= !A with respect to DFT. The subnet employed con-
sists typically of 2 hidden layers, each of which has about
40 nodes. In total 48 symmetry functions, i.e., input nodes,
with different values of !, Rs, and # have been used
resulting in a few thousand fitting parameters for the NN.

As a first test of the NN potential we calculated the
energy vs volume curves for the different crystal structures
of silicon [10]. It is well known that empirical potentials
are not able to describe the correct energetic sequence of
the various phases [15] while DFT is in good agreement
with the experimental data [10]. The NN potential accu-
rately reproduces the curves and the transition pressures of
DFT. To test the ability of the NN potential to describe also
disordered structures we calculated the radial distribution
function (RDF) of a silicon melt at 3000 K. The result is
shown in Fig. 3 and compared to other potentials of varying
form and complexity [15–17]. The MD simulations were
run for 20 ps (8 ps in the case of DFT [18]). The RDF
obtained from the NN is very close to the DFT data, while
there are significant deviations for the empirical potentials.
The origin of the small difference between DFT and the
NN is probably due to the fact that in the ab initio MD only
the " point has been used to sample the Brillouin zone,
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FIG. 3 (color online). Radial distribution function (RDF) of a
silicon melt at 3000 K as obtained using a cubic 64 atom cell
(a ! 20:526 bohr). The curves shown were obtained from the
Bazant [17,19], the Lenosky [15,19], the Tersoff [16,20], a
neural network (NN) potential, and from density-functional
theory (DFT) [18].
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Nowadays, computer simulations have become a standard tool in essentially all fields of chemistry,
condensed matter physics, and materials science. In order to keep up with state-of-the-art experiments
and the ever growing complexity of the investigated problems, there is a constantly increasing need
for simulations of more realistic, i.e., larger, model systems with improved accuracy. In many cases,
the availability of su�ciently e�cient interatomic potentials providing reliable energies and forces
has become a serious bottleneck for performing these simulations. To address this problem, currently
a paradigm change is taking place in the development of interatomic potentials. Since the early
days of computer simulations simplified potentials have been derived using physical approximations
whenever the direct application of electronic structure methods has been too demanding. Recent
advances in machine learning (ML) now o↵er an alternative approach for the representation of
potential-energy surfaces by fitting large data sets from electronic structure calculations. In this
perspective, the central ideas underlying these ML potentials, solved problems and remaining chal-
lenges are reviewed along with a discussion of their current applicability and limitations. Published

by AIP Publishing. [http://dx.doi.org/10.1063/1.4966192]

I. INTRODUCTION

Machine learning (ML) methods1 have a long tradition
in chemistry and physics.2,3 While for many years they have
been used almost exclusively as a classification tool to assist,
e.g., the analysis of spectra,4 the prediction of binding sites
of biomolecules5 or the derivation of quantitative structure-
activity relationships (QSARs),6 they have now started to
enter the heart of theoretical chemistry and computational
materials science in a manifold way. This process was
initially slow, because of the understandable scepticism of
theoretical chemists and physicists, who are used to well-
controlled hierarchies of physical approximations, regarding
these obscure black box methods. Further, only in recent years
ML methods have reached a mature state mainly driven by
commercial needs, resulting in a variety of new applications.

The border between ML, which is a subtopic of artificial
intelligence, and other purely mathematical regression
methods is di�cult to define and is not possible without
some degree of arbitrariness. Still, several definitions have
been proposed in the literature over the years starting from the
famous classical definition given by Arthur Samuel, a pioneer
in ML research, in 1959: “[ML is a] Field of study that
gives computers the ability to learn without being explicitly
programmed,” to a modern definition by Tom M. Mitchell:1
“A computer program is said to learn from experience E with
respect to some class of tasks T and performance measure P,
if its performance at tasks in T , as measured by P, improves
with the experience E.”

Nowadays, ML a↵ects everyday life in manifold ways,
like character and voice recognition software, fingerprint
identification, e-mail spam filtering, autonomously driving
cars, computer game opponents, credit card fraud detection
and too many others to mention. For these purposes, ML o↵ers

a whole toolbox of techniques, like artificial neural networks,7
Gaussian processes,8 and support vector machines.9

Driven by the desire for a more rational design of
materials, in recent years ML has also established a new
trend in computational materials science,10,11 which shows
many similarities to the traditional field of QSAR and drug
design. In both cases the goal is to identify systems, molecules
or materials, exhibiting certain properties. To reach this goal
the machinery of ML is used to search large databases for
hidden relationships between the atomic structure, which can
be encoded directly or indirectly using a huge number of
possible descriptors, and the property of interest.12

The idea to employ information from large databases
is not new, and repositories of experimental data like the
Cambridge Structural Database13 and the Protein Data Bank14

have been existing for decades. New is the availability of
enormous amounts of high quality theoretical data from
electronic structure calculations, which are inaccessible to
a manual inspection and analysis. Still, in spite of the
high performance of modern supercomputers, it will remain
impossible for a long time to screen all candidate structures
directly by electronic structure calculations due to the
exponentially increasing complexity of configuration space
with chemical composition and system size. ML now o↵ers a
very exciting tool to fill this gap enabling the analysis of the
available data, the discovery of hitherto unknown relationships
and the identification of new promising materials.

The topic of this perspective is a di↵erent application
of ML methods, i.e., the accurate representation of atomic
interactions for applications in atomistic computer simulations
of problems in chemistry, physics and materials science.
In contrast to the classification and pattern recognition
applications discussed above, the task to be performed for
this purpose is the fitting of a complicated function using a set

0021-9606/2016/145(17)/170901/9/$30.00 145, 170901-1 Published by AIP Publishing.



Gaussian atomic potentials

Kieron Burke WTC20 12



S-GDML

Kieron Burke WTC20 13

ARTICLE

Towards exact molecular dynamics simulations
with machine-learned force fields
Stefan Chmiela1, Huziel E. Sauceda 2, Klaus-Robert Müller1,3,4 & Alexandre Tkatchenko5

Molecular dynamics (MD) simulations employing classical force fields constitute the cor-

nerstone of contemporary atomistic modeling in chemistry, biology, and materials science.

However, the predictive power of these simulations is only as good as the underlying

interatomic potential. Classical potentials often fail to faithfully capture key quantum effects

in molecules and materials. Here we enable the direct construction of flexible molecular force

fields from high-level ab initio calculations by incorporating spatial and temporal physical

symmetries into a gradient-domain machine learning (sGDML) model in an automatic data-

driven way. The developed sGDML approach faithfully reproduces global force fields at

quantum-chemical CCSD(T) level of accuracy and allows converged molecular dynamics

simulations with fully quantized electrons and nuclei. We present MD simulations, for flexible

molecules with up to a few dozen atoms and provide insights into the dynamical behavior of

these molecules. Our approach provides the key missing ingredient for achieving spectro-

scopic accuracy in molecular simulations.

DOI: 10.1038/s41467-018-06169-2 OPEN
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Luxembourg. Correspondence and requests for materials should be addressed to K.-R.M. (email: klaus-robert.mueller@tu-berlin.de)
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ANI-1: an extensible neural network potential with
DFT accuracy at force field computational cost†

J. S. Smith,a O. Isayev*b and A. E. Roitberg*a

Deep learning is revolutionizing many areas of science and technology, especially image, text, and speech

recognition. In this paper, we demonstrate how a deep neural network (NN) trained on quantum

mechanical (QM) DFT calculations can learn an accurate and transferable potential for organic

molecules. We introduce ANAKIN-ME (Accurate NeurAl networK engINe for Molecular Energies) or ANI

for short. ANI is a new method designed with the intent of developing transferable neural network

potentials that utilize a highly-modified version of the Behler and Parrinello symmetry functions to build

single-atom atomic environment vectors (AEV) as a molecular representation. AEVs provide the ability to

train neural networks to data that spans both configurational and conformational space, a feat not

previously accomplished on this scale. We utilized ANI to build a potential called ANI-1, which was

trained on a subset of the GDB databases with up to 8 heavy atoms in order to predict total energies for

organic molecules containing four atom types: H, C, N, and O. To obtain an accelerated but physically

relevant sampling of molecular potential surfaces, we also proposed a Normal Mode Sampling (NMS)

method for generating molecular conformations. Through a series of case studies, we show that ANI-1 is

chemically accurate compared to reference DFT calculations on much larger molecular systems (up to

54 atoms) than those included in the training data set.

1 Introduction
Understanding the energetics of large molecules plays a central
role in the study of chemical and biological systems. However,
because of extreme computational cost, theoretical studies
of these complex systems are oen limited to the use of app-
roximate methods, compromising accuracy in exchange for
a speedup in the calculations. One of the grand challenges in
modern theoretical chemistry is designing and implementing
approximations that expedite ab initio methods without loss of
accuracy. Popular strategies include partition of the system of
interest into fragments,1,2 linear scaling,3 semi-empirical4–6 (SE)
methods or the construction of empirical potentials that have
been parameterized to reproduce experimental or accurate ab
initio data.

In SE methods, some of the computationally expensive
integrals are replaced with empirically determined parameters.
This results in a very large speed up. However, the accuracy is
also substantially degraded compared to high level ab initio
methods due to the imposed approximations.7 Also, the

computational cost of SE methods is still very high compared to
classical force elds (FFs), potentially limiting the system size
that can be studied.

Classical force elds or empirical interatomic potentials
(EPs) simplify the description of interatomic interactions even
further by summing components of the bonded, angular,
dihedral, and non-bonded contributions tted to a simple
analytical form. EPs can be used in large-scale atomistic simu-
lations with signicantly reduced computational cost. More
accurate EPs have been long sought aer to improve statistical
sampling and accuracy of molecular dynamics (MD) andMonte-
Carlo (MC) simulations. However, EPs are generally reliable
only near equilibrium. These, typically nonreactive empirical
potentials, are widely used for drug design, condensed matter
and polymer research.8–11 Thus, such potentials are usually not
applicable for investigations of chemical reactions and transi-
tion states. One exception to this is the ReaxFF force eld,12

which is capable of studying chemical reactions and transition
states. However, ReaxFF, like most reactive force elds, must
generally be reparameterized from system to system and
therefore lacks an “out-of-the-box” level of transferability.
Furthermore, each application of FF and EP needs to be care-
fully pondered, as their accuracy varies among different
systems. In fact, performing benchmarks to determine the
optimal FF combination for the problem at hand is usually
unavoidable. Unfortunately, there are no systematic ways for
improving or estimating the transferability of EPs.
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B. ML-DFT: An unholy alliance?

Kieron Burke WTC20 15

Exchange-correlation potentials
David J. Tozer, Victoria E. Ingamells, and Nicholas C. Handy
Department of Chemistry, University of Cambridge, Cambridge, CB2 1EW, United Kingdom

~Received 14 May 1996; accepted 22 August 1996!

We describe our implementation of the Zhao, Morrison, and Parr method @Phys. Rev. A 50, 2138
~1994!# for the calculation of molecular exchange-correlation potentials from high-level ab initio
densities. The use of conventional Gaussian basis sets demands careful consideration of the value of
the Lagrange multiplier associated with the constraint that reproduces the input density. Although
formally infinite, we demonstrate that a finite value should be used in finite basis set calculations.
The potential has been determined for Ne, HF, N2, H2O, and N2(1.5re), and compared with popular
analytic potentials. We have then examined how well the Zhao, Morrison, Parr potential can be
represented using a computational neural network. Assuming vxc5vxc~r!, we incorporate the neural
network into a regular Kohn–Sham procedure @Phys. Rev. A 140, 1133 ~1965!# with encouraging
results. The extension of this method to include density derivatives is briefly outlined. © 1996
American Institute of Physics. @S0021-9606~96!01444-4#

I. INTRODUCTION

In a preliminary publication,1 we have outlined how it
may be possible to obtain near-exact numerical exchange-
correlation potentials for molecular systems, given near-
exact one-electron densities. In this paper we discuss this
approach in much greater depth, and use the data to train a
neural network to determine approximate exchange-
correlation potentials.

The starting point for this research is the availability of
very high accuracy one-electron densities for molecules from
sophisticated quantum chemistry calculations, in particular
the coupled cluster method.2 Such ~response! densities r~r!
are expressed in terms of products of Gaussian basis func-
tions, r~r!5(Dabha~r!hb~r!. At the outset we observe that
such densities are not exact densities and, in percentage
terms, they will be in considerable error near nuclei and far
away from them. But such errors are not that important be-
cause regions near nuclei are a very small fraction of the
total significant three-dimensional space occupied by the
molecule, and asymptotically the density is very small. Thus
in our molecular studies we shall not obtain high accuracy
properties everywhere, but in the regions which are impor-
tant for energetic properties, we should obtain reliable quan-
tities.

It is the central feature of density functional theory that a
knowledge of the one-electron density is sufficient to deter-
mine all molecular properties, as originally argued by Ho-
henberg and Kohn.3 This can be simply understood through
Bright-Wilson’s4 interpretation that ‘‘the cusps of the density
tells us where the nuclei are, the shape of the cusp tells us
what they are, and the integral of the density tells us the
number of electrons. Thus the Hamiltonian is known from
which everything is known.’’

There has been much interest, primarily for atomic sys-
tems, in obtaining near-exact exchange-correlation potentials
from the electron density. An early study by Almbladh and
Pedroza5 used correlated densities for light atoms, and com-
pared the exchange-correlation potential with the local den-

sity approximation. Nagy6 has also used numerical methods
to calculate exact exchange potentials using Hartree–Fock
densities as input. More recently, with others, she has looked
at the exchange-correlation energy densities for He and H2.7
Stott and co-workers8 have published a number of papers in
which they have examined the exchange-correlation poten-
tials for atoms, and Görling and Ernzerhof9 have performed
similar studies on heavier atoms. More important for our
interest in chemistry is the work of Gritsenko, Van Leeuwen,
and Baerends10 who have calculated the exchange-
correlation potential for LiH from an input correlated ab ini-
tio density, using an iterative scheme. We have chosen to
follow the scheme of Zhao, Morrison, and Parr,11 hereon
referred to as ZMP, to determine our molecular exchange-
correlation potentials. ZMP have successfully determined
exchange-correlation potentials for a number of atoms, using
orbitals represented in terms of basis sets.

In Secs. II and III we describe how we have applied
ZMP theory to closed-shell molecules, and in Sec. IV we
present our computed potentials for a number of molecular
systems. This information allows a direct comparison with
common analytic potentials ~e.g., LDA, BLYP! and we have
devised a quantity which allows a quantitative assessment of
the accuracy of these functionals. Results are presented in
Sec. IV.

The search is on for improved exchange-correlation
functionals; many scientists have been engaged since the
work of Becke12 who showed the tremendous improvement
in molecular predictions which is obtained when the gradient
of the density is introduced into the exchange functional. It
must be said that since that time ~1988! no major progress
has been made, either by constraining functionals to obey
exact mathematical conditions13 or examining other func-
tionals involving the density and its gradient which have
been dreamt up by rather arbitrary means.14 We subscribe to
the view that it is very difficult to make progress in this
direction and consider an alternative approach using the
above ZMP potentials represented by a computational neural
network ~CNN!.

9200 J. Chem. Phys. 105 (20), 22 November 1996 0021-9606/96/105(20)/9200/14/$10.00 © 1996 American Institute of Physics



Various flavors

• For EXC[n]:  Take existing forms, possibly 
generalized, and improve fitting (greater 
accuracy or applicability)

• For either TS[n] or EXC[n]: Create highly non-
local approximations that work where semilocal
functionals fail, i.e., stretched bonds and strong 
correlation.

Kieron Burke WTC20 16



Machine learning: Kernel ridge regression

• Powerful branch of artificial intelligence
• Essentially fitting and interpolating
• Maps problem into much higher-dimension 

feature space, using a simple kernel
• Higher-dimension often means more linear
• Perform regression in feature space
• Project back to original problem

Kieron Burke WTC20 17



Kernel ridge regressionMethod

http://www.ics.uci.edu/~welling/classnotes/papers_class/Kernel-Ridge.pdf

f̂(x) =
MX

j=1

�jk(xj ,x)

k(x,x0) = exp(�kx� x0k2/(2�2))

• Kernel ridge regression (KRR).  Given {xj , fj}

• Minimize:

C(↵) =
MX

j=1

(f̂(xj)� fj)
2 + ⇥2⇥�⇥2

↵ = (K + �2I)�1f
noise level

length scale

Kieron Burke WTC20 18



Fitting a simple function
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Too high noise level: underfit

Kieron Burke WTC20 20



Medium noise level

Kieron Burke WTC20 21



Small noise level: overfit
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Cross validation
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Cross validation
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More cross validation
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Average over samples
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Medium noise level
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Exact function and best fit
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Demo problem in DFT

• Represent the density on a grid with spacing

2

x ⇤ 1, with hard walls. For continuous potentials v(x),
we can solve the Schrödinger equation numerically with the
lowest N orbitals occupied, finding the KE T (N) and the
electronic density n(x), which is the sum of the squares of
the occupied orbitals. Our aim is to construct a ML-DFA
for the kinetic energy T [n] that bypasses the need to solve
the Schrödinger equation, enabling a 1d analog of orbital-
free DFT. In 1d orbital-free DFT, the local approximation,
as used in Thomas-Fermi theory, is typically accurate to
within 10%, and the addition of the leading gradient cor-
rection reduces the error to about 1%[]. Unfortunately, even
this small an error in the total KE is too large to give accu-
rate chemical properties.

The first step is to choose a representation for the density.
We discretize n(x) on a uniform grid, xj = j/(G � 1),
j = 0, . . . , G � 1, with spacing �x = 1/(G � 1). Next
we specify a class of potentials to generate a dataset from.
We choose a linear combination of 3 Gaussian dips with
di�erent depths, widths, and centers:

v(x) = �
3X

i=1

ai exp(�(x� bi)
2/(2c2i )). (1)

We generate potentials vj(x) for j = 1, . . . , 2000, randomly
sampling ai ⌅ [1, 10], bi ⌅ [0.4, 0.6], and ci ⌅ [0.03, 0.1].
For each potential vj(x), we solve for the KE Tj,N and den-
sity nj,N ⌅ RG on the grid using Numerov’s method, for
N = 1, . . . , 4. For G = 500, the error in Tj,N due to dis-
cretization is less than 1.5⇥10�7, which is too small to limit
the accuracy of the functional. We use samples 1 through
M for training, and designate samples 1001 through 2000
as the test set.

We use kernel ridge regression (KRR) to approximate the
KE functional. KRR is a non-linear version of regression
with regularization to prevent overfitting [10]. In KRR, the
ML-DFA takes the form

T̂ (n) = T̄
MX

j=1

�jk(nj ,n), (2)

where �j are weights to be determined, nj are training den-
sities and k is the kernel, which measures similarity between
densities. Here T̄ =

PM
j=1 Tj/M , arbitrarily chosen as the

KE scale, and Tj is the exact KE of nj . We choose the
Gaussian kernel, used commonly in ML:

k(n,n⇥) = exp(�⇧n� n⇥⇧2/(2⌅2)), (3)

where ⌅ is a hyperparameter called the length scale. The
weights are found by minimizing the cost function

C(↵) =
MX

j=1

�T 2
j + ⇥2⇧↵⇧2, (4)

where �Tj = T̂ (nj) � Tj and ↵ = (�1, . . . ,�M ). The
second term is known as a regularizer, and penalizes large
weights to prevent overfitting. The hyperparameter ⇥ is
called the noise level. Minimizing C(↵) gives

↵ = (K + ⇥2I)�1T, (5)

whereK is the kernel matrix with elementsKij = k(ni,nj),
I is the identity matrix, and T = (T1, . . . , TM ).
The hyperparameters, ⌅ and ⇥, are determined through

cross-validation: The training set is partitioned into 10 bins
of equal size. For each bin, the functional is trained on the
remaining samples and ⌅ and ⇥ are optimized by minimizing
the mean absolute error (MAE) on the bin. The partitioning
is repeated up to 40 times and the hyperparameters are
given by the median over all bins.
Table I gives the performance of the ML-DFA (Eq. 2)

trained on M N -electron densities and evaluated on the
corresponding N -electron test set. The mean KE of the
test set for N = 1 is 5.40 Hartree (3390 kcal/mol). To con-
trast, the LDA in 1d is T loc[n] = ⇤2

R
dxn3(x)/6 and the

von Weizsäcker functional is TW[n] =
R
dxn⇥(x)2/(8n(x)).

For N = 1, the MAE of T loc on the test set is 223
kcal/mol and the modified gradient expansion approxima-
tion[], TMGEA[n] = T loc[n] � c TW[n], has a MAE of 159
kcal/mol, where c = 0.0556 has been chosen to minimize
the error. For the ML-DFA, both the mean and maximum
absolute errors improve asM increases, and improve slightly
as N increases. At M = 80, we have already achieved
“chemical accuracy,” i.e., a MAE below 1 kcal/mol. At
M = 200, even the maximum absolute error on the entire
test set is below this mark. In addition, incorporating dif-
ferent N into the training set has little e�ect on the overall
performance.

N M � ⇥ |�T | |�T |std |�T |max

1

40 2.4� 10�5 238 3.3 3.0 23.

60 1.0� 10�5 95 1.2 1.2 10.

80 6.7� 10�6 48 0.43 0.54 7.1

100 3.4� 10�7 43 0.15 0.24 3.2

150 2.5� 10�7 33 0.060 0.10 1.3

200 1.7� 10�7 28 0.031 0.053 0.65

2 100 1.3� 10�7 52 0.13 0.20 1.8

3 100 2.0� 10�7 74 0.12 0.18 1.8

4 100 1.4� 10�7 73 0.078 0.14 2.3

1-4† 400 1.8� 10�7 47 0.12 0.20 3.6

TABLE I. Dependence of the performance of the ML-DFA on
the number of training densities, M , and electron number,
N . The noise level, �, and the length scale, ⇥, are deter-
mined via cross-validation. The performance is given by the
mean (|�T |), standard deviation (|�T |std), and maximum
(|�T |max) of the absolute errors, in kcal/mol, of the func-
tional evaluated on the test set. †Training set includes nj,N

for j = 1, . . . , 100 and N = 1, . . . , 4.

With such unheard of accuracy, it is tempting to declare
“mission accomplished,” but this would be premature. A
functional that predicts only the energy is useless in prac-
tice, since DFT uses functional derivatives in self-consistent
procedures to find the density within a given approximation.
For non-interacting fermions in a potential v(x), minimizing

Prototype

• N non-interacting same-spin fermions confined to 1d box

• ML-DFA for KE:

2

x ⇤ 1, with hard walls. For continuous potentials v(x),
we can solve the Schrödinger equation numerically with the
lowest N orbitals occupied, finding the KE T (N) and the
electronic density n(x), which is the sum of the squares of
the occupied orbitals. Our aim is to construct a ML-DFA
for the kinetic energy T [n] that bypasses the need to solve
the Schrödinger equation, enabling a 1d analog of orbital-
free DFT. In 1d orbital-free DFT, the local approximation,
as used in Thomas-Fermi theory, is typically accurate to
within 10%, and the addition of the leading gradient cor-
rection reduces the error to about 1%[]. Unfortunately, even
this small an error in the total KE is too large to give accu-
rate chemical properties.

The first step is to choose a representation for the density.
We discretize n(x) on a uniform grid, xj = j/(G � 1),
j = 0, . . . , G � 1, with spacing �x = 1/(G � 1). Next
we specify a class of potentials to generate a dataset from.
We choose a linear combination of 3 Gaussian dips with
di�erent depths, widths, and centers:

v(x) = �
3X

i=1

ai exp(�(x� bi)
2/(2c2i )). (1)

We generate potentials vj(x) for j = 1, . . . , 2000, randomly
sampling ai ⌅ [1, 10], bi ⌅ [0.4, 0.6], and ci ⌅ [0.03, 0.1].
For each potential vj(x), we solve for the KE Tj,N and den-
sity nj,N ⌅ RG on the grid using Numerov’s method, for
N = 1, . . . , 4. For G = 500, the error in Tj,N due to dis-
cretization is less than 1.5⇥10�7, which is too small to limit
the accuracy of the functional. We use samples 1 through
M for training, and designate samples 1001 through 2000
as the test set.

We use kernel ridge regression (KRR) to approximate the
KE functional. KRR is a non-linear version of regression
with regularization to prevent overfitting [10]. In KRR, the
ML-DFA takes the form

T̂ (n) = T̄
MX

j=1

�jk(nj ,n), (2)

where �j are weights to be determined, nj are training den-
sities and k is the kernel, which measures similarity between
densities. Here T̄ =

PM
j=1 Tj/M , arbitrarily chosen as the

KE scale, and Tj is the exact KE of nj . We choose the
Gaussian kernel, used commonly in ML:

k(n,n⇥) = exp(�⇧n� n⇥⇧2/(2⌅2)), (3)

where ⌅ is a hyperparameter called the length scale. The
weights are found by minimizing the cost function

C(↵) =
MX

j=1

�T 2
j + ⇥2⇧↵⇧2, (4)

where �Tj = T̂ (nj) � Tj and ↵ = (�1, . . . ,�M ). The
second term is known as a regularizer, and penalizes large
weights to prevent overfitting. The hyperparameter ⇥ is
called the noise level. Minimizing C(↵) gives

↵ = (K + ⇥2I)�1T, (5)

whereK is the kernel matrix with elementsKij = k(ni,nj),
I is the identity matrix, and T = (T1, . . . , TM ).
The hyperparameters, ⌅ and ⇥, are determined through

cross-validation: The training set is partitioned into 10 bins
of equal size. For each bin, the functional is trained on the
remaining samples and ⌅ and ⇥ are optimized by minimizing
the mean absolute error (MAE) on the bin. The partitioning
is repeated up to 40 times and the hyperparameters are
given by the median over all bins.
Table I gives the performance of the ML-DFA (Eq. 2)

trained on M N -electron densities and evaluated on the
corresponding N -electron test set. The mean KE of the
test set for N = 1 is 5.40 Hartree (3390 kcal/mol). To con-
trast, the LDA in 1d is T loc[n] = ⇤2

R
dxn3(x)/6 and the

von Weizsäcker functional is TW[n] =
R
dxn⇥(x)2/(8n(x)).

For N = 1, the MAE of T loc on the test set is 223
kcal/mol and the modified gradient expansion approxima-
tion[], TMGEA[n] = T loc[n] � c TW[n], has a MAE of 159
kcal/mol, where c = 0.0556 has been chosen to minimize
the error. For the ML-DFA, both the mean and maximum
absolute errors improve asM increases, and improve slightly
as N increases. At M = 80, we have already achieved
“chemical accuracy,” i.e., a MAE below 1 kcal/mol. At
M = 200, even the maximum absolute error on the entire
test set is below this mark. In addition, incorporating dif-
ferent N into the training set has little e�ect on the overall
performance.

N M � ⇥ |�T | |�T |std |�T |max

1

40 2.4� 10�5 238 3.3 3.0 23.

60 1.0� 10�5 95 1.2 1.2 10.

80 6.7� 10�6 48 0.43 0.54 7.1

100 3.4� 10�7 43 0.15 0.24 3.2

150 2.5� 10�7 33 0.060 0.10 1.3

200 1.7� 10�7 28 0.031 0.053 0.65

2 100 1.3� 10�7 52 0.13 0.20 1.8

3 100 2.0� 10�7 74 0.12 0.18 1.8

4 100 1.4� 10�7 73 0.078 0.14 2.3

1-4† 400 1.8� 10�7 47 0.12 0.20 3.6

TABLE I. Dependence of the performance of the ML-DFA on
the number of training densities, M , and electron number,
N . The noise level, �, and the length scale, ⇥, are deter-
mined via cross-validation. The performance is given by the
mean (|�T |), standard deviation (|�T |std), and maximum
(|�T |max) of the absolute errors, in kcal/mol, of the func-
tional evaluated on the test set. †Training set includes nj,N

for j = 1, . . . , 100 and N = 1, . . . , 4.

With such unheard of accuracy, it is tempting to declare
“mission accomplished,” but this would be premature. A
functional that predicts only the energy is useless in prac-
tice, since DFT uses functional derivatives in self-consistent
procedures to find the density within a given approximation.
For non-interacting fermions in a potential v(x), minimizing

• Define class of potential:

2

x ⇤ 1, with hard walls. For continuous potentials v(x),
we can solve the Schrödinger equation numerically with the
lowest N orbitals occupied, finding the KE T (N) and the
electronic density n(x), which is the sum of the squares of
the occupied orbitals. Our aim is to construct a ML-DFA
for the kinetic energy T [n] that bypasses the need to solve
the Schrödinger equation, enabling a 1d analog of orbital-
free DFT. In 1d orbital-free DFT, the local approximation,
as used in Thomas-Fermi theory, is typically accurate to
within 10%, and the addition of the leading gradient cor-
rection reduces the error to about 1%[]. Unfortunately, even
this small an error in the total KE is too large to give accu-
rate chemical properties.

The first step is to choose a representation for the density.
We discretize n(x) on a uniform grid, xj = j/(G � 1),
j = 0, . . . , G � 1, with spacing �x = 1/(G � 1). Next
we specify a class of potentials to generate a dataset from.
We choose a linear combination of 3 Gaussian dips with
di�erent depths, widths, and centers:

v(x) = �
3X

i=1

ai exp(�(x� bi)
2/(2c2i )). (1)

We generate potentials vj(x) for j = 1, . . . , 2000, randomly
sampling ai ⌅ [1, 10], bi ⌅ [0.4, 0.6], and ci ⌅ [0.03, 0.1].
For each potential vj(x), we solve for the KE Tj,N and den-
sity nj,N ⌅ RG on the grid using Numerov’s method, for
N = 1, . . . , 4. For G = 500, the error in Tj,N due to dis-
cretization is less than 1.5⇥10�7, which is too small to limit
the accuracy of the functional. We use samples 1 through
M for training, and designate samples 1001 through 2000
as the test set.

We use kernel ridge regression (KRR) to approximate the
KE functional. KRR is a non-linear version of regression
with regularization to prevent overfitting [10]. In KRR, the
ML-DFA takes the form

T̂ (n) = T̄
MX

j=1

�jk(nj ,n), (2)

where �j are weights to be determined, nj are training den-
sities and k is the kernel, which measures similarity between
densities. Here T̄ =

PM
j=1 Tj/M , arbitrarily chosen as the

KE scale, and Tj is the exact KE of nj . We choose the
Gaussian kernel, used commonly in ML:

k(n,n⇥) = exp(�⇧n� n⇥⇧2/(2⌅2)), (3)

where ⌅ is a hyperparameter called the length scale. The
weights are found by minimizing the cost function

C(↵) =
MX

j=1

�T 2
j + ⇥2⇧↵⇧2, (4)

where �Tj = T̂ (nj) � Tj and ↵ = (�1, . . . ,�M ). The
second term is known as a regularizer, and penalizes large
weights to prevent overfitting. The hyperparameter ⇥ is
called the noise level. Minimizing C(↵) gives

↵ = (K + ⇥2I)�1T, (5)

whereK is the kernel matrix with elementsKij = k(ni,nj),
I is the identity matrix, and T = (T1, . . . , TM ).
The hyperparameters, ⌅ and ⇥, are determined through

cross-validation: The training set is partitioned into 10 bins
of equal size. For each bin, the functional is trained on the
remaining samples and ⌅ and ⇥ are optimized by minimizing
the mean absolute error (MAE) on the bin. The partitioning
is repeated up to 40 times and the hyperparameters are
given by the median over all bins.
Table I gives the performance of the ML-DFA (Eq. 2)

trained on M N -electron densities and evaluated on the
corresponding N -electron test set. The mean KE of the
test set for N = 1 is 5.40 Hartree (3390 kcal/mol). To con-
trast, the LDA in 1d is T loc[n] = ⇤2

R
dxn3(x)/6 and the

von Weizsäcker functional is TW[n] =
R
dxn⇥(x)2/(8n(x)).

For N = 1, the MAE of T loc on the test set is 223
kcal/mol and the modified gradient expansion approxima-
tion[], TMGEA[n] = T loc[n] � c TW[n], has a MAE of 159
kcal/mol, where c = 0.0556 has been chosen to minimize
the error. For the ML-DFA, both the mean and maximum
absolute errors improve asM increases, and improve slightly
as N increases. At M = 80, we have already achieved
“chemical accuracy,” i.e., a MAE below 1 kcal/mol. At
M = 200, even the maximum absolute error on the entire
test set is below this mark. In addition, incorporating dif-
ferent N into the training set has little e�ect on the overall
performance.

N M � ⇥ |�T | |�T |std |�T |max

1

40 2.4� 10�5 238 3.3 3.0 23.

60 1.0� 10�5 95 1.2 1.2 10.

80 6.7� 10�6 48 0.43 0.54 7.1

100 3.4� 10�7 43 0.15 0.24 3.2

150 2.5� 10�7 33 0.060 0.10 1.3

200 1.7� 10�7 28 0.031 0.053 0.65

2 100 1.3� 10�7 52 0.13 0.20 1.8

3 100 2.0� 10�7 74 0.12 0.18 1.8

4 100 1.4� 10�7 73 0.078 0.14 2.3

1-4† 400 1.8� 10�7 47 0.12 0.20 3.6

TABLE I. Dependence of the performance of the ML-DFA on
the number of training densities, M , and electron number,
N . The noise level, �, and the length scale, ⇥, are deter-
mined via cross-validation. The performance is given by the
mean (|�T |), standard deviation (|�T |std), and maximum
(|�T |max) of the absolute errors, in kcal/mol, of the func-
tional evaluated on the test set. †Training set includes nj,N

for j = 1, . . . , 100 and N = 1, . . . , 4.

With such unheard of accuracy, it is tempting to declare
“mission accomplished,” but this would be premature. A
functional that predicts only the energy is useless in prac-
tice, since DFT uses functional derivatives in self-consistent
procedures to find the density within a given approximation.
For non-interacting fermions in a potential v(x), minimizing
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Test case: KS electrons in a box
Dataset

Generate 2000 potentials.  Solve for up to 4 electrons.
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Performance

LDA ~ 223 kcal/mol, Gradient correction ~ 159 kcal/mol

2

x ⇤ 1, with hard walls. For continuous potentials v(x),
we can solve the Schrödinger equation numerically with the
lowest N orbitals occupied, finding the KE T (N) and the
electronic density n(x), which is the sum of the squares of
the occupied orbitals. Our aim is to construct a ML-DFA
for the kinetic energy T [n] that bypasses the need to solve
the Schrödinger equation, enabling a 1d analog of orbital-
free DFT. In 1d orbital-free DFT, the local approximation,
as used in Thomas-Fermi theory, is typically accurate to
within 10%, and the addition of the leading gradient cor-
rection reduces the error to about 1%[]. Unfortunately, even
this small an error in the total KE is too large to give accu-
rate chemical properties.

The first step is to choose a representation for the density.
We discretize n(x) on a uniform grid, xj = j/(G � 1),
j = 0, . . . , G � 1, with spacing �x = 1/(G � 1). Next
we specify a class of potentials to generate a dataset from.
We choose a linear combination of 3 Gaussian dips with
di�erent depths, widths, and centers:

v(x) = �
3X

i=1

ai exp(�(x� bi)
2/(2c2i )). (1)

We generate potentials vj(x) for j = 1, . . . , 2000, randomly
sampling ai ⌅ [1, 10], bi ⌅ [0.4, 0.6], and ci ⌅ [0.03, 0.1].
For each potential vj(x), we solve for the KE Tj,N and den-
sity nj,N ⌅ RG on the grid using Numerov’s method, for
N = 1, . . . , 4. For G = 500, the error in Tj,N due to dis-
cretization is less than 1.5⇥10�7, which is too small to limit
the accuracy of the functional. We use samples 1 through
M for training, and designate samples 1001 through 2000
as the test set.

We use kernel ridge regression (KRR) to approximate the
KE functional. KRR is a non-linear version of regression
with regularization to prevent overfitting [10]. In KRR, the
ML-DFA takes the form

T̂ (n) = T̄
MX

j=1

�jk(nj ,n), (2)

where �j are weights to be determined, nj are training den-
sities and k is the kernel, which measures similarity between
densities. Here T̄ =

PM
j=1 Tj/M , arbitrarily chosen as the

KE scale, and Tj is the exact KE of nj . We choose the
Gaussian kernel, used commonly in ML:

k(n,n⇥) = exp(�⇧n� n⇥⇧2/(2⌅2)), (3)

where ⌅ is a hyperparameter called the length scale. The
weights are found by minimizing the cost function

C(↵) =
MX

j=1

�T 2
j + ⇥2⇧↵⇧2, (4)

where �Tj = T̂ (nj) � Tj and ↵ = (�1, . . . ,�M ). The
second term is known as a regularizer, and penalizes large
weights to prevent overfitting. The hyperparameter ⇥ is
called the noise level. Minimizing C(↵) gives

↵ = (K + ⇥2I)�1T, (5)

whereK is the kernel matrix with elementsKij = k(ni,nj),
I is the identity matrix, and T = (T1, . . . , TM ).
The hyperparameters, ⌅ and ⇥, are determined through

cross-validation: The training set is partitioned into 10 bins
of equal size. For each bin, the functional is trained on the
remaining samples and ⌅ and ⇥ are optimized by minimizing
the mean absolute error (MAE) on the bin. The partitioning
is repeated up to 40 times and the hyperparameters are
given by the median over all bins.
Table I gives the performance of the ML-DFA (Eq. 2)

trained on M N -electron densities and evaluated on the
corresponding N -electron test set. The mean KE of the
test set for N = 1 is 5.40 Hartree (3390 kcal/mol). To con-
trast, the LDA in 1d is T loc[n] = ⇤2

R
dxn3(x)/6 and the

von Weizsäcker functional is TW[n] =
R
dxn⇥(x)2/(8n(x)).

For N = 1, the MAE of T loc on the test set is 223
kcal/mol and the modified gradient expansion approxima-
tion[], TMGEA[n] = T loc[n] � c TW[n], has a MAE of 159
kcal/mol, where c = 0.0556 has been chosen to minimize
the error. For the ML-DFA, both the mean and maximum
absolute errors improve asM increases, and improve slightly
as N increases. At M = 80, we have already achieved
“chemical accuracy,” i.e., a MAE below 1 kcal/mol. At
M = 200, even the maximum absolute error on the entire
test set is below this mark. In addition, incorporating dif-
ferent N into the training set has little e�ect on the overall
performance.

N M � ⇥ |�T | |�T |std |�T |max
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200 1.7� 10�7 28 0.031 0.053 0.65

2 100 1.3� 10�7 52 0.13 0.20 1.8

3 100 2.0� 10�7 74 0.12 0.18 1.8

4 100 1.4� 10�7 73 0.078 0.14 2.3
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TABLE I. Dependence of the performance of the ML-DFA on
the number of training densities, M , and electron number,
N . The noise level, �, and the length scale, ⇥, are deter-
mined via cross-validation. The performance is given by the
mean (|�T |), standard deviation (|�T |std), and maximum
(|�T |max) of the absolute errors, in kcal/mol, of the func-
tional evaluated on the test set. †Training set includes nj,N

for j = 1, . . . , 100 and N = 1, . . . , 4.

With such unheard of accuracy, it is tempting to declare
“mission accomplished,” but this would be premature. A
functional that predicts only the energy is useless in prac-
tice, since DFT uses functional derivatives in self-consistent
procedures to find the density within a given approximation.
For non-interacting fermions in a potential v(x), minimizing
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Using standard methods from machine learning, we introduce a novel technique for density functional
approximation. We use kernel ridge regression with a Gaussian kernel to approximate the non-interacting
kinetic energy of 1d multi-electron systems. With fewer than 100 training densities, we can achieve
mean absolute errors of less than 1 kcal/mol on new densities. We determine densities for which our
new functional will fail or perform well. Finally, we use principle component analysis to extract accurate
functional derivatives from our functional, enabling an orbital-free minimization of the total energy to
find a self-consistent density. This empirical method has two parameters, set via cross-validation, and
requires no human intuition. In principle, this general technique can be extended to multi-dimensional
systems, and be used to approximate exchange-correlation density functionals.

More than 10,000 papers per year report solutions to
electronic structure problems using Kohn-Sham (KS) den-
sity functional theory (DFT) [1, 2], all approximating the
exchange-correlation (XC) energy as a functional of the elec-
tronic spin densities. The quality of the results depends
crucially on these density functional approximations (DFAs)
[]. Present DFAs often fail for strongly correlated systems[],
rendering the methodology useless for some of the most
interesting problems.
There is a never-ending search for improved XC approxi-

mations. The original local density approximation (LDA) of
Kohn and Sham [2] is uniquely defined by the properties of
the uniform gas, and has been argued to be a universal limit
of all systems [3, 4]. But the refinements that have proved
useful in chemistry and materials are not, and di�er both in
their derivations and details. Traditionally, physicists have
championed a non-empirical approach, deriving approxima-
tions from quantum mechanics and avoiding fitting to spe-
cific finite systems[]. But chemists typically use a few [5, 6]
or several dozen [7] parameters to improve accuracy on a
limited class of molecules. Non-empirical functionals can be
considered controlled extrapolations that work well across a
broad range of systems and properties, bridging the divide
between molecules and solids. Empirical functionals are lim-
ited interpolations that are more accurate for the molecular
systems they are fitted to, but often fail for solids. A re-
cent example is the van der Waals functional of Langreth
and Lundquist [8], and an empirical derivative for which no
derivation was deemed necessary[]. Passionate debates are
fueled by this cultural divide.
Machine learning (ML) is a powerful tool for finding pat-

terns in high-dimensional spaces. It employs algorithms by
which the computer learns from empirical data via induc-
tion. ML has been very successful in many applications,
including neuroscience ?? and chemistry [9]. In this work,
we apply ML methodology to a prototype density functional
problem: non-interacting spinless fermions confined to a
1d box, subject to a smooth potential. The accuracy we
achieve in approximating the kinetic energy (KE) of this
system is far beyond the capabilities of present human-
designed approximations and is su⇥cient to produce highly

accurate self-consistent densities—the functional derivative
is extremely accurate. We also define key technical concepts
needed to apply ML to DFT problems.
Empirical DFAs employ the basic types of approximations

derived from general principles, fitting the parameters to
training sets of energy di�erences[]. They explore only an
infinitesimal fraction of all possible functionals and use rel-
atively few data points. The ML-derived DFA (ML-DFA)
achieves chemical accuracy using many more inputs, with-
out reference to any of the underlying physics. Intuition
is kept to a minimum but remains necessary to specify the
basic mechanism and representation of data.
We illustrate the accuracy of the ML-DFA in Fig. 1, in

which the functional was constructed from 100 densities on
a dense grid. The successful construction of this functional
opens up a new approach to functional approximation, en-
tirely distinct from previous approaches: The ML-DFA con-
tains on the order of 104 empirical numbers and satisfies
none of the standard exact conditions.
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FIG. 1. Comparison of a sample projected (see within) func-
tional derivative of the ML-DFA with the projected exact
derivative.

The prototype DFT problem we consider is N non-
interacting spinless Fermions confined to a 1d box, 0 �

m = 15, � = 5

Finding Density Functionals with Machine Learning John C. 
Snyder, Matthias Rupp, Katja Hansen, Klaus-Robert Müller, 
Kieron Burke, Phys. Rev. Lett. 108, 253002 (2012)



Accurate energies on coarse grids

NT 5 100 (still better than LDA), which improves as NT

increases. However, the performance of the wave kernel does

not improve as NT increases (see Supporting Information). This

indicates the form of the wave kernel is not flexible enough to

fit the form of the KE functional.

Sparse grid

Note that the choice of NG used in the reference calculations

is needed to converge our reference energies and densities,

but may be larger than the grid needed to “converge” our ML

functional. As the ML model depends only on the inner prod-

uct between densities, this will typically converge much faster

than, e.g. Numerov’s method. To demonstrate this, we define a

“sparse” grid, fxsðl21Þ11jl51; . . . ;NG=sg, using every sth point in

the grid (we only choose s such that NG is divisible by s).

Figure 7 shows that performance of the model is unaffected

until NG is reduced to about 10 grid points. The model is

cross-validated each time, but the hyperparameters change

only slightly. Thus, ML can accurately learn the KE functional

with a far less complete basis than is required to accurately

solve the Schr€odinger equation. This is possible because we

have restricted the learning problem to a simple type of

potential with a limited range of possible densities and ener-

gies. The underlying dimensionality of the data is about 9,

comparable to the number of parameters that determine the

potential. The model needs only enough degrees of freedom

in the representation of the density to distinguish between

densities, but no more. Thus, it is no coincidence that the min-

imum grid required is comparable to the dimensionality of the

data (i.e., the dimensionality of the density manifold MN).

However, we also need a sufficiently fine grid to compute

the integral in eq. (7) to the desired accuracy. In the problem

shown here, the dimensionality of the data is relatively small,

and will increase for larger systems (e.g., real molecules with

many degrees of freedom). In general, however, we need to

consider both factors in choosing a suitable basis. However,

we may be able to use a basis that is more sparse than that

of the reference data, which would greatly reduce the compu-

tational cost of the method.

Challenge of finding density

Thus far, we have focused on the discussion of the perform-

ance of the MLA evaluated on exact densities (i.e., the

functional-driven errors). However, in order for a functional to

be useful, it must also predict the ground-state density. As dis-

cussed previously, an accurate functional derivative is neces-

sary in order to solve eq. (9) and yield an accurate density. The

functional derivative of our MLA is given by:

dT ML½n$
dnðxÞ

5
XNT

j51

aj
dk½n; nj$
dnðxÞ

; (23)

where, for the Gaussian kernel,

Table 3. Hyperparameters and errors measured over the test set using
the Gaussian kernel, for different N and NT.

jDTFj jDT j jDEj

N NT k % 1014 r Mean Max Mean Max Mean Max

1 40 50 4.2 1.9 30 15 120 5.1 32
60 10 1.8 0.62 11 3.0 19 0.66 4.4
80 54 1.5 0.23 3.1 1.1 11 0.44 2.6

100 4.5 1.6 0.13 3.5 1.4 16 0.41 2.3
150 1.2 1.3 0.06 1.0 0.81 5.1 0.27 1.9
200 1.3 1.0 0.03 0.87 0.67 10 0.28 1.6

2 60 60 3.0 0.46 4.8 1.79 9.9 0.73 3.6
100 1.0 2.2 0.14 1.7 1.25 5.0 0.44 2.5

3 60 6.0 5.8 0.31 3.9 1.03 5.0 0.82 6.5
100 1.9 2.5 0.13 1.7 1.11 8.3 0.59 3.8

4 60 0.6 14 0.46 5.4 2.44 9.5 0.93 6.3
100 1.4 2.7 0.08 2.6 1.12 9.8 0.63 5.0

124 400 1.7 2.2 0.12 3.0 1.28 12.6 0.52 5.1

Figure 7. The effect of using a sparse grid to represent the density on the
performance of the MLA, for N 5 1, NT 5 100, with the Gaussian kernel.
Here (a) jDTFj5TML½n$2T ½n$ is the mean absolute functional-driven error of
the MLA evaluated on the test set in kcal/mol, (b) jDTj5TML½~n$2T½n$ gives
the error of KE evaluated on constrained optimal densities in kcal/mol and
(c) the corresponding re-crossvalidated hyperparameters k and r. The MAE
is completely unaffected as NG is reduced until &NG 5 10, when it jumps
sharply.

Figure 8. The first few steps in a standard gradient descent solving the
Euler equation in eq. (9) using our MLA for the KE of N 5 1 with NT 5 100
starting from a sample training density. The dashed line shows the exact
self-consistent solution. The noise in the bare functional derivative quickly
causes large corresponding errors in the density.
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order of magnitude deeper
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su�ciently large NT , which

indicates that this particular

feature arises in a systematic

manner as NT increases
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1d box

1d diatomics
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3d molecules

large systems, real applications
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II. TECHNICAL BACKGROUND

Kernel ridge regression (KRR) is a non-linear version
of regression with regularization to prevent overfitting [3].
(introduce as gaussian process regression instead?) For
KRR, our machine learning approximation (MLA) takes the
form

TML(n) =

M!

j=1

!jk(nj ,n), (1)

where !j are weights to be determined, nj are training
densities and k is the kernel, which measures similarity
between densities. We choose a Gaussian kernel, common
in ML:

k(n,n!) = exp(!#n! n
!#2/(2"2)), (2)

where the hyperparameter " is called the length scale. The
weights are found by minimizing the cost function

C(!) =

M!

j=1

#T 2

j + $#!#2, (3)

where #Tj = TML

j ! Tj and ! = (!1, . . . ,!M ). The
second term is a regularizer that penalizes large weights
to prevent overfitting. The hyperparameter $ controls
regularization strength. Minimizing C(!) gives

! = (K + $I)"1
T , (4)

where K is the kernel matrix, with elements Kij =
k(ni,nj), and I is the identity matrix.

The hyperparameters " and $ are determined via leave-
one-out (LOO) cross validation, Define an ensemble of
functionals {TML

i,",#(n)} where the ith training density
is excluded. The hyperparameters are optimized by
minimizing the ensemble mean absolute error (MAE):

%($,") =
1

M

M!

i=1

|TML

i,",#(ni)! Ti| (5)

In recent work [? ], we demonstrated for the first time,
the ability of ML to approximate density functionals, for
a simple 1d model. However, in that work, the fermions
are confined to live inside a box, restraining the variety of
possible densities. In particular, there is no analog of a
binding energy curve, where a density is centered on two
sites whose separation varies continuously from small to
infinite.

In the present work, we consider one-dimensional
diatomic ’molecules’. The one-body potential attraction
of an ’atom’ of nuclear charge Z is chosen to be soft-
Coulombic[? ]

v(x) = ! Z$
1 + x2

, (6)

as this has been used in a variety of contexts. We use the
same form and strength for the internuclear repulsion:

VNN (R) =
Z2

$
1 +R2

(7)

Fig. 2 shows the densities and potentials for the united
atom, equilibrium bond length, and stretched diatomic.
[J, because you have no e-e interaction, your equilibrium
molecules looks very much like the united atom limit, not
like a molecule. We need to adjust the nuc rep to make
this look more like a molecule, or use self-consistent XC
calculations].

To generate a dissociation curve like that of Fig 1, we
consider bond lengths up to R = 15, and so place the entire
system on a 500 point grid from x = !20 to 20. We then
solve the Schrödinger equation numerically using Numerov’s
method [? ]. We doubly-occupy the lowest Z orbitals, so
that N = 2Z, where N is the number of fermions. We
extract various energies and the density as a function of R
for di"erent values of N .

To construct the model, we choose M training densities
at evenly spaced R between 0 and 15. Table I shows the
performance of the MLA.

III. CHALLENGES OF SELF-CONSISTENCY

A KE functional that predicts only the energy is useless
in practice, since the minimization:

&T [n]

&n(x)
= µ! v(x), (8)

where v(x) is the potential and where µ is adjusted to
produce the required particle number, requires an accurate
functional derivative (gradient). Fig. 3 shows the gradient
of our MLA evaluated at the ground-state density is very
di"erent from the exact.

FIG. 2. The electronic density and potential for Z = 1, atR =
0 (solid), equilibrium bond length (dashed), and stretched at
R = 15 (dot-dashed).

The prototype DFT problem we consider is N noninter-
acting spinless fermions confined to a 1D box, 0 ! x ! 1,
with hard walls. For continuous potentials vðxÞ, we solve
the Schrödinger equation numerically with the lowest N
orbitals occupied, finding the KE and the electronic density
nðxÞ, the sum of the squares of the occupied orbitals. Our
aim is to construct a MLA for the KE T½n% that bypasses
the need to solve the Schrödinger equation—a 1D analog
of orbital-free DFT [14]. (In 3D orbital-free DFT, the local
approximation as used in the Thomas-Fermi theory, is
typically accurate to within 10%, and the addition of the
leading gradient correction reduces the error to about 1%
[15]. Even this small an error in the total KE is too large to
give accurate chemical properties.)

First, we specify a class of potentials from which we
generate densities, which are then discretized on a uniform
grid of G points. We use a linear combination of three
Gaussian dips with different depths, widths, and centers,

vðxÞ ¼ '
X3

i¼1

ai exp½'ðx' biÞ2=ð2c2i Þ%: (1)

We generate 2000 such potentials, randomly sampling
1< a< 10, 0:4< b< 0:6, and 0:03< c< 0:1. For each
vjðxÞ, we find for N up to four electrons, the KE Tj;N and
density nj;N in RG on the grid using Numerov’s method
[16]. For G ¼ 500, the error in Tj;N due to discretization is
less than 1:5( 10'7. We take 1000 densities as a test set,
and chooseM others for training. The variation in this data
set for N ¼ 1 is illustrated in Fig. 2.

Kernel ridge regression is a nonlinear version of regres-
sion with regularization to prevent overfitting [17]. For
kernel ridge regression, our MLA takes the form,

TMLðnÞ ¼ !T
XM

j¼1

!jkðnj;nÞ; (2)

where !j are weights to be determined, nj are training
densities, and k is the kernel, which measures similarity
between densities. Here, !T is the mean KE of the training

set, inserted for convenience. We choose a Gaussian kernel,
common in ML,

kðn;n0Þ ¼ exp½'kn' n0k2=ð2"2Þ%; (3)

where the hyperparameter " is called the length scale. The
weights are found by minimizing the cost function,

C ð!Þ ¼
XM

j¼1

"T2
j þ #k!k2; (4)

where "Tj ¼ TML
j ' Tj and ! ¼ ð!1; . . . ;!MÞ. The sec-

ond term is a regularizer that penalizes large weights to
prevent overfitting. The hyperparameter # controls regulari-
zation strength. Minimizing Cð!Þ gives

! ¼ ðKþ #IÞ'1T; (5)

whereK is the kernel matrix with elementsKij ¼ kðni;njÞ,
and I is the identity matrix. Then " and # are determined
through tenfold cross validation: the training set is partitioned
into 10 bins of equal size. For each bin, the functional is
trained on the remaining samples, and" and# are optimized
by minimizing the mean absolute error (MAE) on the bin.
The partitioning is repeated up to 40 times, and the hyper-
parameters are chosen as the median over all bins.
Table I gives the performance of TML [Eq. (2)] trained on

MN-electron densities and evaluated on the corresponding
test set. ThemeanKEof the test set forN ¼ 1 is 5.40 hartree
(3390 kcal=mol). To contrast, the LDA in 1D is Tloc½n% ¼
$2

R
dx n3ðxÞ=6 and the von Weizsäcker functional is

TW½n% ¼ R
dx n0ðxÞ2=½8nðxÞ%. For N ¼ 1, the MAE of

Tloc on the test set is 217 kcal=mol, and the modified
gradient expansion approximation [19], TMGEA½n% ¼
Tloc½n% ' cTW½n%, has a MAE of 160 kcal=mol, where
c ¼ 0:0543 has been chosen to minimize the error (the
gradient correction is not as beneficial in 1D as in 3D).
For TML, both the mean and maximum absolute errors
improve as N or M increases (the system becomes more
uniform as N ! 1 [3]). At M ¼ 80, we have already

FIG. 2 (color online). The shaded region shows the extent of
variation of nðxÞ within our data set for N ¼ 1. Exact (red, solid)
and a self-consistent (black, dashed) density for potential of Fig. 3.

FIG. 1 (color online). Comparison of a projected (see within)
functional derivative of our MLA with the exact curve.
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Challenges for DFT

• Orbital-free DFT

residues near the entrance and exit of the pore that favor
or disfavor the passage of ions solely based on their charge
[32].

Acid-sensing ion channels (ASICs) are cation channels
whose gating is controlled by extracellular pH. Equi-
librium MD simulations of ASIC1 at different ionic
solutions and concentrations examining multiple titration
states of various acidic residues have been used to
identify potential proton and cation binding sites and
to study cation/H+-induced protein conformational
changes [33].

Membrane transporters and carriers
In contrast to membrane channels that provide a passive
permeation pathway for their substrates, transport in
membrane transporters is mediated by close interaction
and engagement of the protein and the substrate. This is
necessary owing to the active (energy-dependent) nature
of the transport process during which the energy provided
by various sources, for example, ATP hydrolysis or an
ionic gradient across the membrane, is used to actively
‘pump’ the substrate across the membrane, often against
its electrochemical gradient. Shown in Figure 3, mem-
brane transporters are structurally much more diverse
than membrane channels, as they need to harvest various
sources of energy in the cell and efficiently couple them
to substrate transport. They are also far slower than
channels, since several stepwise protein conformational
changes of various magnitude are usually involved in their
mechanism. Along with the recent availability of struc-
tures for several different membrane transporters, MD
simulations have been employed to investigate dynamical
properties and details of the mechanism of function.
Although the time scale of the entire transport cycle

proves to be usually beyond the reach of transporter
MD simulations, such simulations have proven successful
in describing individual steps and transitions involved in
such cycles.

ABC transporters
ATP-binding cassette (ABC) transporters use ATP to
drive active transport of substrates across the membrane.
ATP binding and hydrolysis in the nucleotide binding
domains (NBDs) drive conformational changes of the
transmembrane domains (TMDs), thus switching sub-
strate accessibility between the cytoplasmic and extra-
cellular sides of the membrane. Elucidating the
conformational changes induced by ATP binding and
hydrolysis in the NBDs and the coupling of NBDs and
TMDs constitute two major themes in simulation studies
of ABC transporters.

The dimeric structures of the NBDs of maltose transpor-
ter (MalK) and an archaeal ABC transporter (MJ0796)
have been extensively used in simulation studies. Earlier
MD simulations of MalK performed on the three crystal
forms of MalK verified the nucleotide dependence of
opening and closing of the NBDs [34]. Simulations on the
order of 20 ns performed on different nucleotide-bound
forms of MJ0796 identified the rotation of the helical
subdomain as the primary response to ATP replacement
by ADP [35], while longer simulations (30–50 ns) were
employed to investigate the mechanism of dimer separ-
ation [36]. Using even longer simulations (! 70 ns) of
MalK, and through simulating the immediate effect of
ATP hydrolysis (conversion to ADP-Pi), it was proposed
that the hydrolysis reaction itself is the initial trigger for
dimer opening [37]. It was also shown that despite the
presence of two nucleotide-binding sites, only one ATP

132 Theory and simulation

Figure 3

Membrane transporters studied recently. Shown in the same format as in Figure 1, each transporter is colored according to domain with substrates
and direction of transport indicated. These transporters are found in a variety of cellular membranes including the cytoplasmic membrane (e.g.
MalEFGK), the bacterial outer membrane (BtuB), and the mitochondrial inner membrane (AAC).

Current Opinion in Structural Biology 2009, 19:128–137 www.sciencedirect.com

Current Opinion in Structural Biology 2009, 19:128–137
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Performance of ML for HK map: Box problem

4

ML-OF ML-HK (grid) ML-HK (other)

�E �EF �ED �E �ED �EML
D �ED (Fourier) �ED (KPCA)

M MAE max MAE max MAE max MAE max MAE max MAE max MAE max MAE max

20 7.7 47 7.7 60 8.8 87 3.5 27 0.76 8.9 9.7 70 0.58 8 0.15 2.9
50 1.6 30 1.3 7.3 1.4 31 1.2 7.1 0.079 0.92 0.27 2.4 0.078 0.91 0.011 0.17

100 0.74 17 0.2 2.6 0.75 17 0.19 2.1 0.027 0.43 0.18 2.4 0.031 0.42 0.0012 0.028
200 0.17 2.9 0.039 0.6 0.17 2.9 0.042 0.59 0.0065 0.15 0.02 0.46 0.017 0.14 0.00055 0.015

Table I. Energy errors in kcal/mol for the 1-D data set for various M , the number of training points. For definitions, see text.

total energy functional based on the gradient of the ML196

model TML
s ,197

n(j+1) = n(j) � ✏P
⇣
n(j)

⌘ �

�n
EML(n(j)), (6)

where ✏ is a small number, v is the discretized potential,
�x is the grid spacing and P (n(j)) is a localized PCA
projection to de-noise the gradient. Here and for all fur-
ther 1-D results we use

EML[n] = TML
s [n] +

Z
dx v(x)n(x). (7)

The density-driven contribution to the error �ED, which198

we calculate exactly here using the von Weizsäcker ki-199

netic energy[30] is always comparable to, or greater than,200

the functional-driven error �EF , due to the poor quality201

of the ML functional derivative[18]. The calculation is202

abnormal, and can be greatly improved by using a more203

accurate density. As the number of training points M204

grows, the error becomes completely dominated by the205

error in the density. This shows that the largest source206

of error is in using the ML approximation to Ts to solve207

the Euler equation to find the density.208

The next set of columns analyzes the ML-HK ap-209

proach, using a grid basis. The left-most of these columns210

shows the energy error we obtain by utilizing the ML-HK211

map:212

�E = |EML[nML[v]]� E|. (8)

Note that both ML models, TML
s and nML, have been213

trained using the same set of M training points.214

The ML-HK approach is always more accurate than215

ML-OF, and its relative performance improves as M in-216

creases. The next column reports the density-driven er-217

ror �ED which is an order-of-magnitude smaller than for218

ML-OF. Lastly, we list an estimate to the density-driven219

error220

�EML
D = |EML[nML[v]]� EML[n]|, (9)

which uses the ML model TML
s for the kinetic energy221

functional in 1-D. This proxy is generally a considerable222

overestimate (a factor of 3 too large), so that the true223

�ED is always significantly smaller. We use it in subse-224

quent calculations (where we cannot calculate TML
s ) to225

(over-)estimate the energy error due to the HK-ML map.226

The last set of columns are density-driven errors for227

other basis sets. Three variants of the ML-HK map were228

tested. First, direct prediction of the grid coe�cients:229

In this case, u(l)
i = ni(xl), l = 1, . . . , G. This variant is230

tested in 1-D only; in 3-D the high dimensionality will231

be prohibitive. 500 grid points were used, as in Snyder232

et al. [18]. Second, a common Fourier basis is tested.233

The density can be transformed e�ciently via the dis-234

crete Fourier transform, using 200 Fourier basis functions235

in total. In 3-D these basis functions correspond to plane236

waves. The back-projection u 7! n to input space is sim-237

ple, but although the basis functions are physically moti-238

vated, they are very general and not specifically tailored239

to density functions. The performance is almost identi-240

cal to the grid on average, although maximum errors are241

much less. For M = 20, the error that originates from242

the basis representation starts to dominate. This is a243

motivation for exploring, third, a Kernel PCA (KPCA)244

basis[31]. KPCA[32] is a popular generalization of PCA245

that yields basis functions that maximize variance in a246

higher dimensional feature space. The KPCA basis func-247

tions are data-driven and computing them requires an248

eigen-decomposition of the Kernel matrix. Good results249

are achieved with only 25 KPCA basis functions. The250

KPCA approach gives better results because it can take251

the non-linear structure in the density space into account.252

However, it introduces the pre-image problem: It is not253

trivial to project the densities from KPCA space back to254

their original (grid) space (see supplement). It is thus255

not immediately applicable to 3-D applications.256

Molecules257

We next apply the ML-HK approach to predict elec-
tron densities and energies for a series of small molecules.
We test the ML models on KS-DFT results ob-

Understanding and reducing errors in density functional calculations Min-
Cheol Kim, Eunji Sim, Kieron Burke, Phys. Rev. Lett. 111, 073003 (2013).
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H2O

6

ML-KS ML-HK

�E �Ro �✓0 �E �EML
D �Ro �✓0

Molecule M MAE max MAE max MAE max

5 1.3 4.3 2.2 - 0.70 2.9 0.18 0.54 1.1 -
H2 7 0.37 1.4 0.23 - 0.17 0.73 0.054 0.16 0.19 -

10 0.080 0.41 0.23 - 0.019 0.11 0.017 0.086 0.073 -

H2O

5 1.4 5.0 2.1 2.2 1.1 4.9 0.056 0.17 2.3 3.8
10 0.27 0.93 0.63 1.9 0.12 0.39 0.099 0.59 0.12 0.38
15 0.12 0.47 0.19 0.41 0.043 0.25 0.029 0.14 0.064 0.23
20 0.015 0.064 0.043 0.16 0.0091 0.060 0.011 0.058 0.024 0.066
25 0.012 0.073 0.033 0.12 0.013 0.085 0.0081 0.043 0.012 0.16

Table II. Prediction errors on H2 and
H2O with increasing number of train-
ing points M for the ML-KS and ML-
HK approaches. In addition, the esti-
mated density-driven contribution to
the error for the ML-HK approach
(Eq. 9) is given. Energies in kcal/mol,
bond-lengths in pm, and angles in de-
grees.
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Figure 2. Top. Distribution of energy errors against PBE
on the H2O dataset for ML-KS and ML-HK. The errors are
plotted on a symmetric log scale with linear threshold of 0.01,
using nearest neighbor interpolation from a grid scan for col-
oring. Black dots mark the test set geometries with averaged
bond lengths. Bottom left. Comparison of the PBE er-
rors made by ML-HK and ML-KS on the test set geometries.
Bottom right. Energy landscape of the ML-HK map for
symmetric geometries (R versus ✓). All models trained on
M = 15 training points. Energies and errors in kcal/mol. A
black cross marks the PBE equilibrium position.

the ML-HK map is consistently more precise than the345

ML-KS map, and provides an improved potential energy346

surface, as shown in Fig. 2. With an MAE of 1.2 kcal/mol347

for PBE energies relative to CCSD(T) calculations for348

this data set, we again show that ML does not introduce349

a new significant source of error.350

The MLmaps can also be used to find the minimum en-351

ergy configuration. The total energy is minimized as the352

geometry varies with respect to both bond lengths and353

angles. For optimization, we use Powell’s method [38],354

which requires a starting point and an evaluation func-355

tion to be minimized. For the H2O case, the search is re-356

stricted to symmetric configurations, with a random sym-357

metric geometry used as the starting point. Results are358

reported in Table II. The optimizations consistently con-359

verge to the correct minima regardless of starting point,360

consistent with the maps being convex, i.e., the potential361

energy curves are su�ciently smooth as to avoid intro-362

ducing artificial local minima.363

For larger molecules, generating random conformers364

that sample the full configurational space becomes dif-365

ficult. Therefore, we next demonstrate that molecular366

dynamics (MD) using a classical force field can also be367

used to create the grand training set. As an example, we368

use benzene (C6H6) with only small fluctuations in atomic369

positions out of the molecular plane. Appropriate con-370

formers are generated via isothermal MD simulations at371

300 K, 350 K, and 400 K using the General Amber Force372

Field (GAFF)[39] in the PINY MD package[40]. Sav-373

ing snapshots from the MD trajectories generates a large374

set of geometries that are sampled using the K-means ap-375

proach to obtain 2,000 representative points for the grand376

training set. Training nML[v] and EML[n] is performed as377

above by running DFT calculations on M = 2000 points.378

We find that the ML error is reduced by creating the379

training set from trajectories at both the target temper-380

ature and a higher temperature to increase the represen-381

tation of more distorted geometries. The final ML model382

is tested on 200 conformational snapshots taken from an383

independent MD trajectory at 300 K (see Fig. 3a). The384

MAE of the ML-HK map for this data set using train-385

ing geometries from 300 K and 350 K trajectories is only386

0.37 kcal/mol for an energy range that spans more than387

10 kcal/mol (see Table III).388

For benzene, we further quantify the precision of the389

ML-HK map in reproducing PBE densities. In Fig. 4, it390

is clear that the errors in the Fourier basis representation391

are larger than the errors introduced by the ML-HK map392
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Figure 4. The precision of our density predictions using the Fourier basis for ML-HK for the molecular plane of benzene. The
plots show a. the di↵erence between the valence density of benzene when using PBE and LDA functionals at the PBE optimized
geometry. b. error introduced by using the Fourier basis representation. c. error introduced by the nML[v] density fitting (a.
- c. on same color scale). d. the total PBE valence density e. the density di↵erences along a 1-D cut of a. - c. f . the density
error introduced with the ML-HK map (same data, but di↵erent scale, as in c.).

Our new method, directly learning the Hohenberg-497

Kohn density-potential map, overcomes a key bottle-498

neck in previous methodologies, that only became appar-499

ent when going beyond 1D calculations. This approach500

avoids solving an intermediate more general problem (the501

gradient descent) to find the solution of the more specific502

problem (finding the ground-state density). This is called503

transductive inference by the machine learning commu-504

nity and is thought to be key to successful statistical505

inference methods[41].506

We also confirmed that following a direct prediction507

approach with the ML-HK map increases the accu-508

racy consistently on both 1-D examples and small 3-D509

molecules. We are also able to learn density models that510

outperform energy models trained on much more training511

data. This quantitative observation allows us to conclude512

that learning density models is much easier than learning513

energy models. Such a finding should be no surprise to514

practitioners of the art of functional construction (see,515

e.g., [25]), but the present work quantifies this observa-516

tion using standard statistical methods. As the ML-HK517

map accurately reflects the training densities, more exact518

methods could also be used to generate the training set519

densities for functional development.520

We have also derived a way to use basis functions to521

make the approach computationally feasible. This makes522

it easier to integrate the method into existing DFT codes.523

Another advantage is the possibility to take the innate524

structure of the densities into account, i.e. spatial corre-525

lations are preserved by using low frequency basis func-526

tions. Again, this fits with the intuition of experienced527

practitioners in this field, but here we have quantified528

this in terms of machine-learned functionals.529

Direct prediction of energies (e.g., the ML-KS map)530

always has the potential to lead to conceptually easier531

methods. But such methods must also abandon the in-532

sights and e↵ects that have made DFT a practical and533

usefully accurate tool over the past half century. Many534

usefully accurate DFT approximations already exist, and535

the corrections to such approximations can be machine-536

learned in precisely the same way as the entire functional537

has been approximated here. If machine-learning correc-538

tions requires less data, the method becomes more pow-539

erful by taking advantage of existing successes. Further-540

more, existing theorems, such as the viral theorem[42],541

might also be used to directly construct the kinetic en-542
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XC for strong correlation in 
thermodynamic limit (in 1D)
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Mott-Hubbard gap

• Classic prototype of 
condensed matter

• Infinite chain of H atoms
• When lattice spacing is 

large, must be an 
insulator

• But with one electron 
per site, always a band 
metal

interacting system, the KS system is the unique noninter-
acting system with the same density [20].) In the thermo-
dynamic limit, the KS gaps extrapolate to zero, so that
the exact N ! 1 KS system is a metal. This is consistent
with the fact that each finite KS system in Fig. 3 has one
electron per unit cell and thus a half-filled band (in contrast
to the unrestricted LSDAwhich breaks spin symmetry for
this system).

The discrepancy between the KS and exact gap was long
ago identified [21] with the exchange-correlation deriva-
tive discontinuity in DFT: Eg ¼ !s þ !XC, where !s is
the KS gap, that is, the energy difference between the
lowest unoccupied and highest occupied orbitals of the
neutral KS system. Approximate functionals such as
LSDA that are continuous in particle number miss this
effect entirely. The LSDA KS gaps are almost identical
to the exact ones shown in Fig. 3, but the LSDA funda-
mental gap drops from close to Eg for small N to near zero
at large N (details reported elsewhere).

Previous calculations have found !XC for semiconduc-
tors [22,23] with finite KS gaps !s, but our system’s gap is
entirely due to !XC, underscoring its importance for strong
correlation physics. Our results rely on no uncontrolled
approximations and so demonstrate unambiguously the
behavior of Mott insulators in DFT. Present DFT research
on this issue focuses on extracting accurate Eg from semi-
local functional calculations [24,25].

The onset of strong correlation with increasing bond
length is often identified with the Coulson-Fischer point
[26], where an unrestricted Hartree-Fock calculation spon-
taneously breaks spin symmetry. A different way to dis-
tinguish strong from weak correlation is through the
entanglement spectrum, readily accessible in DMRG.

Defining the left reduced density matrix !L¼TrRj"ih"j,
where the trace is over all grid sites in the right half of the
system, the entanglement spectrum consists of the energies
of the entanglement Hamiltonian HE ¼ # ln!L [27]. The
most probable density matrix eigenstates are those in the
low ‘‘energy’’ part of the spectrum. By classifying these
states according to their particle numberNL, we can under-
stand the dominant quantum fluctuations of the ground
state. Figure 4 shows the entanglement spectrum at the
center of a series of four-atom chains with increasing
interatomic separation. A sharp crossover at b ’ 5:5, where
the probability for charge fluctuations drops below that
of pure spin fluctuations, signals the onset of strongly
correlated behavior.
Many oxide materials of current interest are too strongly

correlated for present DFT methods, but crucial properties
must be calculated to an accuracy far beyond that of simple
model Hamiltonians. The method described here provides
a new, alternative route to studying strongly correlated
systems. All existing approximations, from heuristic cor-
rections to standard functionals, such as LDAþ U [28], to
methods developed for lattice models, such as dynamical
mean field theory [29], can be applied and tested more
easily, thoroughly, and accurately in the present setting.
Because our 1D world captures a feature crucial to density
functional approximations, namely, the continuum instead
of a lattice, such studies should provide the insight needed
to construct more accurate density functionals for real
strongly correlated materials.
We gratefully acknowledge DOE Grant No. DE-FG02-

08ER46496 (K. B., L. O.W., and S. R.W.) and NSF Grant
No. DMR-0907500 (E.M. S. and S. R.W.) for supporting
this work.
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Convergence for H2

4

Then a subset of these data are left out as test set.
The training set, with NT values of R, are collected from
the remaining data. These are chosen to be as close to
equally spaced as practical. The test set is excluded from
the data where the training set is sampled from, to avoid
contamination via the cross-validation process.

A. Machine-learned functional for a given molecule

FIG. 3. (Color online) Same as Fig. 2. The green curves
are ML with NT = 5 on both the exact (dashed) and ML-
optimized (solid) densities. The red solid curve is the ML
with NT=20 on ML-optimized (solid) densities. Black dashed
curve is the exact DMRG curve, matching nearly exactly the
NT=20 on ML line.

We continue to use the H2 molecule to illustrate our
method. Contrary to previous work, we apply KRR al-
gorithms to ML the interacting functional F [n] itself, by
training on highly accurate DMRG energies and densities
at various values of R. In Table I, we list the errors for
H2 as a function of NT, both on the exact density and on
an optimally constrained density found by the methods
of Ref. [35].

To illustrate the procedure, in Fig. 3, we show
the energies with only 5 training points, R =
1.00, 3.20, 5.48, 7.76, 10.00, yielding the smooth, green
dashed curve, when evaluated on the exact densities. The
curve (almost) exactly matches at the training points,
but is noticeably inaccurate inbetween. But note that,
in contrast to all previous studies, we are fitting the full
F [n], not just TS[n], so that, e.g., our inaccurate curve
dissociates H2 correctly, while no standard DFT calcula-
tion, with a standard XC approximation, can.

The problem is actually much greater than even the
smooth dashed green curve would suggest. In practice,
we not only need the energy functional, but also its
derivative, at least in the vicinity of a solution density.
This is because we use the functional to find the density
itself, via the Euler equation

�F

�n(x)
= �v(x). (10)

FIG. 4. (Color online) Optimal densities for 1d H2 molecule in
the test set: DMRG (black dashed), ML with NT=5 (orange
solid), ML with NT=20 (red solid).

In fact, the derivatives of ML functionals such as that of
Eq (6) are highly inaccurate and cannot be used to find
the minimizing density. Methods have been developed
to constrain the search to the manifold of training data
via non-linear gradient denoising (NLGD) [35]. For our
H2 with NT = 5, these lead to the (even worse) solid
green curve of Fig. 3. The optimal density is shown in
Fig. 4. We clearly see that (a) the accuracy is not high
enough and (b) the error is dominated by the error in the
densities. (This is called a density-driven error [36] in a
DFT calculation.)
However, when we increase to 20 data points, the ML

curve (red solid) is indistinguishable from the exact one,
and the error at equilibrium is only 0.007 kcal/mol, and
shrinks with increasing R. This calculation applies all the
principles discussed in Ref. 13, but is now applying them
to the many-body problem, not just the KS problem.
Even in the stretched limit, where the system is strongly
correlated, there is no loss of accuracy. Note that we are
not just fitting the binding curve, as we are reproducing
the many-body density at every value of R, starting from
data at a limited number of values. In Fig. 4, we plot the
optimally-constrained densities at R = 4.0 (outside all
training sets) for NT = 5 and NT = 20, compared with
the exact density.
Here, ML has entirely bypassed the di�culty of solv-

ing the many-fermion problem. The machine learns the
characteristics of the solution without ever solving the
di↵erential equation. Moreover, the HK theorem is a
statement of the minimal information needed to char-
acterize the ground-state of the system. In some ways,
this ML approach is the purest embodiment of the HK
theorem.

B. Finding a data-driven optimal basis for longer
chains

The cost of optimal gradient descent methods, evalu-
ated on a spatial grid, grows very rapidly with the num-

2

problem at the same level of accuracy. Fig. 1 shows the
convergence of our ML method for a typical separation
of the infinite chain with respect to the number of train-
ing points. The horizontal lines show two independent
DMRG estimates of the energy.

II. BACKGROUND

A. DFT

The Hohenberg-Kohn theorem [10] establishes that the
ground-state energy and density of a many-body problem
may be found by minimizing a density functional:

E = min
n

⇢
F [n] +

Z
d3r n(r) v(r)

�
, (1)

where n(r) is the single-particle density, normalized to
N particles, and v(r) is the one-body potential. The
functional F can be defined via a constrained search as
[24]

F [n] = min
 !n

h | T̂ + V̂ee| i (2)

where T̂ is the kinetic energy operator and Vee is the
electron-electron repulsion operator, while  is a normal-
ized antisymmetric (for fermions) wavefunction. While
this showed that the old Thomas-Fermi theory [8, 9, 25]
was an approximation to an exact formulation, few mod-
ern calculations perform such a direct minimization. In
practice, almost all calculations use the famous Kohn-
Sham (KS) scheme, which uses an auxillary set of non-
interacting orbitals in a single, multiplicative potential
whose density is defined to match that of the original
system, and in terms of which we can write

F [n] = TS[n] + U [n] + EXC[n], (3)

where TS is the non-interacting kinetic energy of the KS
electrons, U is the Hartree self-repulsion, and EXC is the
exchange-correlation energy (defined by this equation).

The genius of the KS formulation is that EXC is typi-
cally a small fraction of F , so that much higher accuracy
can be achieved by approximating only this component.
The cost of the KS scheme is formally N3, the cost of
solving for the orbitals. Much of modern DFT research
is devoted to improving approximations to EXC, within
which all quantum-many body e↵ects are contained (by
definition). The smaller field of pure DFT, also known
as ‘orbital-free’, aspires to approximate TS[n] directly, as
in the old TF theory [8, 26], and thus bypass the need to
solve the KS equations.

Many modern XC approximations are local or semilo-
cal, i.e., use the density and its gradient to approximate
the XC energy density at a point. While remarkably
useful results can be obtained with such approximations,
there remains a classic failure that can be understood in

FIG. 2. (Color online) Binding curve for a 1d H2 molecule.
Black: highly accurate, converged DMRG results. Blue: LDA
result restricted to a spin singlet [23].

terms of the simple H2 molecule [27]. Those approxima-
tions work well in the vicinity of the equilibrium bond
length, but as the bond is stretched, they fail more and
more badly. In the limit of a large but finite bond length
(which we call stretched), a spin-restricted calculation
yields the highly inaccurate energy of two unpolarized
H atoms. On the other hand, an unrestricted calcula-
tion yields an accurate stretched energy, but has broken
spin symmetry. Neither situation is satisfactory [4], and
most modern approximations fail in this way. An analo-
gous failure occurs for semilocal approximations to TS[n]
when bonds are stretched in orbital-free DFT. Fig. 2 il-
lustrates the failure of semilocal XC, by comparing the
blue restricted LDA curve with the black DMRG curve.
There is a huge error in the stretched limit.

B. DMRG benchmark data

It is di�cult to overemphasize the utility of bench-
mark quantum chemical calculations for the development
of DFT. The DFT revolution in quantum chemistry was
made possible by the existence of the well-tested G2 data
set for small molecules, and databases in quantum chem-
istry have proliferated ever since. On the other hand,
calculations of ‘quantum chemical’ accuracy, i.e., errors
below 1 kcal/mol, are much more di�cult and rarer for
solids. A recent heroic e↵ort [28] was made for benzene,
a molecular crystal.
For the present study, we need to consider chains of

up to 20 H atoms, with many di↵erent values of the in-
teratomic spacing ranging from about 1 to 10 Bohr. Ex-
tracting this large amount of data at the required level
of accuracy from a quantum chemical code would be ex-
tremely demanding, if not impossible, given the strong
correlation e↵ects when the bonds are stretched.
Recently, DMRG has been applied to a one-

dimensional analog of real-space Coulomb-interacing
Hamiltonians, for precisely the purpose of performing
demanding, highly accurate benchmark calculations of
strongly correlated systems. In particular, the interac-
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Then a subset of these data are left out as test set.
The training set, with NT values of R, are collected from
the remaining data. These are chosen to be as close to
equally spaced as practical. The test set is excluded from
the data where the training set is sampled from, to avoid
contamination via the cross-validation process.

A. Machine-learned functional for a given molecule

FIG. 3. (Color online) Same as Fig. 2. The green curves
are ML with NT = 5 on both the exact (dashed) and ML-
optimized (solid) densities. The red solid curve is the ML
with NT=20 on ML-optimized (solid) densities. Black dashed
curve is the exact DMRG curve, matching nearly exactly the
NT=20 on ML line.

We continue to use the H2 molecule to illustrate our
method. Contrary to previous work, we apply KRR al-
gorithms to ML the interacting functional F [n] itself, by
training on highly accurate DMRG energies and densities
at various values of R. In Table I, we list the errors for
H2 as a function of NT, both on the exact density and on
an optimally constrained density found by the methods
of Ref. [35].

To illustrate the procedure, in Fig. 3, we show
the energies with only 5 training points, R =
1.00, 3.20, 5.48, 7.76, 10.00, yielding the smooth, green
dashed curve, when evaluated on the exact densities. The
curve (almost) exactly matches at the training points,
but is noticeably inaccurate inbetween. But note that,
in contrast to all previous studies, we are fitting the full
F [n], not just TS[n], so that, e.g., our inaccurate curve
dissociates H2 correctly, while no standard DFT calcula-
tion, with a standard XC approximation, can.

The problem is actually much greater than even the
smooth dashed green curve would suggest. In practice,
we not only need the energy functional, but also its
derivative, at least in the vicinity of a solution density.
This is because we use the functional to find the density
itself, via the Euler equation

�F

�n(x)
= �v(x). (10)

FIG. 4. (Color online) Optimal densities for 1d H2 molecule in
the test set: DMRG (black dashed), ML with NT=5 (orange
solid), ML with NT=20 (red solid).

In fact, the derivatives of ML functionals such as that of
Eq (6) are highly inaccurate and cannot be used to find
the minimizing density. Methods have been developed
to constrain the search to the manifold of training data
via non-linear gradient denoising (NLGD) [35]. For our
H2 with NT = 5, these lead to the (even worse) solid
green curve of Fig. 3. The optimal density is shown in
Fig. 4. We clearly see that (a) the accuracy is not high
enough and (b) the error is dominated by the error in the
densities. (This is called a density-driven error [36] in a
DFT calculation.)
However, when we increase to 20 data points, the ML

curve (red solid) is indistinguishable from the exact one,
and the error at equilibrium is only 0.007 kcal/mol, and
shrinks with increasing R. This calculation applies all the
principles discussed in Ref. 13, but is now applying them
to the many-body problem, not just the KS problem.
Even in the stretched limit, where the system is strongly
correlated, there is no loss of accuracy. Note that we are
not just fitting the binding curve, as we are reproducing
the many-body density at every value of R, starting from
data at a limited number of values. In Fig. 4, we plot the
optimally-constrained densities at R = 4.0 (outside all
training sets) for NT = 5 and NT = 20, compared with
the exact density.
Here, ML has entirely bypassed the di�culty of solv-

ing the many-fermion problem. The machine learns the
characteristics of the solution without ever solving the
di↵erential equation. Moreover, the HK theorem is a
statement of the minimal information needed to char-
acterize the ground-state of the system. In some ways,
this ML approach is the purest embodiment of the HK
theorem.

B. Finding a data-driven optimal basis for longer
chains

The cost of optimal gradient descent methods, evalu-
ated on a spatial grid, grows very rapidly with the num-
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Vital issue in ML: Representation of data

• We want to calculate F[n] sufficiently accurately 
to solve Euler equation directly for the density.

• Have all those problems with functional 
derivative.

• Amount of data needed explodes as chain 
length increases.

• Need better representation for the data.
• Li’s thesis problem.
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Facial recognition via PCA
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Mean face
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Plus one principal component
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Plus four
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PCA basis for atomic densities

5

ber of grid points, and rapidly becomes unfeasible as the
number of H atoms grows. Thus a simpler representation
of the density is required. To overcome those di�culties,
we introduce a basis set. Inspired by the localized atomic
bases used in most quantum chemical codes, we devel-
oped a data-driven basis set using Hirshfeld partitioning
[37] and principal component analysis (PCA).

FIG. 5. Partition density of each H atom in H8.

FIG. 6. Single H atom densities for H atoms in di↵erent
chains and atomic distance (gray). The average density is
plotted in red.

To partition a molecular density via the Hirshfeld
scheme, begin with the protomolecule of overlapped
atomic densities at the nuclear positions of the real
molecule. If n0

i (x) = n0
1(x�(i�1)R) is an isolated atomic

density at the i-th nuclear center, spaced R apart, then

n0(x) =
NX

i=1

n0
i (x) (11)

is the density of the protomolecule, where R is the inter-
atomic spacing. We define a weight

wi(x) = n0
i (x)/n

0(x), (12)

FIG. 7. First 7 principal components of the densities shown
in Fig. 6, from top to bottom.

associated with each atom, and then define the density
of each Hirshfeld atom within the real molecule as

ni(x) = wi(x)n(x), (13)

where n(x) is the exact molecular density. The ground
state density of a single hydrogen atom n0

i (x) is reported
in Ref. 23. Fig. 5 shows partition densities ni(x) of atoms
in one H8.
Next, for a specific chain length N , we consider a range

of interatomic separations R, and consider the collection
of every atomic density within the chain for every value of
R in a training set, each centered on the origin, as shown
in Fig. 6. These individual atomic partition densities re-
flect the diverse behaviors caused by the interaction be-
tween the hydrogen atoms inside the chains. A principal
component analysis is applied to these densities, and the
eigenvalues are ordered in decreasing magnitude to find a
subspace with the maximum variance. Each atomic den-
sity can be accurately represented by the base density
f0(x) (red in Fig. 6) and 7 principal components (Fig.
7),

ni(R, x) = f0(x) +
7X

p=1

ci,p(R)fp(x). (14)

Thus the total density of HN with separations R isPN
i ni(R, x), and is described by just 7N coe�cients.

Note that f0(x) is very close to an isolated atom density,
but we use the average to center our data for the PCA
analysis. Our representation greatly reduces the num-
ber of variables in the density representation for a given
chain length, and saves a significant amount of computa-
tional cost when solving for the ground state density of
the system. This new basis set is completely data-driven
and physically meaningful.

We next repeated these calculations for a sequence of
chains of increasing length. In each case, we train FML[n]
on a limited training set, and then compare on a test set
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Improved convergence from basis

6

N NT � � |�EF|/N max |�EF|/N |�E|/N max |�E|/N EML
R=9.8/N EDMRG

R=9.8 /N

2 5 1.0⇥ 10�8 1000 2.54 7.02 9.74 20.3 -421.291 -425.797

2 20 4.6⇥ 10�10 2.15 0.00121 0.00802 0.005 0.013 -425.785 -425.797

2 50 1.0⇥ 10�12 0.70 0.00003 0.00034 0.050 0.304 -425.798 -425.797

4 50 2.2⇥ 10�11 46.4 0.0021 0.016 0.005 0.017 -428.617 -428.620

8 50 1.0⇥ 10�4 2.15 0.011 0.31 0.28 1.68 -430.011 -430.032

12 50 1.0⇥ 10�12 0.46 0.0031 0.010 0.24 0.88 -430.502 -430.503

16 50 2.2⇥ 10�11 0.46 0.0042 0.012 0.08 0.41 -430.738 -430.738

20 50 2.2⇥ 10�11 0.46 0.0042 0.014 0.26 0.88 -430.880 -430.880

1 50 1.0⇥ 10�8 0.46 0.012 0.050 0.073 0.27 -431.447 -431.444

TABLE I. ML performance on di↵erent chains HN . NT is the size of training set. Regularization strength � and kernel length
scale � is the model hyperparameters selected by cross validation [14]. The functional driven error �EF /N [36] is tested on the
entire test set to show the overall accuracy. The total error �E/N is tested on the equilibrium test set to emphasize accuracy
around equilibrium position. ER=9.8/N shows that ML can get very accurate dissociation limit. All errors are given in kcal/mol.

FIG. 8. (Color online) Learning curves for several 1d H chains.
(a) ML using the total density. (b) ML using the bulk parti-
tion densities (see text).

(see supplementary material), with the accurate results
supplied by DMRG. The learning curves, i.e., error as a
function of NT, of chains of di↵ering length, are shown
in Fig. 10(a). The error typically decreases with amount
of training data, but for fixed NT, longer chains display
substantially larger errors. This is because the binding
energy curve changes more rapidly when the chain length
is increased.

In applied machine learning, feature engineering,
which uses domain knowledge of the data to improve the
e�ciency of ML algorithms, is a crucial step. Here, we
know that as the chain length increases, the central den-
sity should converge to a fixed value (thermodynamic
limit). We therefore choose the central two atomic den-
sities alone to use as a minimal input feature for learning
the energy of a given finite chain. The learning curves
for models trained only on this central partition density
are shown in Fig. 10(b). For chain lengths greater than
or equal to 12, substantially greater accuracy is reached
for a fixed amount of training data. Here we still use
the total density for N  8 and the bulk density for
N � 12. The model performance and hyperparameters
are presented in Table I.

C. Extrapolation to the thermodynamic limit

Our ultimate goal is to use ML to find the energy of
the infinite chain to within chemical accuracy, for all in-
teratomic separations. To do this, we first build a set
of infinite chain energies and densities. For each value
of R, we extrapolate both the density and energy of our
finite chains as a function of N . This then gives us a set
of data for the infinite chain that we can both train and
test on and gave rise to Fig. 1.
In an entirely separate calculation, we also performed

DMRG directly for the infinite chain, using the method of
McCulloch [38] for a four atom unit cell [39]. The system
is initialized by solving the equivalent finite size system
with box edges at R/2. As a part of the iDMRG algo-
rithm [38], a single unit cell is then inserted into the cen-
ter of the finite system and 15 sweeps are performed over
the inserted unit cell. The sequence is repeated–after
adding another unit cell–until convergence. We com-
pare these energies with the extrapolated values, find-
ing agreement to within 1 kcal/mol for all values of
R. This agreement validates our extrapolation proce-
dure. We find that, with 50 data points, the ML re-
sult, on the optimized density, also agrees to within 1
kcal/mol. Thus, armed with the 50-data-point machine
learned functional, one can self-consistently find the den-
sity and energy of the infinite chain to quantum chemical
accuracy.
Our final figure simply demonstrates that the error for

the infinite chain (and for all the ML calculations) is
almost entirely due to the error in the optimized density.
The functional-driven error [36] is the energy error made
on the exact density:

�EF = EML[n]� E[n] = FML[n]� F [n]. (15)

We see that, at any level of training, �EF is an order
of magnitude smaller than the final energy error on the
optimized density. Thus the error is density-driven but,
nonetheless, can be forced down to quantum chemical
limits with enough data.
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Origin of error for chain
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Convergence for infinite chain

Pure density functional for strong correlations and the thermodynamic limit from 
machine learning Li Li, Thomas E. Baker, Steven R. White, Kieron Burke, Phys. Rev. 
B 94, 245129 (2016).Kieron Burke WTC20 60



Lessons from this part

• Can learn exact functional from exact data.
• Can learn F[n] instead of Ts[n] so accurately you 

can even get density.
• Created a new data-driven basis by using 

atoms in molecules; greatly reduced 
computational cost.

• Extrapolate to infinite chain limit to within 1 
kcal/mol.

• No problem in principle to do in 3d.
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ML Density Functionals via Legendre Transformation

1. E. H. Lieb, Int. J. Quantum Chem. 24, 243 (1983).

The Idea

• Levy-Lieb constrained search formalism
defines the universal part of the functional
via LT of the total energy functional1,

𝐹[𝑛] = sup
*(𝒓)

𝐸 𝑣 𝒓 ; 𝑁 − ∫ 𝑛 𝒓 𝑣 𝒓 𝑑5𝑟

• This crude ML algorithm incorporates the
basic theorem of DFT within it and
automatically satisfies certain exact
condition, 𝐹78 𝑛 ≤ 𝐹 𝑛 .

• Model is trained on 𝑣 𝒓 and 𝐸 𝑣 𝒓 data
to determine 𝐹[𝑛] and self-consistent
𝑛 𝒓 .

In collaboration with Stefan 
Mandt, UCI comp sci;
Bhupalee Kalita
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Can exact conditions improve ML 
functionals?
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New paper (dft.uci.edu)

• Can we use exact conditions to improve ML 
density functional approximations?

• Given a set of densities to train on, impose 
quadratic scaling of kinetic energy.

• Train on scaled densities, then rescale.  Do we 
do any better?

• Original idea of John Snyder.
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[185] Can exact conditions improve machine-learned 
density functionals? Jacob Hollingsworth, Li Li, Thomas E. 
Baker, Kieron Burke, to appear in J Chem Phys, Special 
Topic(2018).



Imposing an exact condition

Kieron Burke WTC20 65

Marrying the two Approaches

We attempt to impose Ts [n� ] = �2 Ts [n] on a machine learned
functional. We define:

l
2[n] =

Z 1

�1
dx x

2
n(x).

and define the scaled density:

ñ(x) = nl(x) = l n(lx).

We write the kinetic energy functional

Ts [n] =
1

l2[n]
T̃s [ñ].

We machine learn T̃s [ñ], as opposed to directly machine learning
Ts [n].

Jacob Hollingsworth, Li Li, Thomas Baker, Kieron Burke Can Exact Conditions Improve Machine Learned Functionals?



Learning curve on 1D Hooke’s atom
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5. RESULTS Can exact conditions improve machine-learned density functionals? dft.uci.edu
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FIG. 2. (color online) The learning curves for functionals

trained on scaled (blue) and unscaled (red) densities for the

1D Hooke’s atom. Accuracy of 1 mH is denoted by the dashed

line (black).
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FIG. 3. (color online) Same as Fig. 2, but for H2 densities.

Fig. 4 shows the densities of the 1D Hooke’s atom in
our set, both before and after scaling. It is apparent that
the densities become much more similar once they have
been scaled. The appearance of the double peak is a strong
correlation e↵ect, in which the two electrons are trying to
avoid one another. But the decay of the scaled density at
large |x| is the same for all cases. To reinforce this, we plot
l as a function of ! for each density, and TS (both with
and without scaling) as a function of !. Clearly the scaled
functional varies less and is easier to learn. Jake, need to
alter x scale on scaled density-plot, to run from -2 to 2

To quantify this, we plot in Fig. 5 the value of � for
each !, versus 1/

p
2!. The curve is close to a constant

(as it would be for the non-interacting case) and only varies
strongly from that as ! becomes small and the system be-
comes more strongly correlated. Lastly, in Fig. 6, we plot
both the unscaled and scaled KS kinetic energies for the 1D
Hooke’s atom. If the density were not changing shape, i.e.,
truly non-interacting, the unscaled energy would be linear,
and the scaled kinetic energy would be constant, as in our
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FIG. 4. (color online) The Hooke’s atom densities with di↵er-

ent ! are plotted before scaling (top) and after scaling (bot-

tom). The color of each lines indicates the value of !. No-

tably, the densities appear “more similar” to each other after

scaling.
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FIG. 5. We plot the scaling function, �, as a function of ! for

the Hooke’s atom.

toy example.
Now let us examine the same sequence of plots for the

1D H2 molecule as a function of R. Fig. 7 shows the
densities (both unscaled and scaled) for the sequence of
H2 densities, as a function of R. Now the reverse appears
true: The unscaled densities appear to change less (or no
more than) the scaled densities. As R increases, the scaled
densities change considerably. Moreover, even when the
densities are essentially indistinguishable from the sum of
atomic densities, the scaled density continues to shrink in
extent around the two centers as R increases, i.e., the scaled
densities continue to change with R, even when R is very
large.
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A First Test

One dimensional Hooke’s atom with contact interacting electrons

H = �1
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FIG. 2. (color online) The learning curves for functionals

trained on scaled (blue) and unscaled (red) densities for the

1D Hooke’s atom. Accuracy of 1 mH is denoted by the dashed

line (black).
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FIG. 3. (color online) Same as Fig. 2, but for H2 densities.

Fig. 4 shows the densities of the 1D Hooke’s atom in
our set, both before and after scaling. It is apparent that
the densities become much more similar once they have
been scaled. The appearance of the double peak is a strong
correlation e↵ect, in which the two electrons are trying to
avoid one another. But the decay of the scaled density at
large |x| is the same for all cases. To reinforce this, we plot
l as a function of ! for each density, and TS (both with
and without scaling) as a function of !. Clearly the scaled
functional varies less and is easier to learn. Jake, need to
alter x scale on scaled density-plot, to run from -2 to 2

To quantify this, we plot in Fig. 5 the value of � for
each !, versus 1/

p
2!. The curve is close to a constant

(as it would be for the non-interacting case) and only varies
strongly from that as ! becomes small and the system be-
comes more strongly correlated. Lastly, in Fig. 6, we plot
both the unscaled and scaled KS kinetic energies for the 1D
Hooke’s atom. If the density were not changing shape, i.e.,
truly non-interacting, the unscaled energy would be linear,
and the scaled kinetic energy would be constant, as in our
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FIG. 4. (color online) The Hooke’s atom densities with di↵er-

ent ! are plotted before scaling (top) and after scaling (bot-

tom). The color of each lines indicates the value of !. No-

tably, the densities appear “more similar” to each other after

scaling.
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FIG. 5. We plot the scaling function, �, as a function of ! for

the Hooke’s atom.

toy example.
Now let us examine the same sequence of plots for the

1D H2 molecule as a function of R. Fig. 7 shows the
densities (both unscaled and scaled) for the sequence of
H2 densities, as a function of R. Now the reverse appears
true: The unscaled densities appear to change less (or no
more than) the scaled densities. As R increases, the scaled
densities change considerably. Moreover, even when the
densities are essentially indistinguishable from the sum of
atomic densities, the scaled density continues to shrink in
extent around the two centers as R increases, i.e., the scaled
densities continue to change with R, even when R is very
large.
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One dimensional H2 molecule with exponential interaction.
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We take A = 1.071295 and �1 = 2.385345 to best mimick the
soft Coulomb potential. Can be solved e�ciently on a grid using
Density Matrix Renormalization Group (DMRG)
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FIG. 2. (color online) The learning curves for functionals

trained on scaled (blue) and unscaled (red) densities for the

1D Hooke’s atom. Accuracy of 1 mH is denoted by the dashed

line (black).
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FIG. 3. (color online) Same as Fig. 2, but for H2 densities.

Fig. 4 shows the densities of the 1D Hooke’s atom in
our set, both before and after scaling. It is apparent that
the densities become much more similar once they have
been scaled. The appearance of the double peak is a strong
correlation e↵ect, in which the two electrons are trying to
avoid one another. But the decay of the scaled density at
large |x| is the same for all cases. To reinforce this, we plot
l as a function of ! for each density, and TS (both with
and without scaling) as a function of !. Clearly the scaled
functional varies less and is easier to learn.

To quantify this, we plot in Fig. 5 the value of � for
each !, versus 1/

p
2!. The curve is close to a constant

(as it would be for the non-interacting case) and only varies
strongly from that as ! becomes small and the system be-
comes more strongly correlated. Lastly, in Fig. 6, we plot
both the unscaled and scaled KS kinetic energies for the 1D
Hooke’s atom. If the density were not changing shape, i.e.,
truly non-interacting, the unscaled energy would be linear,
and the scaled kinetic energy would be constant, as in our
toy example.
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FIG. 4. (color online) The Hooke’s atom densities with di↵er-

ent ! are plotted before scaling (top) and after scaling (bot-

tom). The color of each line indicates the value of !. Notably,

the densities appear “more similar” to each other after scal-

ing.
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FIG. 5. We plot �, defined in Eqn. (26), as a function of !

for the Hooke’s atom.

Now let us examine the same sequence of plots for the
1D H2 molecule as a function of R. Fig. 7 shows the
densities (both unscaled and scaled) for the sequence of
H2 densities, as a function of R. Now the reverse appears
true: The unscaled densities appear to change less (or no
more than) the scaled densities. As R increases, the scaled
densities change considerably. Moreover, even when the
densities are essentially indistinguishable from the sum of
atomic densities, the scaled density continues to shrink in
extent around the two centers as R increases, i.e., the scaled
densities continue to change with R, even when R is very
large.
Of course, appearances are not definitive proof, so we
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FIG. 2. (color online) The learning curves for functionals

trained on scaled (blue) and unscaled (red) densities for the

1D Hooke’s atom. Accuracy of 1 mH is denoted by the dashed

line (black).
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FIG. 3. (color online) Same as Fig. 2, but for H2 densities.

Fig. 4 shows the densities of the 1D Hooke’s atom in
our set, both before and after scaling. It is apparent that
the densities become much more similar once they have
been scaled. The appearance of the double peak is a strong
correlation e↵ect, in which the two electrons are trying to
avoid one another. But the decay of the scaled density at
large |x| is the same for all cases. To reinforce this, we plot
l as a function of ! for each density, and TS (both with
and without scaling) as a function of !. Clearly the scaled
functional varies less and is easier to learn.

To quantify this, we plot in Fig. 5 the value of � for
each !, versus 1/

p
2!. The curve is close to a constant

(as it would be for the non-interacting case) and only varies
strongly from that as ! becomes small and the system be-
comes more strongly correlated. Lastly, in Fig. 6, we plot
both the unscaled and scaled KS kinetic energies for the 1D
Hooke’s atom. If the density were not changing shape, i.e.,
truly non-interacting, the unscaled energy would be linear,
and the scaled kinetic energy would be constant, as in our
toy example.

-8 -4 0 4 8

0.4

0.8

1.2

x

n
(x
)

1

2

3

4

5

-2 0 2

0.4

0.8

1.2

x

n˜
(x
)

1

2

3

4

5

FIG. 4. (color online) The Hooke’s atom densities with di↵er-

ent ! are plotted before scaling (top) and after scaling (bot-

tom). The color of each line indicates the value of !. Notably,

the densities appear “more similar” to each other after scal-

ing.
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FIG. 5. We plot �, defined in Eqn. (26), as a function of !

for the Hooke’s atom.

Now let us examine the same sequence of plots for the
1D H2 molecule as a function of R. Fig. 7 shows the
densities (both unscaled and scaled) for the sequence of
H2 densities, as a function of R. Now the reverse appears
true: The unscaled densities appear to change less (or no
more than) the scaled densities. As R increases, the scaled
densities change considerably. Moreover, even when the
densities are essentially indistinguishable from the sum of
atomic densities, the scaled density continues to shrink in
extent around the two centers as R increases, i.e., the scaled
densities continue to change with R, even when R is very
large.
Of course, appearances are not definitive proof, so we
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FIG. 6. (color online) The Hooke’s atom non-interacting ki-

netic energy is plotted as a function of ! for the densities

before (red) and after scaling (blue).
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FIG. 7. (color online) The H2 densities considered are plotted

before scaling (top) and after scaling (bottom). The color

each line indicates the separation, R. The densities do not

appear to be made more similar by scaling.
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FIG. 8. We plot the scaling function, �, as a function of R

for the H2 densities.
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FIG. 9. (color online) The non-interacting kinetic energies as

a function of the atomic separation, R, before scaling (red)

and after scaling (blue) for the set of H2 densities. Scaling ex-

acerbates di↵erences in kinetic energies between points, par-

ticularly at large R.

Of course, appearances are not definitive proof, so we
quantify this e↵ect. Fig. 8 shows � for di↵erent values of
R. Comparing to Fig. 5, we see that � appears to vary
linearly with R as R increases, instead of approaching a
constant. When we plot the unscaled and scaled kinetic
energies in Fig. 9, we see that, in sharp contrast to Fig. 8,
now the scaled kinetic energy varies more over the range of
densities than the unscaled one. Thus, it is not surprising
that scaling is little or no help in this case.

6. DISCUSSION

We see that, for the contact interacting one-dimensional
Hooke’s atom described above, it is advantageous to ma-
chine learn the scaled non-interacting energy and use exact
conditions to relate this to the unscaled non-interacting ki-
netic energy, rather than machine learn the unscaled non-
interacting kinetic energy directly. Furthermore, this re-
sult does not extend to set of one-dimensional H2 densities,
where both methods of machine learning the non-interacting
kinetic energy have relatively similar performance.
To understand the system-dependence of the improved

performance, we analyze the densities plotted in Fig. 4 and
Fig. 7. We see that, for the Hooke’s atom, the densities in
the reference data set are approximately scaled versions of
each other. Explicitly, as ! increases, the peaks in the den-
sity shift away from the origin and become broader. Scaling
the densities reverses the e↵ect of this trend, creating new
densities that may be more meaningfully compared. In con-
trast, for H2, the densities in the reference data set do not
resemble scaled versions of each other. As R increases, the
peaks in the density shift away from the origin, but they do
not broaden. As such, scaling these densities will make the
densities more similar by aligning the peaks of the densities,
but will artificially make them more dissimilar by broade-
nening or narrowing the width of the peaks.
We can understand the poor performance of the exact

condition for stretched H2 as follows. Consider a model of
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peaks in the density shift away from the origin, but they do
not broaden. As such, scaling these densities will make the
densities more similar by aligning the peaks of the densities,
but will artificially make them more dissimilar by broade-
nening or narrowing the width of the peaks.

We can understand the poor performance of the exact
condition for stretched H2 as follows. Consider a model of
two disjoint atomic densities. We model an atomic density
as a gaussian:

nA(x) =
1p
2⇡

exp (�x
2
/2) (27)

and consider densities of the form

n(x) = nA

✓
x+

R

2

◆
+ nA

✓
x� R

2

◆
, (28)

where R is large enough so that overlap can be neglected.
Solving for the square-width of this density yields

l[n] =

r
2 +

R2

2
. (29)

Then, for R � 1, Eq. (7) yields TS ! 1/4, independent
of R. So in principle, one could machine learn Ts[n] for
all densities of su�ciently large R with a single training
example. On the other hand, the scaled kinetic energy does
not simplify in this limit. For large R, l[n] ⇡ R/

p
2. Thus,

T̃s[ñ] ⇡ R
2
Ts[n]/2 = R

2
/8 (see the large R behavior in

Figs. 8 and 9). This non-trivial dependence upon R makes
it at least as di�cult to learn the scaled kinetic energy as it
is to learn the unscaled kinetic energy.

We believe that this insight allows us to infer how our
results generalize to more realistic systems. If the set of
reference densities is made more similar by scaling, then we
suspect that machine learning T̃s[ñ] and using the exact
scaling condition will be more data e�cient, as was seen in
the case of the Hooke’s atom. On the other hand, if the
set of reference densities is not made more similar by scal-
ing, then we suspect that either method of machine learning
Ts[n] and T̃s[ñ] will yield similar performance. It is worth
noting that, even when the functionals produce similar er-
rors, T̃s[ñ] may still be considered superior, as using this
functional to calculate Ts[n] will satisfy the exact scaling
condition, Eq. (17), by construction. This is in contrast
to directly machine learning the functional Ts[n], which will
only approximately satisfy the exact scaling condition within
the training manifold and will violate this condition outside
of the training manifold.

In fact, we can see the stretched case as a conflict be-
tween two exact conditions. The first is coordinate scaling,
while the second is size-consistency: Once two densities stop
overlapping, any functional should be equal to or tending to-
ward the sum of its values on the two separated densities.
Our imposition of the first condition made it more di�cult
to learn the second.

7. CONCLUSIONS

In this paper, for two simple model systems (each in-
teracting 2-electron systems in 1D), we have imposed an
exact condition (quadratic scaling with coordinates) on the
machine learned Kohn-Sham kinetic energy functional. We
find that typically results are improved, but much more so
in the case of a harmonic trap than in the case of a bond
being stretched.

We can make intelligent guesses as to what is going on,
and how such findings might generalize in the real world.
The Hooke’s atom example should behave very similarly to
the sequence of two-electron ions as a function of nuclear
charge. Thus we expect imposing of the exact condition
would greatly improve accuracy. But one could reasonably
ask, what use is an ML kinetic energy functional for just
2-electrons in such a limited situation?

A more interesting situation would be the sequence
of neutral atoms, possibly including also anions and
cations. Here the densities are confined, and they must
(weakly) approach the Thomas-Fermi solution for large
(non-relativistic) values of Z, the nuclear charge. We sus-
pect that, once again, the energy would be much more ac-
curately learned with the imposition of the exact condition.

But in the simple case of stretching a diatomic bond, the
changes in shape of density continue as long as the bond
is stretched, and little is gained in accuracy on the interpo-
lation manifold by imposing the condition. It suggest that,
in some sense, that scaling of any density on the manifold
moves one in a direction away from the manifold, yielding
no additional information on the manifold itself. This would
therefore appear to be the most di�cult case in which to
improve learning, and probably a di↵erent exact condition
(such as separating to isolated atoms) would be more bene-
ficial to the learning process. We note also that all semilocal
functionals fail in this limit. Finally, we note that if we are
interested in more than a simple stretch along a bond, such
as vibrational and rotational motion in 3D, we can expect
better performance enhancement from imposing the exact
condition. This di�culty is likely related to the di�culties
encountered in stretching 1D H chains in Ref. [10].
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FIG. 2. (color online) The learning curves for functionals

trained on scaled (blue) and unscaled (red) densities for the

1D Hooke’s atom. Accuracy of 1 mH is denoted by the dashed

line (black).
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FIG. 3. (color online) Same as Fig. 2, but for H2 densities.

Fig. 4 shows the densities of the 1D Hooke’s atom in
our set, both before and after scaling. It is apparent that
the densities become much more similar once they have
been scaled. The appearance of the double peak is a strong
correlation e↵ect, in which the two electrons are trying to
avoid one another. But the decay of the scaled density at
large |x| is the same for all cases. To reinforce this, we plot
l as a function of ! for each density, and TS (both with
and without scaling) as a function of !. Clearly the scaled
functional varies less and is easier to learn.

To quantify this, we plot in Fig. 5 the value of � for
each !, versus 1/

p
2!. The curve is close to a constant

(as it would be for the non-interacting case) and only varies
strongly from that as ! becomes small and the system be-
comes more strongly correlated. Lastly, in Fig. 6, we plot
both the unscaled and scaled KS kinetic energies for the 1D
Hooke’s atom. If the density were not changing shape, i.e.,
truly non-interacting, the unscaled energy would be linear,
and the scaled kinetic energy would be constant, as in our
toy example.
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FIG. 4. (color online) The Hooke’s atom densities with di↵er-

ent ! are plotted before scaling (top) and after scaling (bot-

tom). The color of each line indicates the value of !. Notably,

the densities appear “more similar” to each other after scal-

ing.
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FIG. 5. We plot �, defined in Eqn. (26), as a function of !

for the Hooke’s atom.

Now let us examine the same sequence of plots for the
1D H2 molecule as a function of R. Fig. 7 shows the
densities (both unscaled and scaled) for the sequence of
H2 densities, as a function of R. Now the reverse appears
true: The unscaled densities appear to change less (or no
more than) the scaled densities. As R increases, the scaled
densities change considerably. Moreover, even when the
densities are essentially indistinguishable from the sum of
atomic densities, the scaled density continues to shrink in
extent around the two centers as R increases, i.e., the scaled
densities continue to change with R, even when R is very
large.
Of course, appearances are not definitive proof, so we
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FIG. 6. (color online) The Hooke’s atom non-interacting ki-

netic energy is plotted as a function of ! for the densities

before (red) and after scaling (blue).
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FIG. 7. (color online) The H2 densities considered are plotted

before scaling (top) and after scaling (bottom). The color

each line indicates the separation, R. The densities do not

appear to be made more similar by scaling.

quantify this e↵ect. Fig. 8 shows � for di↵erent values of
R. Comparing to Fig. 5, we see that � appears to vary
linearly with R as R increases, instead of approaching a
constant. When we plot the unscaled and scaled kinetic
energies in Fig. 9, we see that, in sharp contrast to Fig. 8,
now the scaled kinetic energy varies more over the range of
densities than the unscaled one. Thus, it is not surprising
that scaling is little or no help in this case.
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FIG. 8. We plot the scaling function, �, as a function of R

for the H2 densities.
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FIG. 9. (color online) The non-interacting kinetic energies as

a function of the atomic separation, R, before scaling (red)

and after scaling (blue) for the set of H2 densities. Small dif-

ferences in unscaled kinetic energies are exacerbated by scal-

ing, particularly at large R.

6. DISCUSSION

We see that, for the contact interacting one-dimensional
Hooke’s atom described above, it is advantageous to ma-
chine learn the scaled non-interacting energy and use exact
conditions to relate this to the unscaled non-interacting ki-
netic energy, rather than machine learn the unscaled non-
interacting kinetic energy directly. Furthermore, this re-
sult does not extend to set of one-dimensional H2 densities,
where both methods of machine learning the non-interacting
kinetic energy have relatively similar performance.
To understand the system-dependence of the improved

performance, we analyze the densities plotted in Fig. 4 and
Fig. 7. We see that, for the Hooke’s atom, the densities in
the reference data set are approximately scaled versions of
each other. Explicitly, as ! increases, the peaks in the den-
sity shift away from the origin and become broader. Scaling
the densities reverses the e↵ect of this trend, creating new
densities that may be more meaningfully compared. In con-
trast, for H2, the densities in the reference data set do not
resemble scaled versions of each other. As R increases, the
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Conclusions on scaling

• Imposition of exact coordinate scaling does 
typically  improve ML functionals

• But if scaling of densities makes them differ 
more among themselves, effect may be 
negligible.

• Speculation: Even in H2 case, learning would be 
improved if we wanted more than one density 
at each R

• So depends on application.
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Kohn-Sham density functional theory (DFT) is a standard tool in most branches of chemistry, but accuracies
for many molecules are limited to 2-3 kcal/mol with presently-available functionals. Ab initio methods, such as
coupled-cluster, routinely produce much higher accuracy, but computational costs limit their application to
small molecules. We create density functionals from coupled-cluster energies, based only on DFT densities,
via machine learning. These functionals attain quantum chemical accuracy (errors below 1 kcal/mol).
Moreover, density-based ∆ -learning (learning only the correction to a standard DFT calculation, ∆ -DFT)
significantly reduces the amount of training data required. We demonstrate these concepts for a single water
molecule, and then illustrate how to include molecular symmetries with ethanol. Finally, we highlight the
robustness of ∆ -DFT by correcting DFT simulations of resorcinol on the fly to obtain molecular dynamics (MD)
trajectories with coupled-cluster accuracy. Thus ∆ -DFT opens the door to running gas-phase MD simulations
with quantum chemical accuracy, even for strained geometries and conformer changes where standard DFT
is quantitatively incorrect.

File list (2)

download fileview on ChemRxivBogojeskiVogt_mldft.pdf (1.52 MiB)

download fileview on ChemRxivBogojeskiVogt_mldft_esi.pdf (3.61 MiB)
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Figure 1: Illustration of density-based machine learning for water conformer energies. For all panels, DFT
energies (orange) are shown alongside CC energies (blue) for the same molecular conformers, with optimized
geometries indicated by open diamonds. a) The nuclear potential, represented by an approximate Gaussians
potential, is the input to a set of ML models that return the electron density [19]. This learned density is the
input for independent ML predictions of molecular energies based on DFT or CC electronic structure calculations,
b) Calculated energies for CC (dark blue) and DFT (dark orange) for 102 sample geometries relative to the lowest
training energy (top), along with the relative energy errors for DFT compared to CC for each conformer (bottom),
c) Average out-of-sample prediction errors for the different ML functionals compared to the reference ECC energies.
The MAE of the EDFT energies w.r.t. ECC is also shown as a dashed line, d) The potential energy surface of
symmetric water geometries for EDFT

ML (orange) and ECC
�-DFT (blue) after applying the the �-DFT correction

(bottom). For this figure, all DFT calculations use the PBE functional and all CC calculations use CCSD(T) (see
Methods for more details).

be a more practical alternative. Thus one solves the KS equations within that approximation, but
corrects the final energy by �E. Moreover, using the results from the Supp Info, one can in principle
even construct the exact density from a sequence of such calculations.
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Figure 1: Illustration of density-based machine learning for water conformer energies. For all panels, DFT
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geometries indicated by open diamonds. a) The nuclear potential, represented by an approximate Gaussians
potential, is the input to a set of ML models that return the electron density [19]. This learned density is the
input for independent ML predictions of molecular energies based on DFT or CC electronic structure calculations,
b) Calculated energies for CC (dark blue) and DFT (dark orange) for 102 sample geometries relative to the lowest
training energy (top), along with the relative energy errors for DFT compared to CC for each conformer (bottom),
c) Average out-of-sample prediction errors for the different ML functionals compared to the reference ECC energies.
The MAE of the EDFT energies w.r.t. ECC is also shown as a dashed line, d) The potential energy surface of
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potential, is the input to a set of ML models that return the electron density [19]. This learned density is the
input for independent ML predictions of molecular energies based on DFT or CC electronic structure calculations,
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training energy (top), along with the relative energy errors for DFT compared to CC for each conformer (bottom),
c) Average out-of-sample prediction errors for the different ML functionals compared to the reference ECC energies.
The MAE of the EDFT energies w.r.t. ECC is also shown as a dashed line, d) The potential energy surface of
symmetric water geometries for EDFT
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geometries indicated by open diamonds. a) The nuclear potential, represented by an approximate Gaussians
potential, is the input to a set of ML models that return the electron density [19]. This learned density is the
input for independent ML predictions of molecular energies based on DFT or CC electronic structure calculations,
b) Calculated energies for CC (dark blue) and DFT (dark orange) for 102 sample geometries relative to the lowest
training energy (top), along with the relative energy errors for DFT compared to CC for each conformer (bottom),
c) Average out-of-sample prediction errors for the different ML functionals compared to the reference ECC energies.
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Figure 1: Illustration of density-based machine learning for water conformer energies. For all panels, DFT
energies (orange) are shown alongside CC energies (blue) for the same molecular conformers, with optimized
geometries indicated by open diamonds. a) The nuclear potential, represented by an approximate Gaussians
potential, is the input to a set of ML models that return the electron density [19]. This learned density is the
input for independent ML predictions of molecular energies based on DFT or CC electronic structure calculations,
b) Calculated energies for CC (dark blue) and DFT (dark orange) for 102 sample geometries relative to the lowest
training energy (top), along with the relative energy errors for DFT compared to CC for each conformer (bottom),
c) Average out-of-sample prediction errors for the different ML functionals compared to the reference ECC energies.
The MAE of the EDFT energies w.r.t. ECC is also shown as a dashed line, d) The potential energy surface of
symmetric water geometries for EDFT

ML (orange) and ECC
�-DFT (blue) after applying the the �-DFT correction

(bottom). For this figure, all DFT calculations use the PBE functional and all CC calculations use CCSD(T) (see
Methods for more details).

be a more practical alternative. Thus one solves the KS equations within that approximation, but
corrects the final energy by �E. Moreover, using the results from the Supp Info, one can in principle
even construct the exact density from a sequence of such calculations.
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Resorcinol
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Resorcinol barriers
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Different molecular dynamics
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Figure 3: Resorcinol dynamics from an initial condition near a conformational change showing a) the atomic
positions explored during 100 fs NVE MD trajectories run with standard DFT (dark orange), ECC

sML[n
DFT
sML ] with

RESPA-corrected forces (light blue), and ECC
s�-DFT[n

DFT
sML ] (blue), b) the conformer energy along each trajectory

(solid lines), with the error relative to CC shown as a shaded line width, and c) the evolution of the C-C-O-H
dihedral angle for each trajectory with dashed grey lines indicating the barrier between conformers. For this
figure, all DFT calculations use PBE and all CC energies are from CCSD(T).
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Coming soon

• Collobration with U. Tokyo (physics)
– Grad student Ryo Nagai
– Train approximate functionals on accurate densities 

and energies of 3 molecules
– Test on 150 molecular atomization energies
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C. Observations on ML in physical science

• Experimental data versus computer-generated 
data.

• Image processing or not?
• Reproducibility?  
• Hamiltonians?
• Slow convergence of statistics
• Too many possibilities
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Paradigm shift?

• Term first used by Thomas Kuhn to describe 
advent of quantum mechanics

• Due to computing resources and the 
automated gathering of data, machine learning 
has become cost-effective.

• Will become a whole new approach to 
analyzing science

• Keep in mind:  Planck’s constant (1900), 
Schroedinger equation (1926).
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Bad practices

• More than 50% of papers do not meet minimal 
standards of publishability

• Either conscious or unconscious ignoring of 
existing literature

• Claims of significance because “first use of 
AI..”

• Cherry picking of datasets, metrics, etc.
• Generally, sloppy science
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a lower-dimensional representation, often 
referred to as a latent space. This latent space 
can then be ‘decoded’ back to the higher-
dimensional representation to create new 
molecules. The exploration of this latent 
space can be coupled with a predictive 
model with the aim of discovering novel, 
active molecules. In a sense, generative 
models can be seen as a variation on the 
de novo design11 programs that were in 
vogue during the 1990s and early 2000s. 
As with de novo design, evaluating the 
significance of the output of these models is 
not straightforward. Although two groups 
have made initial efforts at developing 
methods for benchmarking generative 
models12,13, evaluating the novelty, and 
ultimately the significance, of the molecules 
generated by these methods remains an 
open question. Such benchmarks provide 
a common ground for evaluation and 
comparison, but the ultimate value of 
generative models will be demonstrated 
through the synthesis and biological 
evaluation of the novel molecules  
they identify.

One of the first examples of the synthesis 
and testing of molecules derived from a 
generative model was reported in a 2018 
paper by Merk and co-workers14. In this 
paper, the authors began by training a 
generative model on a set of >500,000 
bioactive molecules from the ChEMBL 
database. They then fine-tuned the model 
to generate molecules that would be 
agonists of retinoid X receptors (RXRs) or 
peroxisome proliferator‐activated receptors 
(PPARs). This fine-tuning process involved 
training based on a set of 25 fatty acid 
mimetics known to be agonists of PPAR 
or RXR. The molecules produced by the 
generative model were evaluated based on a 
quantitative structure–activity relationship 
(QSAR) model for PPAR and RXR activity. 
The authors then used the rankings from 
the QSAR model, along with a manual 
assessment of synthetic accessibility and 
chemical building block availability, to 

select five molecules to be synthesized. 
Although the authors reported that the five 
molecules selected for synthesis were not 
found in databases of reported molecules, 
they did not report the structures of the 
25 fatty acid mimetics used in the training 
process. The five selected molecules were 
then synthesized, and two were found to be 
PPAR agonists with half-maximal effective 
concentration (EC50) values between 4 μM 
and 14 μM. Two additional compounds were 
dual PPAR and RXR inhibitors with EC50 
values between 60 nM and 13 μM. The fifth 
compound was reported as inactive.

Another, more recent example of the 
synthesis of a set of compounds based on  
a generative model comes from a paper  
by Zhavoronkov et al.15 published in the  
September issue of Nature Biotechnology.  
In this paper, the authors trained a generative  
model based on a large set of discoidin 
domain receptor family member 1 (DDR1) 
inhibitors extracted from the scientific  
and patent literature. Based on the output  
of the generative model, they synthesized  
six molecules. Of these six molecules,  
four had measurable biochemical activity, 
with the best, ‘compound 1’, having a 10 nM 
biochemical half-maximal inhibitory  
concentration (IC50). Compound 1 was then 
tested in the U2OS bone osteosarcoma cell 
line and shown to have an IC50 of 10.3 nM. 
In a subsequent mouse pharmacokinetic 
study, it was also shown to have reasonable 
bioavailability as well as a half-life of 3.5 h.

This result received quite a bit of notice 
in the scientific and popular press and  
was hailed as ‘revolutionary’ by several 
pundits, some of them with clear competing 
financial interests16. An investor in the 
company that published the paper went as 
far as to refer to this as “Pharma’s AlphaGo 
Moment,” referring to the recent case in 
which Google’s program AlphaGo17 was 
able to defeat grandmaster Fan Hui in the 
challenging strategy game known as Go. 
One fact that seems to have escaped most 
of these pundits is the striking similarity 

between compound 1 in the Zhavoronkov 
paper and ponatinib (marketed as the  
drug Iclusig; Fig. 1).

Ponatinib was originally developed  
by ARIAD Pharmaceuticals as a BCR-ABL  
inhibitor18 for the treatment of acute 
lymphocytic leukemia and chronic 
myelogenous leukemia. Subsequent testing 
showed that the compound was a potent 
inhibitor of multiple tyrosine kinases19.  
This broad kinase profile is believed to be 
the cause of undesirable side effects which  
led the US Food and Drug Administration 
to assign ponatinib a black box warning in 
2013. One of the many kinases inhibited  
by ponatinib is DDR1, the kinase used as 
the target in the paper by Zhavoronkov et al. 
Several papers, including those used  
to supply the corpus for the Zhavoronkov 
paper18,20, list the DDR1 IC50 of ponatinib 
at between 1 nM and 9 nM. Given this 
similarity to a marketed multi-kinase 
inhibitor, the cellular and pharmacokinetic 
profiles of compound 1 become considerably 
less surprising. It should also be noted  
that an analog of ponatinib that slightly 
modifies the imidazopyridazine moiety  
was published as a 6 nM inhibitor of DDR1 
in a 2013 paper by Gao and co-workers18. 
This paper was also part of the corpus 
of DDR1 inhibitors used to train the 
Zhavoronkov model.

Given the multi-kinase activity of 
ponatinib, one has to question the selectivity 
of compound 1 reported by Zhavoronkov 
et al. In their paper, the authors claim 
that compound 1 is selective. This claim 
is supported by a selectivity screen of 44 
kinases, which is reported in Supplementary 
Fig. 8 in their paper. Unfortunately, this 
selectivity screen does not contain any of the 
kinases that have been reported19 as targets 
for ponatinib with IC50 values between 1.5 
and 72.2 nM (such as fibroblast growth 
factor receptor (FGFR) 1, FGFR2, FGFR3, 
FGFR4, platelet-derived growth factor 
receptor α (PDGFRα), vascular endothelial 
growth factor receptor 2 (VEGFR2), c-SRC, 
c-KIT, FMS-like receptor tyrosine kinase-3 
(FLT3), RET and ABL). Without testing of 
these known ponatinib off-targets, claims of 
selectivity are difficult to defend.

The similarity of molecules produced 
by the generative model to known active 
molecules in the training corpus raises 
several questions that apply more generally 
to other papers identifying inhibitors using 
generative models.

The first question is the level at which the 
training data used for a generative model 
should be presented. Although Zhavoronkov 
et al. do provide the references for the 
molecules that went into their training set, 
they have not made the complete training 

Gao et al.
Compound 7r

6 nM

Zhavoronkov et al.
Compound 1

10 nM

Ponatinib
9 nM

Fig. 1 | Comparison of compound 1 and two related inhibitors. The chemical structure of compound 1 
from Zhavoronkov et al. compared with those of ponatinib, a marketed multi-kinase inhibitor, and a DD1 
inhibitor reported by Gao et al.14 in 2013.

Kieron Burke WTC20 88

143

correspondence

a new expression product. Such an event 
could be of no consequence, or it could 
affect the safety of food derived from the 
animal. We can’t know this if we don’t 
look. Consumers expect the FDA to ensure 
their food is safe and our international 
trading partners expect that the FDA will 
have completed a scientific evaluation that 
determines that exported products are safe.

The FDA strongly supports the use of 
genome editing and other technologies to 
bring new, innovative products to market 
that can improve human and animal health, 
improve animal well-being, and enhance 
food production and quality. The agency 
is committed to doing so in an efficient, 
flexible, risk-based manner, based on sound 
science, that will ensure the products are 
safe for animals and people and that they 
achieve their claimed results. These potential 
results promise great benefits, including 
improvements to human health, such as 
reduced allergenicity and transmission of 
disease; to animal health, such as disease 
resistance and heat tolerance; to food 
production, such as enhanced nutrition and 
improved growth; and to human therapeutic 
production, such as new, more efficient 
production methods and more appropriate 
models of disease for use in research.

At this early stage, as genome-editing 
technology is continuing to develop and 
the science is evolving, bringing products 
with unknown risks to market without 
adequate oversight to ensure they are safe 
and that they produce the promised effects 
will undermine consumer confidence and, 
ultimately, set back the progress of the  
entire field. As this promising scientific  
area further progresses and researchers 
continue to optimize genome-editing 
technology, we will continue to identify 
products that are low risk. This will enable 

the FDA to direct our regulatory activities 
away from those low-risk products and 
toward higher-risk products.

The FDA intends to prioritize use of its 
resources in a manner that is public health 
protective and risk based. It makes no sense 
to expend the FDA’s limited resources taking 
action against low-risk products. But it also 
means that, at a time when the science is 
still evolving and a full understanding of 
risk is developing, the FDA will not shirk its 
responsibility to examine the data, identify 
the risks and determine whether they pose a 
real hazard to people or animals.

We recognize that there is tremendous 
excitement over quickly embracing and 
bringing to market the fruits of genome-
editing technology, as well as the critical 
importance of adequately identifying 
potential risks, efficiently evaluating whether 
the risks do in fact exist, and determining 
whether the risks pose an actual safety 
hazard in a timely manner. It is the FDA’s 
role to balance these competing imperatives. 
We want to support the timely development 
of beneficial products, but not at the expense 
of abdicating our critical role in protecting 
consumer and animal health. We have a 
public health obligation to protect consumer 
and animal health that we must balance  
with the potential of this innovative 
technology to enhance human and animal 
health and food production.

This balance is not new to the FDA. It 
is one that is inherent in the agency’s role 
as public health regulator in a sector that, 
over time, employs new technologies and 
methods to produce advancements that no 
one could have envisioned at the agency’s 
start. There are a host of innovations 
— nanotechnology, stem cell therapies, 
computer software, and so on — to which 
the FDA has applied its scientific expertise 

to ensure the products produced using such 
novel methods are safe and effective. Just 
as we’ve integrated the regulation of other 
innovative products into the FDA’s critical 
work, the FDA has integrated the regulation 
of intentional genomic alterations in animals 
into its veterinary regulatory program. The 
FDA stands ready to work with developers 
to bring forward promising new agricultural 
biotechnology products.

Toward this end, we have initiated a 
Veterinary Innovation Program to provide 
an ‘all hands on deck’ approach to help 
developers efficiently navigate the regulatory 
process, and we are already working with 
several developers as part of this new 
program. The FDA has the appropriate 
expertise and experience to regulate 
intentional genomic alterations in animals 
developed using novel techniques, such 
as genome editing, through a timely and 
efficient process, and we are committed to 
doing so in a manner that fosters innovation, 
promotes consumer confidence and protects 
the public health. ❐
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Assessing the impact of generative AI on 
medicinal chemistry
To the Editor — The profound challenges 
of drug discovery, coupled with the societal 
importance of the task, make it imperative 
that we investigate novel, creative methods 
that improve our abilities to design new 
medicines. In recent years, attempts at 
developing and deploying a wide range of 
computational methods to support drug 
discovery have accelerated—sometimes 
with extraordinary claims made about 

their significance. Novel computational 
approaches require rigorous evaluation 
to determine their true utility in real-
world drug discovery settings. Sadly, 
novel methods often are disclosed without 
sufficient documentation, making it  
difficult or impossible to carry out such  
an objective evaluation.

Over the past few years, interest has 
grown in the application of artificial 

intelligence (AI) techniques to drug 
discovery1,2. One active branch of AI 
that has been the focus of a tremendous 
amount of recent activity is the field of 
generative modeling3–9. In this technique, 
a deep learning model is trained based on 
a corpus of existing molecules. The model 
typically ‘encodes’ a higher-dimensional 
representation, such as a SMILES (simplified 
molecular-input line-entry system)10, into 



Summary

• Machine learning is really popular
• ML is easy to apply to image recognition
• ML hard to apply to Hamiltonian problems
• ML can be used to make density functionals 

that fail differently from human functionals
• Thanks to 
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