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1. Maxwell*s equations

oD :
l. curlH =J +E’ generalized Ampere*s law,

1. curIE:—%—ItB, Faraday‘s law,

1l. divB =0, magnetic flux density is source free,
V. divD = p, Gauss® law.

Consequence: law of continuity

(implied by the divergence of the first equation
divd = —a—f. + the fourth equation:

div(J +%It3j =0, divD = p.)
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Field quantities in voltage sources

Charges are separated in voltage sources due to non-electric
(e.g. chemical) processes. The impressed field intensity E, Is
a fictitious electric field intensity which would give rise to
the same amount of charge separatlon

u —IE dr = —_[E -dr, u_jEdr

1
sesodoss | l [ Crosssectlon i F
u i _[ bl
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e i v conductivity ! -ar
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Non-ideal voltage source: U=U,—IR, > E=-E, +;
Ideal voltage source: u=u,=>E=-E,, y >

J=y(E+E,)




Material relationships:
D=¢E,B=uH,J=y(E+E,).

Energy and power density:

D B
W=w, +W = E.-D+-H-B = [E-dD+[H-dB |
2 2 O 0

Energy and power loss in a volume Q:

W:jwdQ, P:jpdgz.
Q Q



1.1 Classification of electromagnetics

1. Static fields (8 = O)
ot
curlH =J, curlE=0, divB =0, divD = p, div] =0.
electrostatic field: curlE=0, divD=p, D=¢E.
magnetostatic field: curlH=J, divB =0, B = uH.

static current field: curlE=0, divl=0, J=y(E+E,).



2. Quasi-static field (J >>

5
ot
curlH =J,

curIEz—E,

ot
divB =0,

B=uH,J=y(E+E,).



3. Electromagnetic waves

curlH=J +@,

ot

curIE:—é—B,

ot
divB =0,

divD = p,

D=¢E,B=uH,J=y(E+E,).



1.2 Fundamentals of circuit theory

Circuit signals:
2
U, :jE-dr, I =_[J-nd1“,
1 r

Qs = [ pdQ = [divDdQ = {D-ndI’, @, =[B-ndr.
Q Q I r

Circuit elements:

resistor: u=Rli,

Ideal capacitor: | = d_u
dt
di

Ideal inductor: u=L—.
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Kirchhoff’s current law:

2 @:0 onI, since”

ot
Cuts no capacitor.

ASS 2
AR
, ~/f
, ’
’
L
I s
’
/-

Integrating the law of continuity over Q:

j'(divJ +8—pde:jdiv(J +@jd9:<ﬁ£J +@j-ndrzc_f>3 .ndT" =0.
ot ) ot J ot J

Q
i, =0
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Kirchhoff‘s voltage law:

_FYY\_H_:_O_ u
Ugn v//é H}Ll 0y
u
URM '/iU &Q\Rl uql
T F R
ULM '/g J\/ A
\Q &)\\;‘v /uvLm
— "~ Ucpy

. T
Integrating Faraday’s law over I

j(curlEJr@j-ndF:gﬁE-dHijB-ndF:O.
ot g dt+

r

m
Z;(uqﬂ +Ug,, +Ug, +uLﬂ):O
=
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1.3 Energy conversion in electromagnetic field

oD

—E-curIHz—E-J—E-E l. M.Eq. (-E)
oB
H-curlE=-H-— 1. M.Eq.- H
* ot
H-curlE-E-curlH=-H -a—B—E-J—E-@—D
ot ot

H-curlE-E-curlH=H-(VxE)-E-(VxH)=
=V-(ExH_)+V-(E,xH)=V-(ExH)=div(ExH)
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Integration over a volume Q:

j( )dQ jE JdQ+jd|vExH)dQ
5B 0 a]_ 01
H.dB = m “"H-B= H
ot j @t( ot 2 atz/”‘ ‘ for
linear
E-aD:ajE.dD:aWe(zﬁl : ‘E‘ j/mEdla
ot oty ot ot 2 8t2
J Vi
J=y(E+E,)=>E="-E,=>E-J="L_E,.J=p-E,-J
7 /4

jdiv(E x H)dQ = 55(E xH)-ndl"  (Gauss’ theorem)

r
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Poynting’s theorem:

—%j(wm +We)dQ:jng—J‘Ee .3dQ + $(ExH)-ndr
r

Q

right hand side:

reasons for the decrease of energy in a volume

S=ExH Poynting’s vector: power through unit surface

§S ndl" is the power leaving the volume Q through
radiation.



1.4 Existence of a unique solution to Maxwell’s equations

The solution of Maxwell’s equations in a volume Q with the
boundary I" is unique for t >t,, provided that the

1. initial conditions
H(r,t=t,)=H,, (r), E(r,t=t,)=E, . (r), VreQ,andthe
2. boundary conditions for the tangential components
H.(r,t)=H,,(r,t)or E(r,t)=E,_ (r,t), Vrel,t>t,

are fulfilled. Both the functions H,_, (r), E,_ (r),
H,.. (r,t) and E . (r,t) and the impressed field intensity E,

must be known. The material properties are assumed to be linear.
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Proof:

Assumption:
two solutions E',H’ and E" . H" exist.

Their differences: E,=E'-E" H,=H"-H"

satisfy Maxwell’s equations (these are linear). The initial and
boundary conditions for the difference fields are homogenous
and E_,=0. Therefore, Poynting’s theorem :

d
dt

o

( WH, "+ S, jdgz [ 0+ (B, )-nar
Since the boundary conditions imply that either E, or H,

point in the normal direction n, the vector S, =E;xH,
has no normal component. Therefore, the surface integral is zero.
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d
dt

The right hand side is obviously non-negative, therefore
the quantity whose negative time derivative is written in
the left hand side can never increase. The initial
conditions, however, fix it as zero at the time instant t,
and, since it is obviously non-negative, it can never
decrease either. Therefore it is always zero:

( iR+ S, jdg j‘JO‘ 4o

1 1
j(zyHoz +ng02de ~0.

Q

Therefore, E, =0, H, =0, i.e. E'=E"und H'=H".

g.e.d.
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2. Static fields

0

Maxwell’s equations ( = 0) :

electrostatic
field:

curlg =0,

divD = p,

D =¢E.

ot

magnetostatic
field:

curlH =J,
divB =0,
B =uH.

curlH =,
curle =0,
divB =0,
divD = p,
divd =0.

static current
field:

curlg =0,
divd =0,
J=y(E+E,).
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2.1 Boundary value problems for the scalar potential

Electrostatic field and static current field:

curlE=0= E =—gradV, V: electric scalar potential

Magnetostatic field, if J=0:
curlH=0= H =-grady, w:magnetic scalar potential

Differential equations:

divD = p = —div(egradV) = p, _ _
generalized Laplace-Poisson

divB =0= —div(ugrady) =0, and Laplace equation.
divl =0= —div(ygradV ) =0,

20



The solution of the Laplace-Poisson equation in
unbounded free space (e=&):

V(r) = j p(r)dey
dreyy, |r—r

, V(r > ) =0.

In regions free of charges, the electrostatic field is also
described by the generalized Laplace equation:

—div(egradV) =0.

21



Boundary conditions:
Dirichlet boundary condition: V =V, (known) on T,
v =, (known) on .

This means the prescription of E, or H..

[, Is typically constituted by electrodes in case of
electrostatic and static current field. Indeed:
E, =0=V =konstant.

Magnetostatic field: interface to highly permeable
regions, to magnetic walls (& — ).

U=l |H—>X

sinceH, =H
H. =0 | H —0

tEisen
Eisen
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. oV
Neumann boundary condition: &—-=o (known) on I,

—=0onT",,
7/8n N

oy

— =D (known)onT .
/18” ( ) N

This means the prescription of D,,, J, or B,..

In case of static current field, I is the interface to
the non-conducting region.

If 6=0 in the electrostatic case and b=0 in the
magnetostatic case, I'y Is a surface parallel to the
field lines. Otherwise, D,, B,, is known on I'y,.
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Boundary value problems:

electrostatic —div(egradV) = p In Q,

field: V=V, onT,, g&—V:J onT,.

on

magnetostatic —div(ugrady) =0 in Q,
field: =u.onT.. y%— onT
N

static current —div(ygradV) =0 in £,

field: V=V,onT,, }/2_\/:0 onT,,.
n
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Uniqueness of the solution of the boundary value problem:

Due to the analogy, it is sufficient to treat the electrostatic
case.

Proof:
Assumption: two solutions V' und V" exist.

Their difference: V =V'—-V" satisfies the boundary value
problem —div(egradV ) =01n Q,

V=OonFD,ga—V=O onl.
on

Identity:
div(VegradV ) = ggradV|* +Vdiv(sgradV).

25



Integration over a domain Q with boundary T

j glgradv/|’dQ = - j Vdiv(egradV )dQ + §vggradv .ndr".
Q r

Q

According to the boundary value problems for V, the

right hand side is zero (egradV -n = 52—\;).

Hence gradV =0 =V =constant in Q.

Since, however V. =0onTl,, V=0inQ=V'=V".

g.e.d.
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2.2 Analytic methods for solving the Laplace equation

2 2 2
Laplace equation: divgradV = AV = g \ﬁ oV a v_
ox° oy’ 82
(divgrady =0).
electrostatic field: p =0, ¢= constant (= ¢,),
magnetostatic field: J=0, u= constant (= ),

static current field: y = constant.

AV =0=V is a harmonic function.

There exist infinitely many harmonic functions!

27



Dirichlet or Neumann boundary conditions :

V=constant on I'

A AV:Oin

@—V:O onlI’,

on \

Analytic methods:

Generation of harmonic functions and selection of the one
satisfying the boundary conditions.

This yields the true solution, since that is unique.

28



2.2.1 Method of fictitious charges (method of images)

The potential function of a point charge is harmonic in all

points in space except in the point where the charge is
located.

y > 1
rV(xy,z2)= Q [(x— XV +(y-y') +(z- z')ZT2

Are,

Q P o
(XYL Z) r=xe +ye, +2e, I'=xXe, +Ye, +12%,
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Proof:

g.e.d.

oV Q ' 1\2 1\2 1\2 S
—=- X=X Nx=x) +(y-y) +(z=-2')|2=
= am X =y 2]
Q ' 7|3
=— X—X')r—r
472'80( )‘ ‘
oV Q -3 2 -5
— = r—r'| " —-3(x=-x')r-r
oV oV (’92V_ Q| 3 _3(x—x’)2+(y—y’)2+(z—z’)2
o oy* oz°  Amey|lr—rT r—rf
__ 8 3 L =0,ifr=r"
Are,
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0

0z
the potential function of an infinitely long line charge is

harmonic.

In two dimensions (planar problems, — =0),

31



ov T X

-5;__2m%(x—%)

o ot (x=X)V+(y-y ) -2(x-x)

N

W o 272'50 [(X
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Due to its linearity, the Laplace equation is satisfied by the
potential function of an arbitrary charge distribution (in regions
free of charges).

Satisfaction of the boundary conditions: a fictitious charge
distribution within the electrodes should have equipotential
surfaces which coincide with the electrodes.

Examples:

* One point charge: concentric spherical surfaces (spherical
capacitor)

« One infinitely long line charge: concentric cylindrical
surfaces (cylindrical capacitor)

 Line dipole: non-concentric cylindrical surfaces

« Mirror image over a plane: infinite conducting plane

« Multiple mirror images over planes: planar electrodes
forming an angle (&« =180/ n)
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2.2.2 Separation of variables

Laplacian in a general orthogonal coordinate system:

Au = div(gradu)
AU = 1 0 ( h,h, ou N 0 ( h;h, ou N 0 ( hh, ou
hh,h,| ox,\ h ox,) ox,\ h, ox,) oOX\ h, 0X,

o‘u  o°u o

AU(X,Y,2) = + +
(%.y.2) ox* oy® oz’
2 2
au(rg.2) =1 (e 0 L0008
ror\. or) r°o¢g° oz

2
Au(r,9,¢)=%g(rza—uj+ 21_ g (sin@a—uj+ 5 .12 8‘;
r<or or) r<sin@ oo 06 ) r°sin“ 0 o¢
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Method of separation:
Assumption: V (X, X,, X;) = X, (%) X, (X,) X5(X;)

It Is attempted to reduce the Laplace equation (a partial
differential equation) for V to three ordinary differential equations
for the functions X, X, and X,. The general solutions of these
equations yield special solutions of the Laplace equation by
means of the above assumption. Due to the linearity of the
Laplace equation, it is satisfied by any linear combination of
these solutions. The solution of a particular boundary value
problem is the linear combination which satisfies the boundary
conditions of the problem. This is only possible if the boundary
conditions are specified along surfaces x; = constant.

35



Cartesian coordinates, 2D case:
Assumption: V (X,y) = X(x)Y (y)

Laplace equation: OV 82\/
d*X (X d 2y
Y (y) ()+X() y(y) 0

D|V|S|on by X(X)Y(y) yields:

1 dX(x) 1 d*(y)
X() o Y(y) dy’

f () a(y)

This is only possible if

f (x) = constant, g(y) = constant.

=0.
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Hence, the ordinary differential equations are:

d*X(x)
dx*

~ X (). dy‘y) ~gY(y),

where g =—f.
f =—p* g=p°: X(X)=C, cospx+C,sin px
Y(y)=C,e™ +C,e™™ =C;cosh py +C, sinh py

One solution: | V =) Ave™™ cos p,x+ B e*™ sin p,x
n

A further solution Is obtained by interchanging x and y:

V=> Ae™cosp,y+B e ™ sinp,y

37



Example: boundary conditions:

ytV = f(x) @ y=b, V=1(x);
I (2) y 201 Vv 201 = sinh P.Y,
b (3) x=0, V=0 }jsin p.X, p,=nx/a,
\/":O V::O (4) X:a, V:O n:1’2’““
=01 . B sinh( (2), (3). (4)
_ V(X y)_nZ:;Bn smh( . )sm( 5 jS&tleled
Fourier series of f (X): f(x)= an sin(rzxj.
n=1
V(x,b)="B, sinh nﬂb)sm( ”Xj: aninh(nﬂbj:bn
n=1 . a a a
(
_ sinh ””yj
V(x,y)=> b \ 2 Jsin

38
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Cvlindrical coordinates, 2D case:
Assumption: V (r,¢) = R(r)®(g)

|_aplace equation: 1o (ravj+ 1oV =0
P g ' ror\" or) r?o¢®>
1d dR(r)j 1 d?®(g)
d(p) —— R(r =0.
(#) r dr(r dr +R( )rz d¢?

Multiplication by r? and division by R(r)®(¢) yield:

1 . d (r dR(r))+ 1 d°®(¢) o
R(r) dr\ dr ) @(g) dp°
£(r) 9 (9)

This is only possible if

f (r) = constant, g(¢) = constant.
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Hence, the ordinary differential equations are:

d( dR(r)) d2q>(¢)_
rdr[r i )_fR(r), 44’ = gD(9),

where g =-f.

Since ®(¢) must be periodic with the period 2, the only
possibility is g = -n? ( n: integer)
d(p) =C,cosng+C,sinng (n>0).

The case n =0 yields ®(¢) =C, +C,¢.

This is only periodic if C, = 0. The case C, # 0,
makes sense only if the problem regionis 0<¢<g__

where ¢, <27
Q
> 40




r;r(r dF;(rr)j =n°R(r).

dR(r)
dr

ayn=0:r =C,, R(r)=C,Inr+C,.

b)n>0: Assumption: R(r)=r",

RO e, (RO_gpe 4 (rd?r)):azral,
I I

dr dr
a’r®=nr"= a=1n: R(r)=C,r"+C,r"

Solution:

V =(C,Inr+C,)(C,+C,¢)+ > (AT*" cosng+B;r*"sinng)
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Example: cylindrical capacitor

Va
V, 09

boundary conditions: V. =C,InR. +C,,
V,=C,InR, +C,.
V, -V, V.InR, -V, InR,
1 — ’CZ — .
InR, /R, InR, /R,

v ~V,Inr/R =V,Inr/R,
InR, /R, |

The same solution is obtained by the method of fictitious
charges.
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Example: dielectric cylinder in a homogeneous field

E -Ege. homogeneous field:V =—E r cos ¢.
Proof:
1oV

oV .
y c Er__E_EOCOS¢’ E¢_—r6—_—Eosm¢.

r e E,=E,cosg—E,sing=E;cos”p+E,sin"¢=E,

r

X E,=E,sing+E,cos¢=E,cosgsing—E;singcosg =0.

V.(r,¢), wennr <R, g.e.d.
V(r1¢): V R
boundary .(r,¢), wennr >R.

conditions: limV, (r, ¢) <o —V, = Z(Ainrn cosng + B, r"sin n¢),

n>1

limV_(r,¢) =—E,rcos¢ =

V,=—E,rcos¢ + Z(Aanr‘” cosng + B, r™sin n¢).

n>1



Boundary and interface conditions:
E;,(r=R)=E,(r=R)=V(R¢)=V,(R,¢) =

AR=-ER+A,R,AR"=A R"(n>1),B R"=B, R

D.(r=R)=D._(r=R)= ¢ Ci(Ri#) _Na(R.9) _,
or or

& A, =—E;— AR, & ANR™ =—A nR™ (n>1),
B NR"™=-B, nR™"™.
—2 g —1

Solution: A, = = E__A =% “E R?
A e +1 o P e +1 °

r r

'A\n :Aan :O (n>1)’ Bin :Ban :O'
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Vi(r,¢) =

— 25 r CoS ¢,
E

r

V,(r,¢) =—E,rcos¢ + d
E

r

+1

E,

The field within the
cylinder is homogeneous.

=" N
W
M
= ———
=
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2.2.3 Conformal mapping

Consider an arbitrary regular complex function:
W(z) =u(X,y)+ Jv(X,y), Z=X+Jy.

It realizes a mapping of the x-y plane to the u-v plane:

y @ w=w(z) [V W

T %/
C X u

This mapping is conformal, i.e. it preserves angles locally.
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Regular complex functions have the following property:

W/(z) = lim W(Z + Ax) —W(z) _ lim w(z + jAy)—w(z)’

AX—0 AX Ay—0 J Ay

Iim(u(x+Ax, y)-u(x.y) , j V(X +AX, y) —V(X, y)j _
AX—0 AX AX

_ Iim£U(X’y+Ay)_U(X, Y)_I_ jV(X1y+Ay)_V(X1 Y)j
JAY JAY

ou .ov .0uU ov

—+ ] +—.

OX = OX oy oy

Ay—0
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Cauchy-Riemann equations:

o’u _ o°v  ou_ o

ox2 oxoy' oy:  oyox
ov._ 9u  ov_ o

A2 ’ 2 —
OX oxoy oy° oyoX

ou ov

ov_ adu

ox oy ox oy

—

o’u o’u

+

ox°  oy°

=0,

ov OV

4+ —
ox° oy’

0.

Both the real part and the imaginary part of a regular
complex function satisfy the two-dimensional Laplace

equation.
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The real part or the imaginary part of a regular complex function
IS the solution of an electrostatic problem if it is constant along the

cons

v:Vli -

electrodes. VA
V=u: [T T T O
B T . d &
NV —=
Neoo S v
\ 111 \‘. ___________ 1l //ﬁ = Uu
\ ) T | @l g =
e, L.l L N - oS
A AN X u=V, \té u=Vv, ;2
dn ;o u ="constant line > &
T\ (equipotential lines)  —
V=v: vt o D
equipotential lines V=V, 2=
| S 40‘:_;‘
In general: C,w(z)+C,. __—ao 35U
| | o
=
o
L

V

P
U= con tént lines
(field lines)

N
©



Example: cylindrical capacitor

Vv - .
a@Ra w(z)=Inz=Inre’ =Inr + jg,
Vi u=Inr=Inx*+y?, v:¢:arctanx.
X
u = constant = r = constant: circles.

The boundary conditions can be satisfied if w(z)=C,Inz+C.,.

V=u=C,Inr+C,. Using the boundary conditions:

y V., Inr/R, -V, Inr/R,
InR_ /R |

The same solution is obtained by the method of fictitious
charges or the method of separation of variables.
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Example: Two planes normal to each other

Ay
Cna— i _ -
V —U w(z)=Inz=Inre’” =Inr+ jg,
»x  u=Inr=Inx*+vy?, v:¢:arctanx.
V =0 X

VvV = constant = ¢ = constant: radial lines.

The boundary conditions can be satisfied if w(z)=C,Inz+C,.
V=v=Cg+C,.

Using the boundary conditions: V = 2_U¢ = Z—Uarctan S

T T X
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2.3 Numerical methods for solving the boundary value
problems for the scalar potential

Disadvantages of analytical methods:
o special geometry

« homogeneous materials

Numerical methods:
e geometry discretized

e taking account of non-homogeneous materials
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Discretization of geometry:

/
S
~
~

’ div(egradV) =0In Q

gﬂ—a OnF

on
Numerical methods:

The potential is approximated in discrete nodes. The field is
computed by numerical differentiation. The Dirichlet
boundary conditions in the nodes are satisfied exactly, the
Neumann boundary conditions can only be approximately

fulfillad
TUATTITT VU,
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2.3.1 Method of finite differences

Two-dimensional planar problems are treated only, the
generalization to 3D problems is straightforward.

Homogeneous materials are assumed: Laplace equation.
Generalization for piecewise homogeneous materials Is

possible.

Uniform mesh,

generalization for non-
uniform mesh is
possible.




2 4
v V+1a\/h 1@\/h 1oV, 10V
1 ox 21 Ox* 3' o 4' ox*
2 4
V. =V, 18Vh 18Vh 1@3\/ 16V
]_ oy 21 oy? 3' ay 4' oy*
4
VC:VA—lavh 10%V _183\/ 18V
Nox  2Aox> 3! ox® 4' ox”
4
V, =V, -tV L0V e 10V s 1OV,
+ Moy 2oy 3l oy 41 oy
SR
V,+V, +V_ +V, =4V, |+
— AV =0 aZV aZV

:
a
N j

+h( @y )+g(u

N _ ~0

=O

&, -V, -V, -V, -V, =0
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The equation 4V, -V, -V, -V_ -V, =0, I.e
ob

vA:%(va+vb+vC+vd) P L

corresponds approximately to the mean value
theorem of potential theory (see 2.4.1):

Sphere

V(M) = vdr
@ 47Z-R2 SpCFEre
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Taking account of boundary conditions:

Dirichlet boundary conditionon I'y: V=V, (known).

N, -V, -V, -V, -V, =0 =@V, =V, =V, -V, =V,
1_‘N

Neumann bondary condition on I'y:

&y N o at the point o.

on
K: fictitious node outside of QO

h

!
! oV VvV, -V 2h
& «_MN—g =V, =V + o

(0)~ &

I'p

&, -V, -V, -V -V =0= @4V, =V, -2V -V =

° an 2h &g

2ho

&y 57




Example:
h V=U
C )8'
N V=0 oV
goﬁzgl 505:02
vV, -V
o o O
v 2h
V, =Vy+ 5!
€o
V, -V
f on -0
V h
V, =V, 1+ 219

node 1:
node 2:
node 3:

node 4:

node 5:
node 6:
node 7:

node 8:

AV, -V, -V, = 2U
~V, +4V, -V, -V, =U
~V, +4V, -V, =2U

~V, +4V, -V, =U
N, -2V, =U + 2N
o

~V, =V, +4V, -V, =0
~V, -V, +4V, —V, =0
~V, =V, +4V, -V, =0
~V, +4V, -V, =U

2ho,
o

-2V, +4V, =U +
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Equations system in matrix form:

"4 -1 0 0 -1 0 0 O]V, [ 2u )
1 4 -1 0 0 -1 0 0]V, U
0 -1 4 0 0 0 -1 0|V, 2U
0 0 0 4 -2 0 0 0|V,|_JU+2halsg
-1 0 0 -1 4 -1 0 0]V 0
0 -1 0 0 -1 4 -1 0]V, 0
0 0 -1 0 0 -1 4 -1|\V, 0
\V8)

c 0 0 0 O 0 -2 4 U +2ho, /g,

Sparse matrix.
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2.3.2 Variational problem of electrostatics

The boundary value problem of electrostatic field
—div(egradV) = p In Q,

oV
V=V,onl',, e—=oconl
0 D an N

IS equivalent to the following variational problem:
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Physical meaning of the functional

j%(ggrad A/dQ = j% E-DdQ: energy of electrical field: W,

Q Q

j oVdQ + j oVdI': potential energy of the charges: W,
Q Ty

W =W, —W_ Is the action!

The variational problem corresponds to the principle
of least action.
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2.3.3 Ritz*s procedure

Since the variational problem and the boundary value problem
are equivalent, an approximate solution of the variational
problem is simultaneously an approximate solution of the
boundary value problem.

The variational problem can be solved approximately by means
of the Ritz’s procedure.

An approximate solution is sought in the following form:

VeV =V, +ZVJ-WJ-, V,, : arbitrary function with V, =V, on T,
= V., j = 1,2, .., n: numerical parameters,
w;, ] = 1,2,..,n: basis functions with
w; =0onT%.

V" satisfies the Dirichlet boundary conditions for arbitrary V! ,,



The unknown parameters V;, j = 1, 2, ..., n are determined from
the condition that the approximate solution minimizes the
functional. The necessary conditions are:

oW (V (n)) ~
oV,

0, 1=1,2,..,n.

These are n equations (the Ritz equations system), allowing
the determination of the n unknowns V;, J = 1, 2, ..., n.
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oW (V")

. 0 1 2 7(n) 0 (n) (n)
Y jaggradv dQ—aijV dQ— jav dI' =

aVi I Q I Q |FN
ov " av“ VAL
:igrad N -ggradV *’dQ — j j
v _ 3 “
= V,+ > V.w)=
ov, oV, ° ,2; >

The Ritz equations system:

anvj.jgradwi -egradw;dQ = —jgradwi -5gradVDdQ+jwide+ jwiadl“,
=l a Q Q r

Symmetric matrix! 1=1,2,..,n
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2.3.4 The method of finite elements (Finite Element Method=FEM)

Discretization of the geometry

Triangular elements: simplest possible approach
Unknowns: potential values in nodes

Potential in each element: low order polynomial

finite elements
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Linear interpolation of the potential function within elements




Shape functions
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VO =3V N,
1

1in node j
\\R N =4 .
J 0 in all other nodes

n,: number of nodes

V;: nodal potential values
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Basis functions:
w; =N;, J=1,2,..,n

e

A N
N N \V/A\VA\V’ NV ’
s anaavi A

A@N’&Z§Mqukgy

VAR =ivij = ivij+§n:vij = VD+Zn:vij.
j=1 j=n+1 j=1 j=1



Ritz equations:

In matrix form: |_Aij J{VJ }= {bi }

1=12,...n.
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dQ =0,

J

A =J'gradNi -egradN

\

A

ESH
o
SR
N,

i

X

Lavy,

=0.

dQ

A =J'gradNi -egradN

Sparse matrix.
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8-node quadrilateral elements
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20-node hexahedral elements

&m/,--'———f% &—ﬂﬁﬂﬁfﬁw

AR
/41 W

i

jpas SESS o gos.

S s o

AL VLR T
AR VIO RRAY
VAL IV AR

7
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Shape and basis functions for 20-node hexahedral elements

-0.500H

-1 .DDDI

W [¥]

1.000 I

0.500 H

0.000 H

¥ [¥]
1.000

0.500

0.000

-0.500
-1.000

-0.500H

-1 .DDDI

W [¥]

1.000 I

0.500 H

0.000 H

¥ [¥]
1.000

0.500

0.000

-0.500

-1.000
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2.4 Integral equations for the scalar potential

The boundary value problem for the scalar potential can also be
represented by various integral equations.

Integral equations for functions a single variable:

y(x) : unknown function, f(x): known function,

K(x,X"): Kernel of the integral equation (given),
A . given konstant.

b - - -

IK(X’ XV (X)X’ = f (X) Fredholm integral equation of the first
) kind

b - .

: N Fredholm integral equation

y(X)—lIK(x,x)y(x)dx = T(x) of the second kind
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Boundary value problem for the electric scalar potential in
case of homogeneous medium (&=¢g):

divgradv = AV =—“inQ,  Laplace-Poisson equation,
€0
V =V, auf I'; Dirichlet boundary condition,

v = 9 auf [, Neumann boundary condition.

on &

If V and 2—\/ were known on the entire boundary,
n

one could compute the potential in any point in € with the
aid of the integral representation.
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2.4.1 Fundamentals of potential theory

Green function: solution of the special Laplace-Poisson equation

—AG(r,r)=0o(r-r’)
In the entire three-dimensional space.

o(r—r'): Dirac impulse function in the point r’, defined by

| w(r)s(r—rydQ=w(r) or [w(r)s(r—r)dQ’ =w(r)

ERS
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p(r)
)

The solution of the Laplace-Poisson equation — AV (r) =
In infinite empty space (&=g) is:

1 o(r")dqQ”
Arey o [F—1" '

V(r)=

Therefore, the Green function is (p(r) = &,5(r —r')):

6= L [ Nagr- L
4rr oo r—r1" 4rir—r’

This is the potential of a point charge of the magnitude &, in the
point r’.

A point charge of the magnitude Q in the point r” corresponds
to the charge density p(r) =Qo(r —r’).
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Green‘s theorem:

div(gpgrady) = grad¢ - grady + pAy
_ div(ygrade) = grady - grad¢ + yA¢

oAy —wA g = div(ggrad ) — div(ypgradg)

I(¢Aw wAS)dQ = §( —Waﬂdr

5 on on

b <=V (r'),y <G(r,r),dQ < dQ',dl < dI"
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J (V (r)AG(r,r') - G(r,r)AV (r’)JdQ’ _

—5(r-r")
_§(V( )aG(r ) o )aV(r)de,

on’

Integral representation:




Corollary

Mean value theorem of potential theory :

If V(1) is a solution of von AV=0, then the mean value of V,
over the surface of a sphere with an arbitrary radius R, equals
the value of V In the centre of the sphere.

Proof

Let the centre be r, and the surface I" be the sphere with the

radius R: =R
V(r)=————| AV(r dQ’—— V(r ——dF’
(r) = j ( ) qS (r') RR

1

R2

N 1 @@V(I’)dr,

"dr cf. method of
A7R

¢ on’ e finite differences

o v

:cﬁ gradV-ndI'= j divgradvd<'=0
r
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Inserting the quantities known from the boundary value problem:

known
47150Q\r r\
jV( ) S ja(r)dr’—
on'Ir—r’ Amey 2 |r =1’
~Evey 2ot are o) g
Am 2 on'Ir—r’ Amey Ll =1’
AN
\
unknown

Various integral equations can be obtained for the unknown

" \%
quantities V onI", and Al onI,.
on 52



2.4.2 Integral equation for the surface charge density

Simplest case: electrodes (V- = constant, 1 =1, 2, ..., m).

' Iy =0T, Zn:Fi,pzo.
etk

Integral representatlon
o 1

_ ) Vin=—1 SV dr’
V (0) =0 (r) 47[ 2 lfan'\r—r’\ +
o 1 & o(r)
o(r
dr’.
+4ﬂ50;1§‘r r'
o 1
dI'’ = d’ n'dl"= | A’ dQ' =
ian’\r—r\ ifgra r— r\ I r— r\

1_‘I

=0fallsreQ. *



Integral equation for the surface charge density on the
electrodes:

lzm:cf‘s

dF =V, forrel’,,1=12,... m

.1 1
In the 2D case, the Green function is ——In -
27 r—r'

Let the contours of the electrodes be the curves C;.
Integral equation for the line charge density on the
electrodes:

1 & , 1 , -
2re, ;é‘?f(r)lnh_rwdr =V, forreC;, 1=12, .., m

Fredholm integral equations of the first kind. 84



2.4.3 Method of boundary elements (Boundary Element Method = BEM)

Numerical procedure to solve integral equations

Discretization of the electrodes: 3D problems - surfaces
2D problems - curves

Unknowns: surface charge densities in the elements
Boundary elements
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Simplest assumption: o is constant in each element.

Let the number of elements be n, the unknowns are
g =1, 2,...,n).

In each element, one test point P; (1=1, 2, ..., n) is selected in
which the integral equation is required to be satisfied.

PP p

‘.0.\:7-. 86




Linear equation system for the unknown surface charge densities
(I';: J-th element, V;: potential in P;):

L o | L od4r=v, i=12..n
Are, o rpi—r‘

L

In the 2D case, the unknowns are the values of the line

charge density (C;: J-th line segment, V;: potential in P;):
1

27z, jlnr _r‘ds— L 1=12,.

Non-symmetric full matrix.

Having solved the equation system, the potential can be
computed in any point by evaluating the integral representation.
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2.5 Boundary value problems for the vector potential

Magnetostatic field:

divB=0= B =curlA, A:magnetic vector potential

Static current field:

divl=0=J=curlT, T: current vector potential

Differential equations:

curlH=J= curl(icurIA) =J,
U

curle =0= curl (icurIT) =0.
/4
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2.5.1 Planar 2D problems
Magnetostatic field:

o

Z

N

A= A(X, Y)e,
e, €, &,
B =curlA= 0 0 =%ex—%ey.
ox oYy oy OX
0 0 A

=0:J=J(x,y)e,,B=B,(x,y)e, +B,(x,y)e,.
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Differential equation for the single component vector potential in
planar 2D case:

e, e, e,
curl[icurI(AeZ)]: 9 9 0|=
u OX oy
1oA _10A
pH Oy  HOX
:{ g (1 8AJ+ g (1 aAﬂez :—ezdiv(igradA).
OX\ p OX ) oy\ u oy U

.1 _ . .
— dIV(; gradA)=J, generalized Laplace-Poisson equation.
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Magnetic flux by means of A:

CD:jB-ndF:J'curIA-ndF:qSA-dr.
r I C

Planar 2D case:

dr
['pq: surface of unit length C
through the points P and €,
J P Q “ __7=constant
P IZE)Q
Do = fA-dr=AP)-AQ)  APIGE-Z=Q
Cpq ::::::___7,»/ A(Q)ez
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Flux lines (magnetic field lines) are parallel to B.

Q For any two points P and Q on a flux line
B one has ®p, = A(P) - A(Q) = 0.
P A(P) = A(Q) = A=constant along flux lines!
B
dAP) = Pax+ Py =B dx+B.dy=0= D = >
OX oy ’ dx B,

Flux lines: lines of constant A(x, ).

If flux lines are drawn so that the difference of the vector

potential between any two neighboring flux lines is
constant, then the density of the lines is proportional to

the magnitude of B. o



Current by means of T:

I :jJ-ndF:jcurIT-ndrzcﬁT-dr.
I I C

Planar 2D case:

dr
C

['pq: surface of unit length
through the points P and €,
) P ? “ ___7=constant
PP S
lpo = ;T'dr:T(P)_T(Q) ( )EMQ
Cpo 1 /T (Q)ez

Current lines: y Cro 1
Lines of constant T(x,y). T\AX
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Static current field:

é:O:J:Jx(x,y)eX+Jy(X,y)ey-
0z
T=T(x,Yy)e,
e, €, &,
f J=curlT = : 0 :gex—ge .
OX oy oy ox 7
0O 0 T

-
— dIV(; gradT) =0, generalized Laplace equation.
94



Boundary conditions:
Dirichlet boundary condition: A=A, (known)on I,
T =T, (known)on T .
This means the prescription of B, or J,:
e.g. for the magnetic field:
B, =n-curlA=n-curl(Ae,) =n-(gradAxe,) = gradA-(e, xn) =

=t-gradA= 2—? . tangential derivative of Al

In most cases A,=constant or T,=constant:

{ Then, the section of I with a plane z=constant is
e xn=t a flux line or a current line. The differences in the

values of A, or T, yield the flux or current per unit
length between the lines. .



Neumann boundary condition: 10A_ a (known) on T,

U on
lg—T =e (known)on T,.
n
This means the prescription of H, or E;:

e.g. for the magnetic field:

H, = (e, xn) -icurI(Aez) = (e, xn) -l(gradAx e,)=
H U

=e, x(e, xn)-igradAz —n -lgradAz _LOoA

7 7 pon

On interfaces to highly permeable regions or electrodes,
the Neumann boundary condition is

homogeneous: 10A -0 or 1ot —

4 on y on

0.
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Boundary value problem for the single component vector
potential functions in the planar 2D case:

magnetostatic —div(igradA)z JinQ,

field: H

L on
Static current _giy(L gradT) = 0in .
field: /4

T =T, onFD,ia—T:OOnFN.
y on

Similar boundary value problem to the ones for the scalar potential
functions.
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Duality between the boundary conditions for the scalar potential

and the single component vector potential in the planar 2D case

Flux line Magnetic wall:
T~ = constant,
1A _
L on
f Flux line:
yﬁ—w =0, A= constant.
on

J
Magnetic wall
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2.5.2 Axisymmetric 2D problems

Magnetostatic field:

;20;3 :J(r,z)e¢, B=B(r,z)e, +B,(r,z)e,.

A=A(r,2)e,
1e e 1e
r r @ r /4
B =curlA = i 0 i =
or 0Z
O rA O
oA 10(rA)
=——@ +-— e..

oz " r o ¢



Differential equation for the single component vector potential in the

axisymmetric case:

1
_el’
;
curl[icurI(Aeqj)]: 9
7, or
_L1oA
U 0z
o 1 o(rA) N 0

1 0A

S

or or

ur

u

V4

2

1 0A
r

oz
1 O(rA)
ur or

1
e, #—e, div(—gradA).

o 1O0A

(div(lgradA): 10 (

o 1 o(rA)

U or

0
_|_

u
_|_
J 82(;1 0z

7 r or
_{ (,ur or

or

J

0Z

]
2]

u 0z

|
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Flux 1n axisymmetric 2D case:

['po: Conical surface through
the points P and Q

-
-

WP
C PQ ) -

19> constant

nstant

Dy = §A.dr = 27[r, A(P) - 1, A(Q)].
Cpq
Flux lines: Lines of constant rA(r, z).

Current field: Lines of constant rT(r, z) are the
current lines.
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2.5.3 3D problems

The vector potential functions are not unique:

B =curlA =curl(A+gradu) uis an arbitrary scalar function,

J=curlT =curl(T+gradu) u s an arbitrary scalar function,

Differential equations: Boundary conditions:

curlH=J= curl(icurIA) =J, Prescription of B, or of H, .
U

curle =0= curl (icurIT) =0, Prescription of J, or of E, .

/4
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In case of 3D problems, the boundary conditions are
specified for the normal and tangential components of the
field quantities or vector potentials.

A=nA +1tA.

NA =n(A-n)
tA =nx(Axn)=A(n-n)-n(A-n)=A-nA

H,_/ %K—J
1 An

Instead of tA, we use Axn.
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Specification of B, or of J, with the aid of the vector potentials:

div(Axn)=n-curlA-A-curln=n-B=B_, div(Txn)=J,.
0

1
hh,h,

(divv(xl,xz,x?,) - % (vhh )t (V hh )D

{GX ()

Axn and T xn have no normal component

When building the divergence, no differentiation in the
normal direction occurs.

By specifying Axn or Txn, B,orJ, are determined:
Dirichlet boundary condition.
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Specification of H, or of E, with the aid of the vector potentials:

Hxn or Exn are prescribed:

Hxn= lc:urIA>< n,Exn= lc:urIT>< n: Neumann boundary
H V condition.
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Boundary value problems for the vector potential functions in 3D case:

Static magnetic curl(lcurIA) =JinQ,
field: U

1
Axn=aonl,,—rotAxn=aonl.
U

Static current curl(lcurIT) =0in Q,
field: 4

1
Txn=tonl,,—curlTxn=eonT,.
/4

The solution of the boundary value problems is not

unique.
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Special case: vector potential due to a given current
density in infinite free space (u =y, and ' - o0):

curlcurlA = p,J,
A(x) =0 (= A(0)xn =0 or curlA(ew)xn =0).

Only B=curlA is defined uniquely, but not A.

A becomes unique If divA is additionally defined: gauging.

The choice divA = 0 is the Coulomb gauge.
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The gauge makes A unique:

divA=div(A+gradu) = Au=0,
= gradu =0.
A(0) = A(0) + gradu(w) = gradu(e) =0,

Boundary value problem for A:
curlcurlA = 1,J,
divA =0, - =>

A(e0) = 0.

curlcurlA — graddivA = —AA = . J,
A(0) =0.

U

Vector Laplace-Poisson differential equation.
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The Coulomb gauge follows from the vector Laplace-

Poisson differential equation:

curlcurlA — graddivA = —AA = yOJ,}
—

A() =0.
d|v(curlcurIA graddlvA) yodle
A(dIVA) O
divA(o0) =0,

Solution of |-AA = u,J, A(x)=0:

A(r) = ,uo J(r’)dQ’

> = divA =0.
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Biot-Savart‘s law:

B(r) =curlA = ﬂjcurl

Ky
=-—|(grad
47zg'[(g

Irl

J(r)dq’

)xJ(r')dQ’' =

r=r]
/uo ‘J(r) (r r)er

r'-r 40’

1 ¢ J(r")xe,
H(r)—4ﬂ£ r— r\
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3. Quasi-static fields

Maxwell’s equations (J >> %lt)j
In conducting media (€2,)): In non-conducting media (€2)):
curlH =J,
curIE:—a—B, CHHH:J’
ot divB =0,
divB =0,
B=uH,J=)E (E,=0). B=uH.
J Is unknown: J iIs known:
time dependent time dependent

quasi-static field magnetostatic field 1



Example:
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Boundary and interface conditions:
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Summary

Differential equations in
Q, (eddy current region):
curlH, =J,

OB,

CUF|E| — —W

divB, =0
B, =uH,,H =vB,,J, =yE,

boundary conditions:

H,xn=0onT},
E,xn=0onI¢,

H.xn=K onI,
B.-n=-bonT;.

Initial conditions at t=0:

Differential equations in €,
(eddy current free region):

curlH, =J.
divB, =0
B, = uH;, H, =vB,

Interface conditions on T'};:

H,xn, +H;xn; =0
B,-n+B.-n.=0

B,=B,,inQ,,B, =B,,inQ, 14



Complex notation for time harmonic quantities:

Time function : B, (r,t) = B, (r) cos(wt + ¢, (r))
B, (r,t) =B, (r)cos(at + ¢, (r))
B, (r,t) = B, (r) cos(et + ¢, (r))

specially for linear polarization: B(r,t) = B(r) cos(wt + ¢(r))

Complex amplitude: B(r) = B(r)e!*™"
Time derivative:

% In time domain — multiplication by jo in frequency domain

Maxwell’s equations for complex amplitudes
(quasi-static case):

curlH=J, curlE=-jwB, divB=0.
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Poynting’s theorem for complex amplitudes in quasi-static
case:

iE-curIH*—EH* .curlE =—£div(Ex H*) :EE-J*+1 joB-H
2 2 2 2 2

Lo vt Lo e 1 :
EE[E.J dQ+ja)§E[B-H dgz—ai(ExH )-ndr =S

S: complex power flowing into the region Q through the
boundary I'.
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Proof:
Time function of Poynting’s vector:

S(t) = E(t) x H(t) = E cos(at + ¢ ) x H cos(at + ¢,, ) =
E x H[cos(p,. —¢,, ) +cos(2at + ¢, +¢,,)]=

x H cos(p, — ¢, )[1+cos2(wt+ . )|+

_J/

leHNH—\
rr|>

Effectlve part

+=ExHsin(e, — ¢, )[sin 2(et + goE)]

Reactlve part

”I\JIH

Effective power: P = _i% ExH cos(@z — @y, )-ndl’
r

: 1~ A .
Reactive power: Q= _§§ ExHsin(p — ¢, )-ndl’
r
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| 1. - .
§=P+jQ=—§ ExHIcos(pe —py)+ jsin(pe — ¢, )}ndl" =
r

= —§%IAE>< He!=w).ndl = —§%I§e"¢5 x He 17+ .ndl" =

r

=——§ ExH")-ndr. g.e.d.

1 .
Complex Poynting’s vector: S = EE xH

2
Effective power: leonJ*dQ:—j&dQ, (E, =0),
25 257

Reactive power: Q= a)%j B-HdQ = %wjy‘H‘de.
Q Q
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3.1 Some analytical solutions of the boundary value problem for

the magnetic vector potential
In conducting region (€): divB = 0 =|B = curlA,
curle +6—B =curlE + ceurlA =curl(E +8_A) =0=|E=—-gradV —a—A.
ot ot ot ot

Differential equations:

curlH-J=0=>

curl (lcurIA) + 7/%+ ygradV =0,
)7 ot

(divJ - 0= —div(ygradV) — div(y %—?) - o.j

boundary conditions: A(w) =0,V () =0.
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Special case: 1 = constant, y = constant, time harmonic case.
Coulomb gauge: divA=0

—div(ygradV) - jodiv(yrA)=0 = —-AV = jodivA =0
it

{szo }
=V =0
V(o)=0

Differential equation in €);:

—AA+ jouyA =0| vector diffusion equation.

Planar 2D problems:

— AA(X, y)+ jouyA(x,y) =0 | scalar diffusion equation.
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3.1.1 Current flow in an infinite conducting half space

Q:O,Q:O:
0z OX
A=A(y)e,,
E=-]joA(y)e, = E(Yy)e,,
. J=1yE=—]JwyA(y)e, =J(y)e,,
e, €, ¢
B=curlA=|0 9 0 :dA(y)eX:B(y)eX,
oy
0 0 A
H=1B=19We _ iy,

H o dy 121



d*A(y)

Diffusion equation: |- + JouyA(y) =0.

1 1 '
jouy =p*, p=+ jouy tl_ +J o. penetration depth.

Rz

d*A(y)
dy?
-y

A(y)=Ae ™ +Ae™
MA(y) <oo=> A, =01 |A(y)= Ae ™ = Ae %6 7

= p*A(y)
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Field quantities:
E(Y) =—joA(y) =—joAe™,

J(Y) =—joyAly) =— joyAe™,
dA(y)

B(y)=—OIy =—pAe ",

1 dA(Y) D .
H — - __ P A
(v) u dy 7, ©

Determination of the constant A;: the current through a
conductor of width b is assumed to be given.
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jJ.ndr=§H.dr=H(y=0)b=

pb ul
-PA-1=A=-
H pb

_Ji

Jop | iy P
E(y)="""le ™ =T |e s@ o
pb 7b

J(y) = E(y) = ple e s,

y A

Ly | - Y

Y
Skin effect: B(y):ﬁle J5e °, H(y)==¢e °e °.
It b b

Magnitude of the sl
current density )= ﬁbge
decays exponentially R

! 5 y 124




Impedance of a conductor of width b and length I:

§=—\ | z_——§ ExH")-ndl

ExH =E(y)e,xH (y)e, =E(y)H (y)e,

n=-e fory=0, otherwise n | e,.

—\ ° Z_—E(y 0)H “(y = 0)bl = \_\Zﬂ'
7
Z R+ X =(1+])— Pe e
y b D.C.
| | | | resistance
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3.1.2 Current flow in an infinite conducting plate

/ '// /l //ﬁ/Z /J)&
£ S
h/2 X

2 y 4 2
4 7
L Z*,
b2 b2
E = _ja)A(y)ez — E(y)ez1 J= 7/E — —JC()]/A(y)eZ =J (y)ezy
5= PWe _pgyre,  H=2PWe _h(ye,.
dy H

Diffusion equation:

1+ 1+
TAD _peay, | p=iour = 5=t

v Zour
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Solution of the diffusion equation:
A(y)=Ae ™+ Ae® =C, cosh(py)+C,sinh(py).

The current density J(y) =—jwyA(y) has to be an even function
(Jy) =3()): C,=0.

A(y) = C, cosh(py).

Field quantities: E(y) = - jwA(y) = — jwC, cosh(py)

J(y) =—JwyA(y) = — JwyC, cosh(py)

B(y) = 1 = pC,sinh(py

P _ P sinn(py)

1
H(y)=—
u dy wu 127



Determination of the constant C,: Current through a
conductor of width b is assumed to be given.

/yA /ro
y:h/Z—” ;,‘;’/i NN /;
y=-h/2—F—7> :Co X
) b

jJ.ndr: iﬁH-dr:—H(y:h/2)b+H(y:—h/2)b:

— _2H(y =h/2)b=—2PP¢ sinn(P" )_ 1

u

1
C,=—* o
2pbsinh(2)
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) I
E(y) =% cosh(py) =~ cosh(py),

. ..P .. .ph
2pbsmh(2) 27bsmh(2)
3() =) =P L cosh(py),
2bsinh()
2
B(y) =~ 4L L sinh(py).
2bsinh("")
2
H(y)=——__sinh(py).

- P
2bsinh(+——
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Impedance of a conductor of width b and length I:

S = Z = E>< ndF

ExH™ =E(y)e, x H*(y)ex =E(Y)H (y)e,

n=e fory=h/2, n=—e fory=-h/2, otherwisen | e,.

1“
2

) 1 h. . h 1 h. . h
7 ——"E(v=)H(v=)l+-E(v=—)H"(v ==l =
z , (y 2) (y 2) s (y 2) (y 2)

h

N plcosh(ph) 1"
=—E(y=)H'(y=_)bl = N

Zybsinh(pzh) 2b
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pl cosh(ph)

7 = 2h ooph_1+jh 1+ jouy
27bsinh(p2) 2 206 2 \2
Low frequency: th <«<1l= cosh(p—) ~1, smh(p—h) ~ %h
Z zL: like D. C. In the entire height h.
»bh
High frequency: th >>1= cosh(%h) ~ sinh(%h).
L~ Lyb = (1+ J)Zy—ﬂo. D. C. resistance of two layers each of

thickness o, reactance same as

resistance.
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4. Electromagnetic waves

The full set of Maxwell’s equations:

curlH=1J +@, Curlg = —@,
ot ot

divB =0, divD = p, D=¢E, B=uH, J=y(E+E,)

describes electromagnetic waves.

In vacuum:

The time varying electric and

oD B
iﬁt i % magnetic fields mutually sustain
each other:

H(t) E(t) electromagnetic field

132



4.1 Planar waves

Maxwell’s equations in vacuum (u = u, €= &), In
absence of charges and currents (0o =0, J = 0):

oE oH
curlH=¢g,—, curlE=-
" ot Moot
divH =0, div = 0.
2
curlcurlH = graddlvH AH = goécurlE— —&y g H,
~ ot ot*
2
AH = &y 41y —- i 1
;tE } vector 3D wave equation

Similarly: AE=¢ .
Y. oo —> P
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Assumption: 9 = 0,i =0. The electromagnetic field is

OX oy constant in any plane z = constant:

Planar waves:

o°H 0°H 0°E 0°E
o2 e g oy
Vector 1D wave equation.

All components E,, E,, E,, H,, H,, H, of the electromagnetic field
satisfy the scalar 1D wave equation:

T e OE solution: F(t32), ve—to—c
aZZ OILlO atZ ) . +V y _\/E_ .
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Waves propagating with light velocity:

E@D=EF),  E@D=E (T E@D=EtF)
Hx(z,t)zHX(w%), Hy(z,t):Hy(t¢%), Hz(z,t)zHZ(t:L%).

Relationship between E and H:

e, €, &
curlH = 9 9 :goﬁ,
oXx oy oz ot
H, Hy H,
9, 19 0 10
Planar waves: —=0, —=0, —=F7——.
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eX e Z
y 10 10 By 10
curilH=| 0 0 F——=3——+0 0 1l|=F——(. xH
Y +c@tH HoH +c8t(Z )
H, H, H, X y z
10 OE 1 £
T-—(e.xH)=¢,—=3=(e. xH)=¢.E|(e. xH) =7 [-*E.
+C8’[(Z ) 08’[ +C(z ) 0 (z ) + ,Llo
Similarly, from Faraday’s law: (e,xE) == /ﬂH.
)

Sign above: propagation in the positive z-direction,

Sign below: propagation in the negative z-direction.
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E(z,t) = E(t—2) H(z,t) = H(t+5)

C o C :
S —>dei rection of propagation S | «—direction of propagation
e

z z

H(z,t) = H(t - %) E(z,t) = E(t+)
C C

The direction of Poynting’s vector coincides with the
direction of propagation.

1 2
S=ExH=7% |2 (e,xH)xH = e, /“0 H|* = +e, 1o |H[,
&, | | m 0| |

1 2
S=ExH=Ex[+ —(e x E)] = =e, / EzzieZ & |E|,
| \ Hoéo O| |

S = J_rezcz(g0 |E|2 + |H|2)
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More general material properties: u, €,y = konstant.

Maxwell’s equations in absence of charges (o = 0):

curIH:yE+ga—E, curIEz—a—B,
ot ot
divH =0, div =0.
. % oH 0°H
curlcurlH = graddivH — AH = ycurlE + e —curlE = —vu—-¢ ,
J — 4 ot T ot “atz
oH o°H
AH—-—vu———¢ =0,
TH ot ”atz
2
Similarly:  AE— =S E o

ot o’
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For planar waves: 62 =0,

ccE_ OE & oH_ oH oH
ot e M e e M e

Total analogy with the transmission line equations:

2 2
U _1c %Y (re+Le) Y 4 Rau,
0z ot ot

2 2: -
A e (rRe+LG) Y +RGI.
0z ot ot

usE i1eoeH Re0,Leuy,Gey,Co e
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Time harmonic case, complex notation
E(z), H(z): complex amplitudes.

Solution (due to analogy):

E e = gm.
ZO ZO

E(z)=E'e ™ +Ee™, H(z)=

Propagation coefficient: p =/ jou(y + jos) =a+ jp,

Wave impedance: Z, = Ja)_ﬂ :
Y+ Joe

Attenuated waves propagating in the positive and
negative z-direction.
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Lossless medium: y =0.

P =\/(ja),u)(ja)5) = ja)\/ﬁza =0, p =a)\/ﬁ.

Z, = |24 :\/z.
joe &

V =

1 C

) 1
B Jus \/ﬂr PN TN

. C .
Optics:v=—, n: refraction index
n

<C.

Maxwell’s relationship: |[n=./¢,; n*=¢,

since for optically transparent media z =1.
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4.2 Electromagnetic waves in homogeneous, infinite space

Assumptions:

e current density J and charge density o are known everywhere at
any time instant: J(r,t) and p(r,t) are given,

» material properties x and ¢ are constant everywhere, e. g. 1 = i,
E= &,

e lossless medium: y= 0.

e. g. antenna; homogeneous medium
(e. g. vacuum or air: 4, &,)

J(r,t)  electromagnetic field: E(r,t), H(r.t)
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4.2.1. Solution of Maxwell’s equations with retarded potentials

Maxwell’s equations:

curlH =J +@, curlE :—@,

ot ot
divB =0, divD = p, B=uH,D=¢E.

Potentials: B = curlA, H = ic:urIA,
Hy

OA OA
E=—————qradV,D=—-¢,——¢,gradV.
o g &g ot 09
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2
curlcurlA = graddivA — AA = 1, — &, (ZtA yogogradaa—\t/

The divergence of A can be freely chosen:.
divA = —p,¢, %—\t/: Lorenz gauge.
0’ A

—AA+ lyEy—- Py = HoJ.

odivA  p

. Non-homogeneous 3D
ot &,

div(—gradV —6—A) =—AV —
ot wave equations

Using the Lorenz gauge:
o’V _P
ot g

—AV + &,
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. 0 .
In the static case (E =0) these equations reduce to the

Laplace-Poisson equations —AA = y,J, —AV = gﬁ
0

whose solutions are known to be

A(I’)Z Hy ‘J(r )dQ J‘,O(r )dQ
Ar 472'80

In regions with vanishing current density and charge density,
one obtains the wave equations

-AA+ e, —-=0, AV + py,6,—-=0.
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The solutions of the non-homogeneous wave equations in

Infinite free space are

st T gy
A(rt) =22 | ¢
4r? r—r’
. ST gy
Virt=_——] -
drgy e, r—r

(c

1

\ Hoéo

A(r,t) and V (r,t) are the retarded potentials.

).
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Time harmonic case:

A(r), V(r), J(r') and p(r’) are complex amplitudes.

In time domain: J(r’,t— ) J(r)cos[a)(t

o1

In frequency domain: J(r )eW(”e c =J(r"e iolr—r|

)+¢(r )]

K, = @ &, - wave number (phase factor).

C

"N A JKo|r=T| ' jko|r—r'| '
J(r')e dQ’ V(r) = 1 p(r)e dQ

o4

2 Are, 5
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Using the Lorenz gauge, V can be eliminated:

. ov . L .
divA = —p,¢, " IS In the frequency domain divA = — jou,&,V .
V = —— L divA.

Jor,g,

E=-—JwA-gradV = - JoA +-— L graddivA =

Jor, g,
= — L (0’ uye,A + graddivA).
Jop,&,
B=curlA, E=- L (k?A + graddivA).
Jouy&,
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4.2.2. Hertz dipole

i@ = Tcos(t) 1<2=2%, d<l. )
s Q) =Qsin(et)
d —59,.
Equivalent to a dipole: I jT I(t)
—Q(t)
| can be considered to be the complex amplitude of the current.
= 1eQ 21 ) (1,60,9)
%
) y
Spherical coordinate system:
179
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] —'k0|l’—l"| ] n
A(r) = o _[J(r )& ’ dQ , 1'=0,3(0)dQ' =1le,, |r|=r.
Arr r—r

Q

e, =€, cosd—e,sind.

No Integration is necessary, since the integrand is constant:

N

— Jkor
A(r,<9,¢):ﬂ°” ° (e, cos@—e,sinb).
dr r
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Magnetic field:

1 1 1,
r’sind " rsing ’ ’
Hy U or 06 ,uor or
A rA, 0
.1 k..
H=—-¢ ™ (=+ j2)sine..
A (r2 Jr) /
1 1 et
H, =0, H,=0, H,=— jk,(1+——) sing.
A7 JK,rooor

(Ag)—

Ar
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1

Electric field: E=- (k?A + graddivA).
Jopy&,
2 - I
divA = ]-Za(r Ar)_l_ 1 a(SlngAH) ::uO” e—jkor(_ ——
r or rsind 06 A7 r
2
(graddivA) = 6d$VA ZOH "“(2 ij I(O)cose
' r T r’ r
(graddivA) = wd“’A ’20” —J“(1+ Z)sin,
T
1 — jkor
E, = | Po (1+ - )e —C0s 0,
27\ &, JK,ro 1
[ — jkor
E, = | ﬂojo _1 + L L sing, E,=0
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Near field: k,r = 272%« 1

N

1 ~ jkor g
H¢:I—Ijko(1+ 138 Ging~ 8 —siné.
4 jkor™ 1 4 1 y
1 ¢J(r')xe Il e xe
Biot-Savart: H(r) = j r2’—>r dQ’ = H(r) = z : r
ary |r-r Ar

1 ~ jkor k!
£, = £ i L+ L1 18 sine~L 8 gina
0

= Tt
Arr jk,r - (jk,r)° r Are, T
o _ pcoséd psiné
. E = ; E — .
Static dipole field: " e o b,
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Far field: k,r = 27[% > 1.

+ — jkor I — kot [ — jkor
H¢=I—Ijko(1+ 18 Gno~ige sing =Ll " Ging
A JKr™r A r 2 r

[ — jkor
E, = L o (1+ _l ) —C0sd ~ 0,
2\ &, JKroor
[ — Jkor 1 — Jkor
g = /“Ojko[1+_1 it 48 Gingaal [Hoj & ging -
Ar \ &, JK,r o (JK,r) r A\ &, r
[ — Jkor
AN 4 sind
2 A\N¢g T

(Fern)
EiFem) = [Ho _7 21207 Q~37702
H¢ &,
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ES™™(6) = E,(r)sin 6,

E(Fern) 2 _ o
o (0) =sIin @ . radiation pattern.

EéFern) (em )

ax
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Radiated power:

Sphere R>> A: far field.

SZEEXH* 1EHe X, —1EHe
2 2 2

2

N

n=e

r 1 * I I ILl 1 .
~E,H, = ()" [FX =sin® 6.
2 77 8 (/1) g, R?

P= 45 S.ndT. dT" =RdORsinddg = R?sin0dod 4.

Kugel

2 2

PN N

27 T

:%(%)2 o j jsin?’ed@dqﬁ =

72' VA
(y? £0 {sin’ gdo =
Z

€ 00 4 (
A2 4
I 7T I /Ll 1 ~|2 2 I 2 . % .
= (=)’ [F2==R|l| . R, ~80z°(—)": Radiation resistance.
3 A \eg 2 A
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4.3 Guided waves

Transmission lines: transversal (x, y) dimensions are much
smaller than the wave length.

If this condition is not fulfilled: waveguide.

e. g.: cylindrical Metallic tube
waveguide o )
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Assumptions:

* sinusoidal time dependence: all quantities are
complex amplitudes,

e material properties are constant:
U, &= constant,

e Lossless medium: y=0,

* No free charges: o =0.
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4.4.1 TM and TE waves

Wave equations for the potentials A and V:

In time domain:

0’ A o’V
—AA + ue =0, —-AV + ue =0.
T T
In frequency domain:
~AA—-o° usA =0, ~AV —o° usV =0,

K=w.ue: ~AA-k’A=0.
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Electromagnetic field in case A(x,y,z) = A(x, Y, 2)e, :

e, €, @
H:lcurI(Aez)z 1o 9 ¢ :lé_Aex_la_Aey’
1 plox oy oz| poy " uox
0O 0 A
E=-— 1 [k?Ae, + graddiv(Ae,)] =
Jous
1 °A_ A A

+k’Ae,].

- € T y 2
Joue  0XoZ 0yoz 0z

H, =0: the longitudinal component of the magnetic field is zero.

The magnetic field is transversal: TM waves.
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Alternative to the potentials A and V:

D=curlF, E = icurIF,
E

curlH - jowD =curl(H - JowF) =0=|H = joF — grady,
B = JjouF — ugrady.

F : electric vector potential, w: magnetic scalar potential.

curle =—jwB : curlcurlF = graddivk — AF = — joue( jwF — grady).

Lorenz gauge: diVF = jousy.

~AF -0’ usF =0, divB=0=-Ay —-w’usy =0.

~AF—-k*F=0:| wave equation.
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Using the Lorenz gauge, i can be eliminated:

1
Joue

divF.

divF = jousy =y =

H = joF — grady = joF —— graddivF =
Joue
1

— (w® usF + graddivF).
joue

1
Joue

D=curlF, H=- (k°F + graddivF).
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Electromagnetic field incase  F(x,y,z)=F(x,y,2)e,:

e, €, €,
Ezicurl(Fez):l 0 9 @ 16F —la—Fey,
g g|OX oy oz| ¢ 8y £ OX
0 0 F

H= [k*Fe, + graddiv(Fe,)] =
ja),ug
1 _O°F 0°F o°F ,
—— [ e, + e, +(—5+k°F)e,].

jous oxoz *  oyoz oz

E, =0: the longitudinal component of the electric field is zero.

The electric field is transversal: TE waves.
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The general solution of Maxwell’s equations in
homogeneous media can be written as the superposition
of TM and TE waves.

Hence, the single component vector potentials allow the
description of the electromagnetic field by means of two
scalar functions.
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4.4.2 Waves In rectangular waveguides

Z

B Assumption:
0, X = -X  Wave propagation in the
/ positive z-direction.
y=b
vy

TMwaves:  A(X Y, z)=A(X Y, 2)e, = A(x, y)e e,
TEwaves: F(x,¥,2) =F(x,y,2)e, = F(x,y)e ",.
Boundary conditions: Exn =0 on the walls of the waveguide.

E,=0,E,=0 atx=0and x=a,

E =0,E,=0 aty=0andy=h.
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2 2 2
TM waves: E=_1 [8Aex+aA y oA
ja),ug OXOZ 0yoz

[J,B—e +Jﬁae +(B° —Kk*)Ae,].

Ja),ug
A=0 atx=0,x=a, y=0andy=D, Dirichlet B.C.
TE waves: E = 1 aF —ii .
g 8y g OX °y
2—F=O at x=0and x = a,
X Neumann B.C.
oF

—=0 aty=0andy=Dh,
oy
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TMwaves: -AA-k*A=0, k=wpus.
A(X,Y,2) = A(x, y)e %,

0°A O°A
X oy

+,BA k?’A=0.

Solution by separation:  A(X, Y) = X (X)Y (y).

—Y()dx(x) X (%) Y(y)+(ﬂ CKBX (XY (y) =0,

1 d2X(0) 1 sz(y)
X(x) dx*  Y(y) dy°
f(x) a(y)

This is only possible if f(x)=constant, g(y) = constant.

+ 3% —k* =0.
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The following ordinary differential equations are obtained:

d’X (x)

X2

> p—

X0, ST gv(y)

Solution:

f=—k;, g=—k;: X(X)=C, cosk,x+C,,sink,x,
Y(y)=C, cosk,y+C,, sink,y.

boundary conditions: X (0)=X(a)=0=C, =0,k = mz, m=12,...
a

Y(0)=Y(b)=0=>C, =0k, :n%, n=12,...
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TM, , waves:
C=C,C,: A(XY,2)=C sin(m x)sin(%” y)e e

H=L R —1% e, szgn—ﬂsm(—x)cos(—y)e e
u 8y U OX u b a b
C mzx )
H, =———cos(—x)sm( ~ y)e i,
1 a a
H,=0.
E= [1,3—e +J,3—e +(B° k%) Ae,]:
- joue oy
EX=—C'B mﬁcos(—x)sm( y)e 72,
wue a a
E, =- Cp nx sin(m X) cos(— y)e 72,
oue b a b
2
E = Ck™~f" )sm(—x)sm( y)e 7,

Ja),ug a 169



TE waves: —-AF-k’F=0, k= us.
F(x,y,2)=F(x,y)e "%,

2 2
—25—8 Ij+,82F—k2F:O.
X

Solution by separation:  F(X,y) = X(X)Y (y).

—Y()dx(x) X (%) Y(y)+(ﬂ CKBX (XY (y) =0,

1 d2X(0) 1 sz(y)
X(x) dx*  Y(y) dy°
f(x) a(y)

This is only possible if f(x)=constant, g(y) = constant.

+ 3% —k* =0.
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The following ordinary differential equations are obtained:

d? X(x)

- X (x), de(y) - Y (y).

Solution:
f=—k;, g=—k;: X(X)=C, cosk,x+C,,sink,x,
Y(y)=C, cosk,y+C,, sink,y.

boundary conditions:

dX(©) _dX@) _o_c ok =m®. m=012...
dx dx a

YO _dY®) o _gk =n” n=012..
dy dy y y b
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TE,,, waves:
C=C,C,: F(xy,2)=C cos(m X) cos(%Z y)e 42,

1 oF 1 GF Cnrx
E=——e ———=¢, E :———cos—x sm— e 17,
T e A (EX)sin( )
E, :Eﬁsm(—x)cos( y)e 2,
£ a a
E,=0.
[J,B—e +J,3—e +(B* —k*)Fe,]:
ja)yg
HX=—C’B m”sln(—x)cos( y)e 72,
wue a a
H, =- 2L cos(m x)sin(— y)e 72,
woue b a b
2 1,2
H = Cip"—k )cos(ﬁx)cos(n y)e 7,

Joue a 172



Satisfaction of the separation equation: —f —g + 8 —k* =0.

mr Nz

ky +kZ+p°-k*=0, k,=—:,k

X y !

k? =0’ ue.

(T + (54 -0t =0, mn=(0),1,2,...

At given values of n and m (wave modes), the angular
frequency is not arbitrary: A°cannot be negative!

If 182<O, one had ﬂ:ija,—jﬁzig:e_jﬂzze$az:

attenuation only, no wave propagation.
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p = " —\/—\/( )+( 0.
. — 2 27t
fog:Z ,ug\/(a) +(E)

f,: cut-off frequency.

g

Any particular mode is only propagable above the cut-off
frequency.
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