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Point Groups

Point Groups operation

Molecule — Indistinguishable Molecule
Fundamental inverse operation

approximations

Complete Nuclear
Permutation and

o (G Operator Symmetry Element
roups ~
Rotational motion IdentltY? E -
Rigid Molecules Rotation by 27 /n, C, n-fold symmetry axis
Floppy Molecules Reflection, & plane of symmetry
Non-rigid .
Molecules: Single Oy Vertlcal plane
Potential Ener .
Surface op horizontal plane
Non-rigid 1
Non-rigid | | od diagonal plane |
Multiple Potential Rotation-reflection n-fold improper symmetry axis
Energy Surfaces ~
T or improper rotation, S,
Literature ~ A A D
5n — Cno-h — UhCn
Inversion, / centre of inversion
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Point Groups
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Point Groups

Point Groups . ]

Symmetry elements of water: point group G,
Fundamental c

approximations 2

Complete Nuclear
Permutation and
Inversion (CNPI)

Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy Y
Surface 7
Non-rigid
Molecules:
Multiple Potential . . . ~ ~ N A A/ A
Energy Surfaces Multiplication table: G, = Gy(2), 6, = 6.(yz), 6, = 6,(x2)
Summary and ~ ~
L' N\ VaN
iterature C2V E C2 O_V O_‘//
/N /N /N A /\/
E E G o, o,
& |6 E & sy,
6, | 6, 6, E G
6, |6, o, G E
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Point Groups: Algorithm

ST I, (CCu Cv G Do Cow Corv Do Do S Tar One b )
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Point Groups: Representations

Point Groups Example: Water in the yz plane. If in xz plane, B; and B, are interchanged
Fundamental = R v e
approximations o
b 40 o\ [0 10} [fav0 ¢4 0]
Complete Nuclear &4 ot <g2j 0 0) (\4 o o} (U 1 o) {«: D 0|
Permutation and Aol o 0 A I o © 1/ \owv1]

Inversion (CNPI)
Groups

[x . 4 - 1 Voo -0
Rotational motion Coor. | B 1 ( - ) ) ) q
K { j o4 1 *

Rigid Molecules

Floppy Molecules at s ;_1‘!,' \ SR -
; SRS RS B SN L Y P
Nnerisid e SO AR
Molecules: Single EAAR RS _ ,«g, S A A \=T A
Potential Energy fl g o4 !
Surface o 3 . — | :
Non-rigid . , ) .
Gooe, = 5O% F4 A 1 4 4
Molecules: Letyes _ -
Multiple Potential T, =5080A4 | 3 -1 _1. -4
Energy Surfaces = : p 3 p
r!-&”lr...,’ (oot

Summary and

. € o
Literature . Reeghn cbyen “L"*';;" % L"‘ %o Fg 10
= Q Gl &ty

W44'—§§4-4.g 4 A4 Aqq 4 A4-3] = 2

“a, TLAAT 4 4 4 Aclthq £ 403 =0

g :%{4,4.3 4 AL 4 A-a-q 1 AC1I] =0

77 =1
RO AR B I R e i I A-(=a)a+ 4153
2 f
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Point Groups: Normal Modes

Normalmodes

W N

’02

B Interpretation within the point group:
5 c, 6

7N\
{2 {2

Vo Uz

o— C -0
/ .z 7N\
A T

B character table

>

Co, E G(z) 6u(yz) 6.(x2)
A 1 1 1 1
A, 1 1 -1 -1
B, 1 -1 1 -1
B, 1 -1 -1 1
r(Vl), r(VQ) 1 1 1 1 A1
r(Vg) 1 -1 -1 1 BQ
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Point Groups: Limitations

Point Groups Non_rlgld m()leCU_leS

Some Properties

Fundamental

approximations B large amplitude vibrations, for example H3
Somplete Nueleas B more than one stable structure, for example NH3

Permutation and
Inversion (CNPI)

Groups Let us look at

Rotational motion

T B the theoretical basis that leads to point group classification
Floppy Molecules B the true symmetry of the molecular Hamiltonian

Non-rigid

Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature
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Schrodinger Equation

Point Groups 1

Some Properties

Fundamental
approximations

time-dependent

[m% _HQ.a, t)] ¥(Q.q. 1) =

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion (Q q o Z v2 4+ Z _vz 4+ \/(Q, q, t)

Rigid Molecules 2MI

Floppy Molecules

Non-rigid 2
Molecules: Single
Potential Energy

time-independent if potential does not depend on t

Surf —
S— [H(Q. q) = Ea]¥a(Q.q) =0
on-rigid
Mol les: . . . . .
Multiple Potential B translational motion separable from internal motion in

Energy Surfaces

absence of magnetic fields
[H(R,r) — E,] Yo (R, ¥r) =0

Q, g: coordinates in laboratory system; R, r: coordinates in

Summary and
Literature

molecule-fixed system with axes parallel to laboratory system
B internal Schrodinger equation not separable
B sequence of approximations to solve it
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Separation of degrees of liberty

Point Groups 1

of nuclei and electrons: adiabatic approximation (M; >> m,)

Some Properties

Fundamental
approximations

wa(R» r) — CI)n(r; R) @na(R)

Complete Nuclear
Permutation and

Inversion (CNPI)
Groups

B notion of potential energy surface
B minimum: concept of molecular structure

Rotational motion

Rigid Molecules

Floppy Molecules 2. of electrons: Hartree-Fock
Non-rigid

Molecules: Single A

Potential Ener . - A7
LT Pn(r;R) = A] [ &i(7: R)
Non-rigid ]

Molecules:
Multiple Potential
Energy Surfaces

Smmary and B first approximation:
Literature doesn’t describe dissociaton; ca. 2% of electronic energy
missing
m followed by a correlation method such as CI
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Separation of degrees of liberty

Point Groups 3. of rotation and vibration

Some Properties

Fundamental

.
approximations . .
Complete Nuclear T = Tyb~+ Trot + Trotvib ;  Trot,vib = 20 g MR, x Ry

Permutation and 1—1
Inversion (CNPI) -
Groups

Rotational motion

M FEckart conditions (reference configuration R?)
Rigid Molecules

Floppy Molecules 3N

Non-rigid —

Molecules: Single Z MI RI X RI 0

Potential Energy =1

Surface

Non-rigid . . .

Mol oo 4. of vibrational modes (reference configuration RO)

Multiple Potential
Energy Surfaces

1 9’V
Summary and Hyiv = Tuip + Vo + = 0

Literature 2 aRI Rj J —1_

RO

B diagonalization of Hesse matrix
B normal modes: approximate quantum numbers
B seclection rules
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Symmetry of the Hamiltonian

Molecular Hamiltonian
2 2
H(R,¥) = ——Zv +22—MIV + V(R,r)

with the Coulomb interaction potential

Z[ZJ 1 ZI
V(R,r): g = —— + g oo g —

y

Invariances

1. rotation,operator J?

H, J?] =0

2. permutation of any two identical particles, operator (12)
H,(12)] =0

3. inversion of the coordinate system, operator E*
H,EX]=0
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Point Groups
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CNPI group of water

Point Groups Water: 2 identical H atoms, operators (12) and E*

Complete Nuclear
Permutation and

Inversion (CNPI) B DMultiplication table of S; X | permutation-inversion group:
Groups

ST @ E

E [ E (1 E (1

operations * *

operation (12) | (12) E (12 E

Ethene E>|< E>|< (].2)>|< E (12)

Linear molecules (12)* (12)* E* (12) E

Rotational motion

Rigid Molecules B DMultiplication table of C,, point group:

Floppy Molecules

~ ~ ~ ~/
Non-rigid C2V E C2 Oy o,
Molecules: Single ~ ~ 7 ~ ~/
Potential Energy E E C2 Oy o,
Surface ~ ~ A
~n/ N
Non-rigid Co G E Oy Ov
Molecules: = -~ ~/
Multiple Potential Ov Ov o AE C,::Q
E Surf ~/ ~/ A
nergy Surfaces o, o, Ov C2 E

Summary and
Literature

B The two groups are isomorphic.
B Molecular symmetry group is called G, (M).
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2

Point Groups

Complete Nuclear
Permutation and

Permutation group of three identical particles

generated by operators (12) = (21), (23) = (32), (13) = (31)
(12)[123] = [213]

. (23)[123] = [132] ; (13)[123] = [312)]

cversion (CNED B combinations yield cyclic permutations:
2 identical nuclei:
water (12)(23)[123] = (12)[132] = [231] = (123)[123]
T 1 replaced by 2, 2 replaced by 3, 3 replaced by 1
operations
g::e“noenia (23)(12)[123] = (23)[213] = [312] = (132)[123]
Linear molecules 1 replaced by 3, 3 replaced by 2, 2 replaced by 1
S — B Multiplication table:
Rigid Molecules
Floppy Molecules 53 E (12) (23) (13) (123) (132)
Non-rigid ' E E (12) (23) (13) (123) (132)
Potontiol Bacrey (12) | (12) E (123) (132)  (23)  (13)
iurfa‘fe‘d (23) (23) (132) E (123) (13) (12)
Molecules: (13) | (13) (123) (132) E (12)  (23)
R i e (123) | (123) (13) (12) (23) (132) E
Summary and (132) (132) (23) (13) (12) E (123)
Literature

B classes: E; {(12), (23), (13)}; {(123), (132)}

S; isomorphic with Gs,: (E, {30}, {2G)}

Workshop on Theoretical Chemistry
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CNPI group of three identical particles

Point Groups CNPI group 1S 53 x|

Complete Nuclear
Permutation and

Inversion (CNPT) B operators: E, {(12), (23), (13)}, {(123), (132)}

Groups * * * * * *

2 identical nuclei: and E ) {(12) ) (23) ) (13) }7 {(123) ) (132) }

water B 53 X/ isomorphic with D3y

B L ter table

Feasible charac

operations

Ammonia Ssx I | E {(123), (132)} {(12), (23), (13)} E* {(123)", (132)*} {(12)*, (23)*, (13)"}

E.thene Dz, E 2C; 3G Oh 253 30y

Linear molecules All 1 1 1 1 1 1

Rotational motion A/2 1 1 -1 1 1 -1

Riizidl Melesmles E’ 2 -1 0 2 -1 0

7

Floppy Molecules 2,1, 1 1 1 _1 _} _}
. . 2 B B -

II:I/IC()JIIZZLglleds: Single E” 2 -l 0 -2 ! 0

Potential Energy . +

Surface B Ds,(M) is the molecular symmetry group of H3, BF3, - --

Non-rigid

Molecules:

Multiple Potential
Energy Surfaces

Summary and
Literature
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

2 identical nuclei:
water

3 identical nuclei
Feasible
operations
Ammonia
Ethene

Linear molecules

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Longuet-Higgins: Not all operations are feasible

B Two "versions” of CH3F. They differ from ordering (clockwise,
anti-clockwise) of H atoms looking along F = C

B passing between the two structures only via high-energy planar
transition state: not feasible

B hence (12), (23) and (13) are not feasible operations

B LE7 not feasible either

B however (12)* etc. are feasible

B Molecular symmetry group G, (M) by E, {(123), (132)}, {(12)*,
(23)", (13)°}

B (G, (M) is asub group of D3,(M) , see previous slide
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Ammonia NH;

Point Groups

CNPI group has order n =1 x 31 x 2 =12
2 versions of ammonia

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

2 identical nuclei:
water

3 identical nuclei
Feasible
operations

Ammonia

Ethene

Linear molecules

low inversion barrier: all operations feasible
Molecular symmetry group is Dsp(M) = G5, (M) x (E, E*), order

Rotational motion

Rigid Molecules n = 12 ) . .
Floppy Molecules B “doubling” of rovibrational states (symmetric and
Non-rigid anti-symmetric with respect to (12) etc.), observable splitting
Molecules: Single
Potential Energy . °
Surface \ N et Had j
Non-rigid Mo M
Molecules: C3V(M) D3h(M) 2 5
Multiple Potential / /1 A "
Energy Surfaces A]- A]. _|_ A2 T
Summary and A2 /2 —l— A{I./
Literature

E E/ _|_ E//
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

2 identical nuclei:
water

3 identical nuclei
Feasible
operations

Ammonia

Linear molecules

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

[ 1 Versins of ethee

Ethene H,C = CH,

CNPI group has order n = 2! x 41 x 2 =96

1 3 &5

5

and E*, (12)(34)*, (13)(24)(56)*, (14)(23)(56)"

Workshop on Theoretical Chemistry

unfeasible operations would rupture bonds, (12), (56) etc.
feasible operations are E, (12)(34), (13)(24)(56), (14)(23)(56)
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

2 identical nuclei:
water

3 identical nuclei
Feasible
operations

Ammonia

Linear molecules

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Ethene H,C = CH,: continued

feasible operations are E, (12)(34), (13)(24)(56), (14)(23)(56)
and E*, (12)(34)*, (13)(24)(56)*, (14)(23)(56)*

B 4 views of version (a): original plus result of three rotations
(x,y2)

B Molecular symmetry group is Dop(M), order
n =8 = 96/number of versions, i.e. a subgroup of the CNPI

group
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m Rigid linear molecules

OCS: E, E*; (Coor(M))

Point Groups

Complete Nuclear
Permutation and

Inversion (CNPI) E E"<
Groups

2 identical nuclei: Z+ 1 1

water

3 identical nuclei Z_ 1 —1
Feasible
operations

Ammonia [ | H2 E, (12), E*, (12)*7 (DOOh(M))

Ethene
(12) E* (12)
1 1 1

E

Rotational motion Z—|— 1

Rigid Molecules Z+ 1 _1 1 _1
1
1

Floppy Molecules
-1 -1 1

1 -1 -1

Non-rigid g
Molecules: Single Z—
Potential Energy u
Surface

S note that the point group operation i/ corresponds to (12)*

Molecules:
Multiple Potential

ey Buoes B cthyne (acetylene), Hiy — C3) = C4y — H(p): as Hy but
Liveraare E, (12)(34), E*, (12)(34)"
B extended molecular symmetry group (EMS) needed to classify
vibration (degenerate mode)
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Rotational motion

Point Groups

Comparison of linear and angular motions

Complete Nuclear Linear Motion Angular Motion
Permutation and »
N Position
Inversion (CNPI) Distance, x ‘ Angle, 6
Grou ps Velocity .
Velocity, v = % = dx/dt Angular velocity, w = 8 =d0/dt

Rotational motion Acceleration

Rotating Mass o )

Mass, m Moment of inertia, I = mr
molecules

Momentum
.. Li momentum, p = Angular momentum, L = I
Rigid Molecules mear p=my & RTAe
Kinetic energy
1

Floppy Molecules Ek=%mv2=p2/2m Ek=EIwZ=L2/21
Non—rigid Force

Force, F Torque, T

Molecules: Single
Potential Energy

Newton’s second law

F=ma=dp/d: T =Ia=dL/dt
Surface . . , , ,
Nomorioia B Angular momentum in molecule-fixed axis system (x’,y’, z"):
on-rigi
Molecules:
/ /2 /2 /7 /_7 /

Multiple Potential L)/( Z ma(ya -+ Z, ) o Z ?aya 5 o Z X243 w)/(
Ener Surfaces — _ ry ! / / _ =

£Y L)// - Zyalxa Z ma(Xa /—+_/Za ) Z/%/aza /2 w}//
Sl.lrnmary and LZ o Z Z2%5 o Z Z3Ya Z ma(ya + 2, ) Wy
Literature

B Principal axes by diagonalisation of tensor of inertia
= M =XXTIXX W = XX W

X~ = ax o
L = lw
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Defintions

Rotating
molecules

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Workshop on Theoretical Chemistry

Rotational motion: continued

B Angular momentum in principal axis system (x, y, z):

L, S°ma(ya? + z%) 0 0 Wy
Ly = 0 Z ma(X32 + Zaz) 0 Wy
Lz 0 0 Z ma(yaz + 232) Wz

B Rotational energy

1 T 1 2 2 2
Ero — — W I(.c) — _Ixxw _I w _Izzw
2 2
o Lx Ly Li
= + L+

2l 2b, 2,
L2 2 K
a b c
= + +
20, 2lg = 2l

= AL+ BL; + CL?

B Spectroscopic convention for moments of inertia: Ix < Ig < I¢
for rotational constants: A> B > C

Mariapfarr — 25 / 64



Rotational motion: continued

Point Groups 1. Linear polyatomic molecule: A=0,B = C
Complete Nuclear ~D ~D ~D ~D ~D
Permutation and Trot = AJa + B(Jb —+ Jc) = B(J — Ja)
Inversion (CNPI) 5

Groups E. o = BJ(J + 1) — Bka

Rotational motion 2. Spherical top: A= B = C, example CH,

Defintions

Rotating 2 N2 2 N2

molecules Trot — B(Ja + Jb + Jc) = BJ

Rigid Molecules Erot — BJ(J + 1)

Floppy Molecules 3. Symmetric top: two rotational constants are equal
Non-rigid

Molecules: Single [ prolate top: A > B = C, example CH;3F
Potential Energy

Surface Tt = AP +BU+7P)=B(F -FP)+ Al =BF +(A-B)J
Non-rigid 5
Molecules: Erot = BJ(J + 1) + (A — B)ka
Multiple Potential ——

Energy Surfaces > 0

Summary and . . .
Literature E..+ increases with K, = |k,| for given J

B oblate top: A= B > C, examples NH3, BF3, H;,r

Tt = BE+IN+CE=BJ -I)+CP =BF+(C—-B)J
Eot = BJJ+1)+(C—B)kK
S ——
<0
E..+ decreases with K. = |k.| for given J
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Defintions
Rotating
molecules

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Workshop on Theoretical Chemistry

Rotational motion: continued

4. Asymmetric top: A > B > C, example H,O
T rot — A",]j + B(ji + ',]3)
N 1 N N 1 ~ ~
= AP+ (B + C)J; + 7)) + (B - C)(JZ -3
N 1 A N 1 A ~_
= AL+S(B+O@F -+ 5(B-0F7+I7)

with J* = J, + iJ. . Matrix elements in the prolate top |Jk,) basis:

1
(Jka| Trot| Jk) = Ak§5k3k§ + E(B + C) [J(J +1) — kﬂ Opqk!
1 N2 / 1 N—2 /
+§ (Jka| I 7| Jky) —l—a (Jka|d™ " |Jk,)
~ Okl 42 ~ Okl —2

k, not conserved, but (—1)%a is (likewise (—1)*¢). Correlation with symmetric
tops:

o=2
s=2{ ko= 5
k-0 e
a=0 — 2
5

\ =0
1 ° }J=1
=
J=0 K,=0 O =0 J=0
Jik,
prolate top oblate top
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Defintions
Rotating
molecules

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Rotational functions: Euler angles

Representation of rotational functions and their symmetry

(6, ¢, x|Jkm) = /2L DL (6,0, x) ~ €™ d7,(6)e™

D,fm are Wigner rotation functions, depending on the Euler angles 0, ¢, x
molecule-fixed axes parallel to laboratory system: (&, n, ()
molecule-fixed axes equivalent to principal axes: (x,y, z)

k and m are internal,z, and exteral, (, projections

X

x, vy, z axes defined with respect to numbered particles

permutation of particles then reorients (x, y, z) axes, hence the Euler angles
change

transformation of Euler angles in CNPI to be studied casewise: Hy, H,O
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Defintions
Rotating
molecules

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Workshop on Theoretical Chemistry

Rotational functions: linear molecule case

B linear polyatomic molecules: A=0,B = C
Trot = AL+ B(J; +J2) = B(FP - J?) Erot = BJ(J+ 1) — Bk.
B diatomic: J, = k, = 0 since J L Z, x not defined

Erot = BJ(J + 1) (6, ¢|Jm) ~ D5 _o(d,0,X) ~ Yim(6, $)

! %

I\

[ glectron
1

i

i

]

1

- <
. L
P .

(E*)0,¢)=(r—0,0+m) (12)(0,¢) = (7 — 0, ¢ + 7) only for homonuclear

B Effect on rotational function:

Yim(m — 0, ¢+ m) = (=1) Yim(6, ¢)
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules
Ho
Water

Summary

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Workshop on Theoretical Chemistry

Rigid Molecules
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Point Groups

Molecular symmetry group Deon(M)
Symmetry of vibrational function |v):

Complete Nuclear
Permutation and

Iél:fjiison (GNPT) R = ]R’)l — §2’3 invariant with respect to all symmetry operations
Rotational motion r(’V>) — Z;_

Rigid Molecules B Symmetry of rotational function |Jm): (m external projection)
\SZ\I/vlal::li:laI‘y (12)(9’ gb’ R) — (7T o 9’ Qb —'_ ﬂ-’ R)

Floppy Molecules (E*)(91¢1 R) = (7T—9,¢+7T, R)

Non-rigid

Molecules: Single
Potential Energy

i‘:’;f_a;;d B Effect on rotational function:

gt Yom(m =0, + m) = (=1)"Yim(6, 9)

By Ao B Character table:

Liberataye. Doon(M) Sy x1 ] E (12) E* (12)
Py A 1 1 1 1 V(R), Y)m (J even)
> B |1 -1 1 -1
Y, B, 1 -1 -1 1 Yim (J odd)
> A |1 1 a1 -
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H,: continued

Point Groups

H. isotopologues in the electronic ground state (X'X}): ey = X/

Complete Nuclear

Permu'tation and |\U> — ’e/> |n5> |Vlb> ’r0t>
e (N ot = et X Tos X Tuip X T ror
Rotationsl motion B Hy: i=1/2 ie. fermion. |V) must be anti-symmetric (X or ¥, )

Rigid Molecules

Water TT
Summary triplet < 11 + {17 1 = 1, symmetric x[(12)] =1,T = A; (Z;’)
T 1=
Floppy Molecules \L\L
Non-rigid singlet 1) — |11 = 0, anti-symmetric x[(12)] = —1,T = B, (L)
Molecules: Single
Potential Ener
Slcl)rfe'acea e - Symmetry
Non-rigid
Molecules: — . _ + + + + _ + :
Moltile Potential I =1,Jeven [ =%, XX, XX, XX, =X, forbidden

Energy Surfaces

I=1,Jodd :Tw =%, x¥; x¥; x ¥, =% allowed
I=0,Jeven : T =% x T, x X, x ¥, =3, allowed

=0, Jo0dd : T =3¢ x T x £f x £, =%, forbidden

Summary and
Literature

B Missing levels (zero statistical weight):
J even for ortho-hydrogen (triplet), J odd for para-hydrogen (singlet)
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H,: continued

Point Groups |

D,: i =1, i.e. bosons. |W) must be symmetric (X; or ¥, )
Complete Nuclear

P i Zrad Nuclear spin functions: / = 2,1,0, symmetry ¥}, X}, X7
Inversion (CNPI)

Groups rtot — reI X rns X rvib X rrot
U 1 =20 Jeven: Tuw=3F x5 x¥F x5 =" allowed
Rigid Molecules I ' tot — “~g g g g =g

— : —yF + + A i

Summary | = ]_7 J even : rtot = Z; X Zj X Z;_ X Z; = Zj— forbidden

Floppy Molecules I=1,Jodd: Tw=%;x¥, xX; xX, =%, allowed

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid Missing levels (zero statistical weight):
Molecules:

Multiple Potential J evell fOI‘ | = ].7 J odd fOI‘ | = 2, 0
Enoray Bufnces B HD: symmetry group Csov(M) (no g/u classification)

Summary and
Literature

Cw(M) T |E E°
> A |1 1 | W(R), Yim (J even)
Y~ A | 1 -1 Ym (J odd)

all states are allowed
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Water

Point Groups

inversion

Complete Nuclear A

Permutation and
Inversion (CNPI)

Groups £* (+y)
————— >z P— L

Rotational motion ) :
Rigid Molecules [ 2 i
H2 x

>k
E*(0.¢.x)=(mr—0,¢+m m—Xx)
Summary

Floppy Molecules B permutation (equivalent x-rotation by )

Non-rigid

Molecules: Single
Potential Energy
Surface (12)

——— X

x
A
l
|
I
1

Non-rigid
Molecules:
Multiple Potential ' 2

Energy Surfaces (]_2)(9, o, X) — (7'(' —0,¢0+ 72w — X)
Summary and

Literature it follows that (12)*(0, ¢, x) = (0, ¢, x + 7), i.e. a z-rotation by

B effect on |Jkm)

(12)|Jkm) = (=1)’|J, —k, m)
(12)*|Jkm) = (=1)*|J, k m)
E*|Jkm)y = (=1)""%|J, —k, m)
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m Water: continued
)

. IGrO“pS 1 B Wang combinations: |J, K&+, m) = % (|4, k, m) £ |J, —k, m))

e ot B Transformation properties

Inversion (CNPI)

Groups J

Rotational motion > — (—1) ’J, K—|—, m>

Rigid Molecules _ _ 1)/

) = (-1) |

(12)" yJ, Kem) = (—1)%|J, K+, m)

ummary
Floppy Molecules *’J K+ > — (_1)J+K‘Jv K+1 m>
on-rigi . J+K+1

II:I/Iolecfleds: Single ’J K m> T (_1) I >

Potential Energy

Surface

e B Symmetry (depends on group and axis convention)

Multiple Potential

Energy Surfaces =

Summary and m> K X[(12)] X[E ] r

Literature J even J odd
|J, K+, m) even | (—1)’ (—1)° Ai B

odd | (=1) (=1)’"! As B,
|J,K—, m) even | (—1)7"" (—1)/"! B, A1
Odd (—1)J+1 (—1)J BQ A2
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Water: rotational symmetry

Etoitnt Crowps B The asymmetric top Hamiltonian is diagonalized in the Wang basis
Complete Nuclear B Degenerate symmetric top states are split into two parity components
f)erml{tatlg’é‘l\%‘% B Prolate (K;) and oblate (K.) quantum numbers used for labelling
nversion . .
Groups B Symmetry of rotational functions |[JK,K.):
Rotational motion T T : T I
. para—H,0 ' ortho—H,0
Rigid Molecules 000} !
H 1 OO 826_.___. : ”
2 T T 91 9gp ——
81— B B
17 | —
Summary 800 t 6 735“‘_1 : Tos BM
8os 5 — | b4 5;3\'—
Floppy Molecules o Tos — | 76—
E Bog — | B0 ——
Non-rigid o 600¢r gﬁ Vg —— | g‘“ e 1
7
Molecules: Single o 6:5 | 6o ——
Potential Energy < 44 543 |4y S22
Surface E 400+ g$-~ O g:
4y T | 4
Non-rigid t 5, ! B *
Molecules: ‘3}31F| 4z Er R—
Multiple Potential 200f =— " D8y —— T
Energy Surfaces " i 312
T o R,
Summary and Boe T y— Lig——
Literature Or 0o . : o ' l
A, A B, B,

B symmetric w.r.t. (12):
Ai, Az, to be combined with singlet nuclear spin of protons (para)
anti-symmetric w.r.t. (12):
Bi, By, to be combined with triplet nuclear spin of protons (ortho)
(just as in H»)
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Water: vibrational symmetry

Point Groups

Symmetry of vibrational functions |vivovs):

Complete Nuclear

o, (o1 B (1) =A, (1) = A, T(13) = B,

f{rzuis — B Examples:

Rigid Molecules r( 200>) — A]_ X A]_ — A]_,

[(]002)) = By x By = Aq,

Summary r( 011>) p— A]_ X 82 — 827

Floppy Molecules r( 111>) — Al < Al < 82 — 827 etC.

Non-rigid

N B Rules for direct products:

Surface

Non-rigid. AXxA=A AxB=B,BxA=B,BxB=A,
Multiple P.)Otential “1” >< “1” — “1” : “1” >< 112” — “2” : “2” >< l‘l” — “2” : 112” >< 112” — “1”

Energy Surfaces

B General expression:

Summary and
Literature

A; if vz even

C(lvivovr)) = AVt x A2 x BY =
(Jvivavs)) 1 1 - B> if vz odd
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Water: rovibrational symmetry

Point Groups B Symmetry: [ovip = lor X Tvip
Complete Nuclear
Permutation and

Inversion (CNPI) Ka KC r(Welght)
Lo vz even vz odd
otational motion
doicicnss ik ¢ ¢ A0 B
121 olecules
o C o Bi(3) Ax(1)
0 e B>(3) Ai(1)
ummary
Floppy Molecules © © A2(1) 81(3)
N Single Note: A symmetry states to be combined with singlet nuclear spin B,
i B symmetry states to be combined with triplet nuclear spin A;
Non-rigid B Dipole transition rules: () = A2 (antisymm. w.r.t. E™)
Molecules:
ey S F((Wil|vr)) = As
i?tfgsifeand Possible transitions: A; = Az, B1 = B, with AJ =10, &1
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules
Ho
Water

Summary

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Summary for rigid molecules

Comments:

1. disadvantage of CNPI group: may be very large

2. use subgroup built up by feasible operations: equivalent to
point group for rigid molecules

3. exact quantum numbers are J, I, n (n is a counting index)

4. spectroscopic (vib, rot) quantum numbers are not exact, but
often “good” quantum numbers

5. “spectroscopic” states with same exact symmetry may interact
and lead to perturbations in the spectra
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Singlet ng

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Workshop on Theoretical Chemistry

Floppy Molecules
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H;r: orbitals and electronic states

Point Groups

config. states

Dsp, others

a® | XA

aje ad3E" — a3y & 23A
ALE"  — AYT & 3LA

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

S+
~
~

Rotational motion

Rigid Molecules

Floppy Molecules ,

€
Singlet H;;

Non-rigid
Molecules: Single
Potential Energy
Surface

s

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

@t

D3h Dooh
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H;: vibrational symmetry

Point Groups

£
B Normal modes: v, V2| |

Complete Nuclear 6

—Vp, —va + 2, - - - v» (vibrational angular momentum)
Permutation and V1
Inversion (CNPI)

, £ =
Vax 6 V2y ._,
Groups 5
Rotational motion ‘(. .\ ‘/. ’

Rigid Molecules

Var

Floppy Molecules G o
| vibrational

Singlet ng angular

momentum
Non-rigid ‘) @

Molecules: Single

Potential Energy . . .

Surface B Symmetry classification in S3 x | = D3p(M): T(v1) = A7, T(12) = E’
2

Non-rigid " -1 v2| =1t (E"), ¢ =+1

Molecules:

Multiple Potential B Overtones of v;: (only symmetric products)

Energy Surfaces

Summary and vo = 2: Mr=E" x E/:A1+[A£]+E/

Literature

AL 3 {(vaxvay) + (vayvax) } = vaxvay
5 % {(vaxvay) = (vayvax)} =0

E": {(v2e)* ()}

v =2 — vt =22 (E)), W =20 (A)

2 =3 — V2|€| =33 (Al + A)), v2|£| =3' (E)
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H;: rotational symmetry

Point Groups

H;r is an oblate symmetric top

. Y’
D e e |vib, rot) = |vi, ;") |JK)

Inversion (CNPI) B nuclear spin: 3 protons (i = 1/2): quartet (I =3/2, A7), doublet (I =1/2, E')
Groups B vibrational state (0,0°): low J allowed rotational states
Rotational motion

Rigid Molecules J Kc rro\/ib rtot

Floppy Molecules 5 5 yu I = 3/2 I = 1/2

Singlet H 1 B -

T A woiaen
Non-rigid 0 Al Al -

Molecules: Single 2 2

Potential Energy 2 2 E’ - Aé + ( o )

Surface 1 E’’ - A;’ + ( .. )

Non-rigid 0 Al - -

Molecules: / / / _

Multiple Potential 3 3 Al ‘|‘,A2 A2' /

Energy Surfaces 2 E// - A,2/ + ( o )

Summary and ! E/ _/ A2 + ( o )
Literature 0 A2 Az -

B vibrational state (0,1'): more complicated, £ (vibrational angular momentum) to
be coupled with molecular rotation
see, for example, Mol. Phys. 101, 175 (2003)

Workshop on Theoretical Chemistry Mariapfarr — 43 / 64



Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Singlet ng
Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

flo

ppy Hj: large amplitude motion

from J. Gottfried, Oka group (Chicago): J. Chem. Phys. 118, 10890 (2003)

New Vibrational Bands

Energy (cm)

14000

12000

10000

8000

6000

4000

2000

3v,+2v,
5v,3 3vity,
4v,2 3vy
B 3v,3
20 new lines
above the
- barrier!
0 - [manuscript in preparation]
so far we have classified spectroscopic quantum numbers (vi, VZIEI) in exact
symmetry group
“spectroscopic” states with same symmetry may “perturb” each other
above “barrier to linearity” spectroscopic quantum numbers begin to fail
J and exact CNPI quantum numbers hold: J, I, n, with n a counting index
compute rovibrational states using coordinates not derived from potential

minimum: hyperspherical coordinates
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floppy Hj3: coordinate systems for triatomics

Point Groups

Jacobi coordinates: r,, Ry

Complete Nuclear 3 3 3
Permutation and QA/< o
Inversion (CNPI) @) o O\L,O
Groups 1 1 1

Rotational motion

Rigid Molecules

B Hyperspherical coordinates:

Aillerzey Mislecules internal coordinates: p,0,¢ , FEuler angles: ngE, oF, XE

Singlet H;;

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

ol = gn

B Hyperpsherical harmonics, W(6, ¢, o5, 65, xF) may be symmetrized within Sz x /
and allow exact computations
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single

Potential Energy
Surface

Ammonia
Water dimer

Triplet Hé”

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Non-rigid Molecules: Single Potential

Energy Surface

Workshop on Theoretical Chemistry
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Non-rigid Ammonia

Point Groups B 3N — 6 =6 vibrational modes: in the C3, point group I, = 2A; + 2E
Complete Nuclear two versions, tunneling feasible: full CNPI group S3 X I/, molecular symmetry

Permutation and
roup Dszp(M
Inversion (CNPI) g p 3h( )

Groups
Rotational motion mode . C3V(M) mode . D3h(M)
designation r designation I
Rigid Molecules V1 symmetric stretch  A; Al
Floppy Molecules 1) bending A1 Viny inversion A;'
/
Non-rigid V3 E E
Molecules: Single Vs E E’
Potential Energy
Surface
, B character table
Water di:‘fer Sz x| B {(123), (132)} {(12), (23), (13)} E™ {(123)7, (132)"} {(12)", (23)", (13)"}
Triplet H3 D3h(M) C3V(M) E 2C; 3G Oh 253 3o,
o Al A1 1 1 1 1 1 1
Non-rigid Al As 1 1 -1 1 1 -1
Molecules: E’ E 9 1 0 2 -1 0
Multiple Potential A 1 1 1 -1 -1 -1
Energy Surfaces A}’ 1 1 1 1 1 1
i’ - - -
Summary and E” 2 -1 0 -2 1 0
Literature
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Ammonia

Water dimer

Triplet Hé”

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Non-rigid Ammonia: continued

B bending levels v, split into v2jE = Vipy

R
H
H—N<}:{ H-NZH
.

nuclear spin functions as in HJ: 1 =3/2 (T = A;}), I =1/2 (I = E')

rns rrovib rt'ot

AT A AT X AL = A]
Al A AL = Al

E FE E' x E = AL(+A, + E')
E// E/ X E// — A;/(_i_Ai/ _+_ E//)

missing levels: v2", T = (A}

mnv?

X ALY = Al

also missing: overtones with A] symmetry, for example |vi, v2, v3, v4) = |0, 0, 2, 0)
(|0,0,2,0)) = A1 x A; X E°’x AL =A + E — (Al + AY) + (E" + E")
reverse correlation table with proton statistical weights

G (M)
D3 (M)

Ar(4)
A1(0) + AY'(4)

Workshop on Theoretical Chemistry

Ao (4)
Ay(4) + A{'(0)

E(4)
E'(2) + E"(2)
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Water dimer

Point Groups

Order of CNPI group = 4! x 2! x 2 = 96, order of the C; point group of rigid

Complete Nuclear dimer = 2, hence 96/2 = 48 versions

Permutation and B Donor-acceptor complex: H,O --.-HOH
Inversion (CNPI) N N~
Groups acceptor donor

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy

Surface B feasible operations:
Ammonia . . .
1. exchange of acceptor H atoms by rotation, “acceptor switching”,
Triplet, H} AE = 200cm !

2. exchange of donor H atom that makes hydrogen bond, “bifurcation”,
om g AE = 650cm ™!
Wi el Beheriial 3. exchange of donor and acceptor roles, “donor-acceptor interchange”,
Energy Surfaces AE ~ 300cm_1
Summary and .
ST hence 2 X 2 X 2 = 8 connected versions

B 6 sets of 8 versions, passing between sets involves bond breaking. Not feasible
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Water dimer: continued

Point Groups H2O ... HOH
AV d N

acceptor donor

Complete Nuclear
Permutation and
Inversion (CNPI)

Groups
Rotational motion '?”?\ )?”?\
Rigid Molecules E E ) E E
Floppy Molecules i @ a
% B
Non-rigid ' /d 2 '
Molecules: Single b 3 6 4 6 N
Potential Energy '?\ i A .$ 5 < .§ ° '?\ 0 '?\
Surface :EEE 4 3 :EEE
Ammonia R @ @ i
N 4 RN
Triplet Hy Wit od L. i Vi
' .?‘ 5 < .YQ 6 !
Non-rigid v 2 1 .
Molecules: v H
Multiple Potential N (5) ®) Va
Energy Surfaces i E 1} @ E E
Summary and ' 3 ' 3 i
Literature E E . . r E i
VV 2 5 6 e 15 6 VV
1 fZ,
(6) (@)

B acceptor switching: for example (1) = (4)
B donor-acceptor interchange: for example (1) = (5)
B bifurcation (donor tunnelling): for example (1) = (2)
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Water dimer: continued

Point Groups each hypothetical rigid dimer state is split into eight states, observable

Complete Nuclear
Permutation and By

Inversion (CNPI) ’ S~ — B;
Groups _ - —— F

Rotational motion \

Rigid Molecules

Floppy Molecules |

Non-rigid A !
Molecules: Single
Potential Energy \
Surface \

Ammonia

\ +
\ B

Triplet HJ A s B

Non-rigid NoOAT
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

J=0 K=0
interchange
Bifurcation

tunneling

Acceptor
switching
acceptor

Donor—

—_

acceptor switching, AE =~ 200cm !
donor-acceptor interchange, AE =~ 300cm™
3. bifurcation (donor switching), AE ~ 650cm !

can be surpassed by donor-acceptor interchanges (1) = (5) = (2)

1

(\V}
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Ammonia
Water dimer

Triplet H:—))'—

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Triplet H;: delocalized ro-vibrational states

H3: Phys. Rev. Lett. 86, 1183 (2001) ;  J. Mol. Spectrosc. 221, 163 (2003)
H,D*: J. Phys. Chem. A 110, 110 (2006)
Dy : J. Chem Phys. 128, 054301 (2008)

-1.0900 ——
-1.0925 ——
-1.0950 ——
-1.0975

-1.1000

-1.10256 ——
-1.10560 ——
-1.1076 ——
-1.1100 —
-1.11256 —
-1.1150 —

Vi) o~ W V) )

+ + + +
|\UE,§> ~ |w/ ) +w |\U”> —i—w2|\U”I>

27
WE) o~ W PV Fw V) i w=e
+ 1 €]
V=) = —=lvivy 'v3) (INE) £ [N —£))

V2
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Ammonia
Water dimer

Triplet Hé”

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Symmetry of localized ro-vibrational states

linear molecule, Dy, (M)

normal modes:

v1 (symmetric stretch), v, (bending), 3 (anti-symmetric stretch)

B symmetry classification in S3 X | and Deop(M):
M(v1) = AL (Z;f), [(v2) = E’, (N,), (does not exist purely vibrational),
M(vs) = Ay, (Z)
vibrational angular momentum of v5: £ = —vp, —vo +2,-- - »

B rovibrational states:

UE = v, v, vs) 25 (IN, £, m) £ [N, —£, m))

N =J-—S, /7 is its a-axis projection

B clectronic symmetry: X
B rovibronic symmetry of rigid triplet H;r
mode rvib I_rovib rrovibr — I_rovib X I_el
S3 x|/ Dooh N even N odd N even N odd
7 + + = + =
(1,0,10) Aj 2, 2, 2, > >
(0,1°,0)+ E’ “T,” > pa X, Z;“
(0,1, 0)— > > > b
/ + + — = +
(0,0,1 A, > > >, 2, 2,

Workshop on Theoretical Chemistry Mariapfarr — 53 / 64



Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Ammonia
Water dimer

Triplet Hé”

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Summary and
Literature

Symmetry of delocalized ro-vibrational states

Tunnelling triplet H;: all CNPI, S3 x I, operations feasible,
molecular symmetry group is Ds,(M)
B Recverse correlation table

Doon(M) — D3n(M) Docn(M) — D3p(M)
>, (2) A1(0) + E'(2) >, (6) A3(4) + E'(2)
>, (6) AY(4)+E"(2) %, (2 A (0) + E”(2)

B Nuclear spin effect:
quartet | = 3/2, Aj, combines with A, and A} rovibronic symmetry
doublet | = 1/2, E’, combines with E’ and E’’ rovibronic symmetry
B Rovibronic symmetry of tunneling triplet H;r

state rrovib rrovibr — I_rovib X Aé
N even N odd N even N odd
(1,0,0) AL+ E AU+ E7 A+E AT+ E”
(0,1, 00+ A +E” AL+E AV +E’ A+ FE
0,15, 00- A +E"  A'+E" A 4+E Al +E”
(0,0,1) A+ E A+ E" A 4+E A+ E"
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:

Multiple Potential
Energy Surfaces
Triplet HI,
Jahn-Teller effect

Summary and
Literature

Non-rigid Molecules: Multiple Potential

Energy Surfaces

Workshop on Theoretical Chemistry
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Triplet H3+ ,

Jahn-Teller effect

Summary and
Literature

Lowest triplet states of Hj

view

Workshop on Theoretical Chemistry

of surfaces
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Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid
Molecules:
Multiple Potential
Energy Surfaces

Triplet H

3 9

Jahn-Teller effect

Summary and
Literature

H;: Characterisation of the 3E’ surface

B upper sheet:
dissociation channel: 2H (*S) + H™, —1.0000 E,
energy minimum: (Dszp): —1.034590 E;,, r = 3.610 ag

B lower sheet:
dissociation channel: HJ (*X1) + H(*S), —1.102634 E,
energy minimum: (D..p): —1.116106 E;,, r = 2.454 a3

~1.0900 —— depth: 2047 cm !
10950 — barrier height: 2598 cm™!
~1.0950 arrier height: cm
~1.1000
-1.1025 ——
-1.1050 ——
11075 — van der Waals complex
~1.1125 ——
-1.1150 —— y H
H.-..... |@
H
1
1| | | | (1,|2)_|_3 | | |2_ _8
-8 6 -4 -2 0 2 4 6 8
X
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Point Groups

Complete Nuclear
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Geometrical phase

Longuet-Higgins, Adv. Spectrosc. 2, 429 (1961)

Q
P A
Ly .
A »
/2.\ | AW LN
b = 6 t b
» =0 /6 7/3 /2 2D, Sm/6 w

A A A A

B adiabatic electronic wave functions ¢:

27

j{dﬁb e(Q1, @2, p;v) =7

0

B boundary conditions for rovibrational wave functions ©:

V(Q1, @2, ¢ =0) = —V(Q1, @, ¢ = 27)
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Triplet Hj: Including geometrical phase

Point Groups A. Alijah, V. Kokoouline, Chem. Phys. 460, 43 (2015)
Complete Nuclear . . , . . . .
Permutation and Lowest vibrational Aj state in diabatic representation, upper and lower components
Inversion (CNPI) Plot in hyperspherical coordinates
I R=4.5 R=6 -7
Rotational motion -. 8 0.035 ' 0.006
Rigid Molecules 7 0.03 ‘ . 0.005
6 0.025 0.004
Floppy Molecules 5 0.02 0.003
Non-rigid 4 0.01j8 o 0.002
Molecules: Single 3 ‘ 001 0.001
Potential Energy 2 ’ ‘ 0
Surface J 1 0.005 -0.001
Non-rigid 0 0 -0.002
Moleculos: -1 -0.005 -0.003
Multiple Potential
Energy Surfaces 10 0.04 0.006
Triplet HI, 8 0.03 0.005
Jahn-Teller effect 0.004
6 0.02 0.003
Summary and 4 0,01 0.002
Literature 2 ' “H 0001
¥ 0
0 0

) | -0.01 ‘ ’ -0.001
4 -0.002
- ‘ 4 -0.02 » 20,003

-6 -0.03 -0.004

Workshop on Theoretical Chemistry Mariapfarr — 59 / 64



Point Groups

Complete Nuclear
Permutation and
Inversion (CNPI)
Groups

Rotational motion

Rigid Molecules

Floppy Molecules

Non-rigid
Molecules: Single
Potential Energy
Surface

Non-rigid

Molecules:
Multiple Potential
Energy Surfaces

Triplet H+,
Jahn-Teller effect

Summary and
Literature

1-state (adiabatic) and 2-state (diabatic)

calculations

1-state calculation 2-state calculation
(vi,v5,v3) i Al A, E' i Al A, E’
(0,0°0) © 0.00 0 0.00 0 0.00 0 1.04
(0,00,1) 0 738.49 1 738.49 0 738.91 1 738.86
(1,0°,0) 1 975.05 2 975.07 1 975.34 2 976.08
(0,2°0) 2 1273.73 3 1273.80 2 1274.13 3 1274.98
(1,00,1) 1 147451 4 1474.49 1 147524 4 1475.19
(0,0°2) 3 1573.69 5 1573.87 3 1574.17 5 1574.92
(0,29,1) 2 1730.35 6 1728.45 2 1730.77 6 1728.84
(2,0°0) 4 1922.54 7 1923.12 4 1922.94 7 1923.80
(1,2°,0) 5 1940.32 3 8 1951.07 5 1940.88 3 8 1951.76
(0,00, 3) 4 1972.74 9 1970.85 4 197417 9 1972.24
(1,0°2) 6 2158.70 10 2137.06 6 2159.79 10  2137.86
(0,49,0) 7 2188.46 11 2166.46 7 2189.69 11 2167.77
(2,00,1) 5 2204.86 12 2251.08 5 2205.80 12 2253.44
(1,2°,1) 6 2271.04 13 2259.41 6 2273.62 13 2261.07
(0,2°,2) 8 2308.68 14  2308.76 8 2311.55 14 2338.04
(3,0°0) 9 2340.10 15 2335.12 9 2341.46 15 2358.48
7 2402.71 7 2407.11 16 2363.82
10 2374.13 7 16  2363.82
11 2403.16 17 2396.43
12 2407.11 18  2413.19
13 2423.89 19 2417.62
20 2429.16
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Symmetry properties in diabatic and diabatic
picture

1. adiabatic (one-state) representation: electronic state Y}, symmetry A’ in CNPI

u’
symmetry of vibrational states

B ortho nuclear spin
[ X Ths = AL X Al = AJ, vibrational state must have A] symmetry
Ciot = Fet X Tps X Tyip = Ay X A7 X Al = A}

B para nuclear spin

[ X Tps = AL X E' = E’, vibrational state must have E’ symmetry
Fiot = Tet X Ths X Tyip = AL X E' x E' = AL(+A] + E')

2. diabatic (two-state) representation: electronic state *E’, symmetry E’ in CNPI
symmetry of vibrational states

B ortho nuclear spin
[ X Tps = E' x Al = E’, vibrational state must have E’ symmetry
Meot = Tet X Tns X Tuip = E' X AL x E' = AL(+A] + E')
B para nuclear spin
Fet X Ths = E' X E' = Al + A) + E’, vibrational state may have any symmetry

E'xE'"x A = A (+A +FE’
ot = Tet X Ths X Tyip = E'xE"x A, = A (+A +FE’
E'x E' x E' = Al (+A] —|—3E’)
3. statistical weights of vibrational states
[ ib W(]. St.) W(2 St.)
Al 4 2
A 0 2 may be helpful to detect geometrical phase
E’ 2 6
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Summary

Point group symmetry is approximate and can only be used for rigid molecules
The CNPI, complete nuclear permutation inversion group, introduced by
Longuet-Higgins, gives the exact symmetry

CNPI may be very large, unfeasible operations are removed to obtain the
molecular symmetry (MS) group.

Example: ethene, order of CNPI group = 2! x 4! x 2 = 96. The MS group (Dxy(M)
has order 8.

CNPI describes rigid molecules, in this case the CNPI group is isomorphic with
the point group.

Example: water, order of CNPI group = 2! X 1 X 2 = 4, order of point group G,
is 4. The MS group is G, (M).

CNPI describes floppy molecules that strongly depart from equilibrum
configuration.

Example: singlet H;r, triangle at equilibrium, but linear configurations accessible
at high energy. Breakdown of point group classification of vibrational states.
CNPI describes non-rigid molecules that have more than one minimum on the
potential energy surface.

Example: ammonia, weakly bound complexes such as the water dimer

CNPI describes non-rigid molecules that cannot be treated within the adiabatic
approximation of a single electronic state. The participating electronic states
may have different symmetry.

Example: triplet H;’r which shows a Jahn-Teller effect
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1. H. C. Longuet-Higgins, The Symmetry Groups of Non-rigid Molecules,
Mol. Phys. 6, 445-460 (1963)

2. J. T. Hougen, Classification of Rotational Energy Levels for SymmetricTop
Molecules,
J. Chem. Phys. 37, 1433-1441 (1962)

3. J. T. Hougen, Classification of Rotational Energy Levels. 11, J. Chem. Phys. 39,
358-365
(1963)

4. D. Papousek & M. R. Aliev, Molecular Vibrational and Rotational Spectra,
Elsevier, Amsterdam (1982)
out of print

5. P. R. Bunker & P. Jensen, Molecular Symmetry and Spectroscopy, NRC
Research Press, Ottawa (2006)
printed on demand

6. P. R. Bunker & P. Jensen, Fundamentals of Molecular Symmetry, Institue of
Physics, Bristol (2005)
(kind of concise version of the above)

7. P. Bernath, Spectra of Atoms and Molecules, Oxford University Press (2016),
third edition
(excellent general reference on high resolution spectroscopy, but not CNPI)

[llustrations used in this presentation are taken from the above references
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