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1. Maxwell‘s equations 

generalized Ampere‘s law, 

Faraday‘s law, 

magnetic flux density is source free, 
Gauss‘ law. 

Consequence: law of continuity 

.
t

div
∂
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−=
ρJ

(implied by the divergence of the first equation 
+ the fourth equation: 

.),0 ρ==
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Charges are separated in voltage sources due to non-electric 
(e.g. chemical) processes. The impressed field intensity Ee is 
a fictitious electric field intensity which would give rise to 
the same amount of charge separation: 

Ideal voltage source:  

Non-ideal voltage source: 

,
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Field quantities in voltage sources 
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Γ: Cross section 
γ : conductivity 
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Material relationships: 

).(,, eEEJHBED +=== γµε

Energy and power density: 
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Energy and power loss in a volume Ω: 
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1.1 Classification of electromagnetics 

1. Static fields 





 =

∂
∂ 0
t

, , 0, , 0.curl curl div div divρ= = = = =H J E 0 B D J

electrostatic field: , , .curl div ρ ε= = =E 0 D D E

magnetostatic field: , 0, .curl div µ= = =H J B B H

static current field: , 0, ( ).ecurl div γ= = = +E 0 J J E E
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2. Quasi-static field 
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3. Electromagnetic waves 

).(,, eEEJHBED +=== γµε
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1.2 Fundamentals of circuit theory 

Circuit signals: 

,
2

1
12 ∫ ⋅= rE du ,∫

Γ
Γ Γ⋅= di nJ

ideal capacitor: 

resistor: ,Riu =

ideal inductor: 

Circuit elements: 

,∫∫∫
ΓΩΩ

Ω Γ⋅=Ω=Ω= dddivdQ nDDρ .∫
Γ

Γ Γ⋅=Φ dnB
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Kirchhoff’s current law: 

Γ n

Ω

i1 
i2 

i3 

i4 

0 on , since  

cuts no capacitor.
t

∂
= Γ Γ

∂
D

Integrating the law of continuity over Ω: 
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Kirchhoff‘s voltage law: 

uL1 
uC1 

uR1 
uq1 

uLµ 

uCµ 

uRµ 

uqµ 

uqm uRm 
uCm 

uLm 

Γ

Integrating Faraday’s law over Γ: 
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1.3 Energy conversion in electromagnetic field 

curl
t

curl
t

∂
− ⋅ = − ⋅ − ⋅

∂
∂
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∂

DE H E J E

BH E H

curl curl
t t

∂ ∂
⋅ − ⋅ = − ⋅ − ⋅ − ⋅

∂ ∂
B DH E E H H E J E

I. M.Eq. (-E) 

II. M.Eq.  H +

⋅

⋅

( ) ( )curl curl⋅ − ⋅ = ⋅ ∇× − ⋅ ∇× =H E E H H E E H

( ) ( ) ( ) ( )HEHEHEHE ×=×⋅∇=×⋅∇+×⋅∇= divcc
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Integration over a volume Ω: 
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( ) ( )∫∫ ∫∫
ΓΩ ΩΩ

Γ⋅×+Ω⋅−Ω=Ω+− ddddww
dt
d

eem nHEJE
J
γ

2

Poynting’s theorem: 

right hand side:  

reasons for the decrease of energy in a volume 

HES ×= Poynting’s vector: power through unit surface 

∫
Γ

Γ⋅ dnS is the power leaving the volume Ω through 
radiation.  
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1.4 Existence of a unique solution to Maxwell’s equations  

The solution of Maxwell’s equations in a volume Ω with the 
boundary Γ is unique for          , provided that the 

1. initial conditions 

,),(),(),(),( 0000 Ω∈∀==== rrErErHrH anfanf tttt  and the 

2. boundary conditions for the tangential components 

0 0 0( , ) ( , ) or ( , ) ( , ), ,t tan t tant t t t t t= = ∀ ∈Γ ≥H r H r E r E r r

0tt >

are fulfilled. Both the functions  ),(),( 00 rErH anfanf

0 0( , ) and ( , )tan tant tH r E r and the impressed field intensity Ee 

must be known. The material properties are assumed to be linear. 
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Proof: 

two solutions                              exist.  ,  and ,′ ′ ′′ ′′E H E H
Assumption:  

Their differences: HHHEEE ′′−′=′′−′= 00 ,
satisfy Maxwell’s equations (these are linear). The initial and 
boundary conditions for the difference fields are homogenous 
and Ee0=0. Therefore, Poynting’s theorem : 

( )∫∫∫
ΓΩΩ

Γ⋅×+Ω=Ω





 +− ddd

dt
d nHE

J
EH 00

2
02

0
2

0 2
1

2
1

γ
εµ

Since the boundary conditions imply that either E0 or H0 
point in the normal direction n, the vector  000 HES ×=
has no normal component. Therefore, the surface integral is zero. 
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∫∫
ΩΩ

Ω=Ω
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
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The right hand side is obviously non-negative, therefore 
the quantity whose negative time derivative is written in 
the left hand side can never increase. The initial 
conditions, however, fix it as zero at the time instant t0 
and, since it is obviously non-negative, it can never 
decrease either. Therefore it is always zero: 
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



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dEH εµ

Therefore, 0 0, ,  i.e.  und .′ ′′ ′ ′′= = = =E 0 H 0 E E H H

q. e. d. 
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2. Static fields 
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∂
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2.1 Boundary value problems for the scalar potential 

Electrostatic field and static current field: 

,curl gradV= ⇒ = −E 0 E V: electric scalar potential 

Magnetostatic field, if J=0: 

0 ,curl gradψ= ⇒ = −H H ψ : magnetic scalar potential 

Differential equations: 

,)( ρερ =−⇒= gradVdivdivD

,0)(0 =−⇒= gradVdivdiv γJ

,0)(0 =−⇒= ψµgraddivdivB
generalized Laplace-Poisson 
and Laplace equation. 

20 



The solution of the Laplace-Poisson equation in 
unbounded free space (ε=ε0):  

0

1 ( )( ) , ( ) 0.
4

dV Vρ
πε Ω

′ ′Ω
= → ∞ =

′−∫
rr r
r r

In regions free of charges, the electrostatic field is also 
described by the generalized Laplace equation: 

.0)( =− gradVdiv ε
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Boundary conditions: 
Dirichlet boundary condition: 0  (known) on ,DV V= Γ

0  (known) on .Dψ ψ= Γ

DΓ is typically constituted by electrodes in case of 
electrostatic and static current field. Indeed: 

konstant.=⇒= V0Et

Magnetostatic field: interface to highly permeable 
regions, to magnetic walls ).( ∞→µ

0µµ = ∞→µ
0→EisenH0Ht =

since Eisen=t tH H

This means the prescription of Et or Ht. 
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Neumann boundary condition:  (known) on ,N
V
n

ε σ∂
= Γ

∂

0 on ,N
V
n

γ ∂
= Γ

∂

 (known) on .Nb
n
ψµ ∂

= Γ
∂

This means the prescription of Dn, Jn or Bn. 

In case of static current field, ΓN is the interface to 
the non-conducting region.  

If σ=0 in the electrostatic case and b=0 in the 
magnetostatic case, ΓN is a surface parallel to the 
field lines. Otherwise, Dn, Bn is known on ΓN. 
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Boundary value problems: 

0

( ) in 

 on ,  on .D N

div gradV
VV V
n

ε ρ

ε σ

− = Ω,
∂

= Γ = Γ
∂

electrostatic 
field: 

0

( ) 0 in 

 on ,  on .D N

div grad

b
n

µ ψ
ψψ ψ µ
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∂

= Γ = Γ
∂

magnetostatic 
field: 

0

( ) 0 in 

 on , 0 on .D N

div gradV
VV V
n

γ

γ

− = Ω,
∂

= Γ = Γ
∂

static current 
field: 
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Uniqueness of the solution of the boundary value problem: 
Due to the analogy, it is sufficient to treat the electrostatic 
case. 
Proof: 

Assumption: two solutions                  exist.  und V V′ ′′

Their difference: VVV ′′−′= satisfies the boundary value  
problem ( ) 0 in 

0 on , 0 on .D N

div gradV
VV
n

ε

ε

− = Ω,
∂

= Γ = Γ
∂

Identity: 

).()( 2 gradVVdivgradVgradVVdiv εεε +=



26 

.)(2
∫∫∫
ΓΩΩ

Γ⋅+Ω−=Ω dgradVVdgradVVdivdgradV nεεε

Integration over a domain Ω with boundary Γ: 

According to the boundary value problems for V, the 

right hand side is zero  ).(
n
VgradV

∂
∂

=⋅ εε n

Hence constant  in .gradV V= ⇒ = Ω0

0 on ,DV = ΓSince, however .in  0 VVV ′′=′⇒Ω=

q. e. d. 



2.2 Analytic methods for solving the Laplace equation 

Laplace equation: ,02

2

2

2

2

2

=
∂
∂

+
∂
∂

+
∂
∂

=∆=
z
V

y
V

x
VVdivgradV

electrostatic field: 00,  constant ( ),ρ ε ε= = =

magnetostatic field: 0,  constant ( ),µ µ= = =J 0

static current field:  constant.γ =

).0( =ψdivgrad

0  is a harmonic function.V V∆ = ⇒

There exist infinitely many harmonic functions! 
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Dirichlet or Neumann boundary conditions : 

V=constant on ΓD 

Ω=∆ in  0VΩ∉ Ω∉

Analytic methods: 
Generation of harmonic functions and selection of the one 
satisfying the boundary conditions. 

This yields the true solution, since that is unique. 

0 on N
V
n

∂
= Γ

∂
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2.2.1 Method of fictitious charges (method of images) 

The potential function of a point charge is harmonic in all 
points in space except in the point where the charge is 
located. 

x 

y 

z ),,( zyx ′′′Q 

( ) ( ) ( )[ ] 2
1

222

04
),,(

−
′−+′−+′−= zzyyxxQzyxV

πε

,zyx zyx eeer ++=

r
r′

zyx zyx eeer ′+′+′=′
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In two dimensions (planar problems,  ),0=
∂
∂
z

the potential function of an infinitely long line charge is 
harmonic. 

τ ),( yx ′′
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Due to its linearity, the Laplace equation is satisfied by the 
potential function of an arbitrary charge distribution (in regions 
free of charges). 
Satisfaction of the boundary conditions: a fictitious charge 
distribution within the electrodes should have equipotential 
surfaces which coincide with the electrodes. 
Examples: 
• One point charge: concentric spherical surfaces (spherical 

capacitor) 
• One infinitely long line charge: concentric cylindrical 

surfaces (cylindrical capacitor) 
• Line dipole: non-concentric cylindrical surfaces 
• Mirror image over a plane: infinite conducting plane 
• Multiple mirror images over planes: planar electrodes 

forming an angle )/180( n=α
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Laplacian in a general orthogonal coordinate system: 

( )gradudivu =∆
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2.2.2 Separation of variables 



Method of separation: 

Assumption: )()()(),,( 332211321 xXxXxXxxxV =

It is attempted to reduce the Laplace equation (a partial 
differential equation) for V to three ordinary differential equations 
for the functions X1, X2 and X3. The general solutions of these 
equations yield special solutions of the Laplace equation by 
means of the above assumption. Due to the linearity of the 
Laplace equation, it is satisfied by any linear combination of 
these solutions. The solution of a particular boundary value 
problem is the linear combination which satisfies the boundary 
conditions of the problem. This is only possible if the boundary 
conditions are specified along surfaces xi = constant. 
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Cartesian coordinates, 2D case: 
Assumption: )()(),( yYxXyxV =

Laplace equation: .02

2

2

2

=
∂
∂

+
∂
∂

y
V

x
V

0)()()()( 2

2

2

2

=+
dy

yYdxX
dx

xXdyY

Division by X(x)Y(y) yields: 

This is only possible if 

( ) constant, ( ) constant.f x g y= =

0)(
)(

1)(
)(

1

)(

2

2

)(

2

2

=+
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yYd

yYdx
xXd

xX
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Hence, the ordinary differential equations are: 

),()(),()(
2

2

2

2

ygY
dy

yYdxfX
dx

xXd
==

:, 22 pgpf =−= pxCpxCxX sincos)( 21 +=

pyCpyCeCeCyY pypy sinhcosh)( 4343 ′+′=+= −

where .fg −=

One solution: 

A further solution is obtained by interchanging x and y: 

cos sinn np y p y
n n n n

n
V A e p x B e p x± ±± ±= +∑

cos sinn np x p x
n n n n

n
V A e p y B e p y± ±± ±= +∑

37 



x 

Example: 
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xn

a
bnBbxV

n
n

ππ sinsinh),(
1

nn b
a

bnB =





 πsinh

.sin
sinh

sinh
),(

1
























= ∑
∞

= a
xn

a
bn

a
yn

byxV
n

n
π

π

π
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Cylindrical coordinates, 2D case: 
Assumption: )()(),( φφ Φ= rRrV

Laplace equation: 

Multiplication by r2 and division by R(r)Φ(φ) yield: 

( ) constant, ( ) constant.f r g φ= =

.011
2

2

2 =
∂
∂

+







∂
∂

∂
∂

φ
V

rr
Vr

rr

.0)(1)()(1)( 2

2

2 =
Φ

+





Φ

φ
φφ

d
d

r
rR

dr
rdRr

dr
d

r

.0)(
)(

1)(
)(

1

)(

2

2

)(

=
Φ

Φ
+








  

φ

φ
φ

φ
grf

d
d

dr
rdRr

dr
dr

rR

This is only possible if 
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),()(),()(
2

2

φ
φ

φ
Φ=

Φ
=






 g

d
drfR

dr
rdRr

dr
dr

where .fg −=

Since Φ(φ) must be periodic with the period 2π , the only 
possibility is g = -n2 ( n: integer) 

 
).0( sincos)( 43 >+=Φ nnCnC φφφ

The case n = 0 yields .)( 43 φφ CC +=Φ

This is only periodic if C4 = 0. The case  ,04 ≠C
makes sense only if the problem region is max0 φφ ≤≤

maxwhere 2 .φ π<
Ω

Hence, the ordinary differential equations are: 
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).()( 2 rRn
dr

rdRr
dr
dr =








:0 a) =n .ln)(  ,)(
211 CrCrRC

dr
rdRr +==

:0 b) >n Assumption: 

,)(,)(,)( 121 −− =





== ααα ααα r

dr
rdRr

dr
dr

dr
rdRrr

dr
rdR

,)( αrrR =

⇒= ααα rnr 22 :n±=α nn rCrCrR −+= 21)(

Solution: 

( )( ) ( )1 2 3 4ln cos sinn n
n n

n
V C r C C C A r n B r nφ φ φ± ± ± ±= + + + +∑
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Example: cylindrical capacitor 

iR
aR

iV

aV
.ln0 21 CrCV +=⇒=

∂
∂
φ

Axisymmetry: 

.ln
,ln

21

21

CRCV
CRCV

aa

ii

+=
+=boundary conditions: 

.
ln

lnln,
ln 21

ia

iaai

ia

ia

RR
RVRVC

RR
VVC −

=
−

=

.
ln

lnln
ia

aiia

RR
RrVRrVV −

=

The same solution is obtained by the method of fictitious 
charges. 
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Example: dielectric cylinder in a homogeneous field 

xE eE 00 =

R
1>rε

homogeneous field: .cos0 φrEV −=

Proof: 

.sin1,cos 00 φ
φ

φ φ EV
r

EE
r
VEr −=

∂
∂

−==
∂
∂

−=

r φ
x 

y 

rE
φE

,sincossincos 0
2

0
2

0 EEEEEE rx =+=−= φφφφ φ

.0cossinsincoscossin 00 =−=+= φφφφφφ φ EEEEE ry

q. e. d. 





>
<

=
. wenn ),,(
, wenn ),,(

),(
RrrV
RrrV

rV
a

i

φ
φ

φ

⇒∞<
→

),(lim
0

φrVir

⇒−=
∞→

φφ cos),(lim 0rErVar

( ),sincos
1

∑
≥

+=
n

n
in

n
ini nrBnrAV φφ

( ).sincoscos
1

0 ∑
≥

−− ++−=
n

n
an

n
ana nrBnrArEV φφφ

boundary 
conditions: 
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Boundary and interface conditions: 

⇒=⇒=== ),(),()()( φφφφ RVRVRrERrE aiai

⇒
∂

∂
=

∂
∂

⇒===
r
RV

r
RVRrDRrD ai

rrari
),(),()()( φφε

n
an

n
in

n
an

n
inai RBRBnRARARARERA −−− =>=+−= ),1(,1

101

),1(, 112
101 >−=−−= −−−− nnRAnRARAEA n

an
n

inrair εε

.11 −−− −= n
an

n
inr nRBnRBε

Solution: ,
1
1,

1
2 2

0101 REAEA
r

r
a

r
i +

−
=

+
−

=
ε
ε

ε
),1(0 >== nAA anin .0== anin BB

44 



.cos
1
1cos),(

,cos
1

2),(

2

00

0

φ
ε
εφφ

φ
ε

φ

r
RErErV

rErV

r

r
a

r
i

+
−

+−=

+
−

=

The field within the 
cylinder is homogeneous. 
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2.2.3 Conformal mapping 

Consider an arbitrary regular complex function: 

.),,(),()( jyxzyxjvyxuzw +=+=

It realizes a mapping of the x-y plane to the u-v plane: 

x 

y z

C u 

v w
C′

)(zww =

This mapping is conformal, i.e. it preserves angles locally. 
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Regular complex functions have the following property: 

,)()(lim)()(lim)(
00 yj

zwyjzw
x

zwxzwzw
yx ∆

−∆+
=

∆
−∆+

=′
→∆→∆

=







∆
−∆+

+
∆

−∆+
→∆ x

yxvyxxvj
x

yxuyxxu
x

),(),(),(),(lim
0

,),(),(),(),(lim
0









∆

−∆+
+

∆
−∆+

=
→∆ yj

yxvyyxvj
yj

yxuyyxu
y

.
y
v

y
uj

x
vj

x
u

∂
∂

+
∂
∂

−=
∂
∂

+
∂
∂
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Cauchy-Riemann equations: .,
y
u

x
v

y
v

x
u

∂
∂

−=
∂
∂

∂
∂

=
∂
∂

,0, 2

2

2

22

2

22

2

2

=
∂
∂

+
∂
∂

⇒
∂∂

∂
−=

∂
∂

∂∂
∂

=
∂
∂

y
u

x
u

xy
v

y
u

yx
v

x
u

.0, 2

2

2

22

2

22

2

2

=
∂
∂

+
∂
∂

⇒
∂∂

∂
=

∂
∂

∂∂
∂

−=
∂
∂

y
v

x
v

xy
u

y
v

yx
u

x
v

Both the real part and the imaginary part of a regular 
complex function satisfy the two-dimensional Laplace 
equation. 
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The real part or the imaginary part of a regular complex function 
is the solution of an electrostatic problem if it is constant along the 
electrodes.  

equipotential lines 

fie
ld

 li
ne

s 1VV =2VV =
x 

y 
z

u 

v 
:uV =

1Vu =2Vu =
u = constant lines 
(equipotential lines) 

v 
= 

co
ns

ta
nt

 li
ne

s 
(f

ie
ld

 li
ne

s)
 

u 

v :vV =

1Vv =

2Vv =

u = constant lines 
(field lines) 

v 
= 

co
ns

ta
nt

 li
ne

s 
(e

qu
ip

ot
en

tia
l l

in
es

) 

In general: .)( 21 CzwC +
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Example: cylindrical capacitor 

iR
aR

iV

aV

The same solution is obtained by the method of fictitious 
charges or the method of separation of variables. 

,lnlnln)( φφ jrrezzw j +===

.arctan,lnln 22

x
yvyxru ==+== φ

constant constant: circles.u r= ⇒ =

.ln)( 21 CzCzw +=The boundary conditions can be satisfied if  

.ln 21 CrCuV +==

.
ln

lnln
ia

aiia

RR
RrVRrVV −

=

Using the boundary conditions: 
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Example: Two planes normal to each other 

0=V

UV =

x 

y 
,lnlnln)( φφ jrrezzw j +===

.arctan,lnln 22

x
yvyxru ==+== φ

constant constant: radial lines.v ϕ= ⇒ =

.ln)( 21 CzCzw +=The boundary conditions can be satisfied if  

.21 CCvV +== φ

Using the boundary conditions: .arctan22
x
yUUV

π
φ

π
==



2.3 Numerical methods for solving the boundary value 
problems for the scalar potential 

Disadvantages of analytical methods: 

• special geometry 

• homogeneous materials 

Numerical methods: 

• geometry discretized 

• taking account of non-homogeneous materials 
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Discretization of geometry: 

V=constant on ΓD 

Ω= in  0)( gradVdiv ε

Ω∉ Ω∉

Numerical methods: 

 on N
V
n

ε σ∂
= Γ

∂

The potential is approximated in discrete nodes. The field is 
computed by numerical differentiation. The Dirichlet 
boundary conditions in the nodes are satisfied exactly, the 
Neumann boundary conditions can only be approximately 
fulfilled. 53 



2.3.1 Method of finite differences 

Two-dimensional planar problems are treated only, the 
generalization to 3D problems is straightforward. 

Homogeneous materials are assumed: Laplace equation. 
Generalization for piecewise homogeneous materials is 
possible. 

Uniform mesh, 
generalization for non-
uniform mesh is 
possible. Ω

Γ h

h 54 
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The equation 

( )dcbaA VVVVV +++=
4
1

corresponds approximately to the mean value 
theorem of potential theory (see 2.4.1): 

Sphere 

M R 2

1( )
4 Sphere

V M Vd
Rπ

= Γ∫

a 
A 

d 
c 

b 
4 0,  i.e.A a b c dV V V V V− − − − =
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h

h

ΓN 

ΓD 

e

f
g

h

i
k

l
m

n
o

Taking account of boundary conditions: 

Dirichlet boundary condition on ΓD:  0  (known).gV V=

⇒=−−−− 04 hgfei VVVVV 04 VVVVV hfei =−−−

Neumann bondary condition on ΓN: 

0  at the point .V o
n

ε σ∂
=

∂
k: fictitious node outside of Ω 

( ) σεε =
−

≈
∂
∂

h
VVo

n
V mk

200
0

2
ε

σhVV mk +=⇒

⇒=−−−− 04 nmlko VVVVV
0

224
ε

σhVVVV nmlo =−−−
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Example: 
V=U 

V=0 

1 2 3
4 5 6 7 84′ 8′

node 1: UVVV 24 521 =−−

10 σε =
∂
∂

n
V

20 σε =
∂
∂

n
V

node 2: UVVVV =−−+− 6321 4
h

node 3: UVVV 24 732 =−+−

node 4: 

1
54

0 2
σε =

−′

h
VV

0

1
54

2
ε
σhVV +=′

⇓

2
78

0 2
σε =

−′

h
VV

0

2
78

2
ε
σhVV +=′

⇓

UVVV =−+− ′ 544 4

0

1
54

224
ε
σhUVV +=−

node 5: 04 6541 =−+−− VVVV

node 6: 04 7652 =−+−− VVVV

node 7: 04 8763 =−+−− VVVV

node 8: UVVV =−+− ′887 4

0

2
87

242
ε
σhUVV +=+−
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−
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−
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8

7

6
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/2
0
0
0

/2
2

2

4200
1410

0141
0014

0000
0100
0010
1001

0002
0100
0010
0001

4000
0410
0141
0014

εσ

εσ

hU

hU
U

U
U

V
V
V
V
V
V
V
V

Equations system in matrix form: 

Sparse matrix. 

59 



2.3.2 Variational problem of electrostatics 

0

( ) in 

 on ,  on D N

div gradV
VV V
n

ε ρ

ε σ

− = Ω,
∂

= Γ = Γ
∂

The boundary value problem of electrostatic field 

is equivalent to the following variational problem: 

Find V (V=V0 on ΓD), so that the functional 

∫∫∫
ΓΩΩ

Γ−Ω−Ω=
N

VdVdVdgradVW σρε 2

2
1)(

attains a minimum. 
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Physical meaning of the functional 

:
2
1

2
1 2 ∫∫

ΩΩ

Ω⋅=Ω dVdgrad DEε energy of electrical field: We 

:∫∫
ΓΩ

Γ+Ω
N

VdVd σρ potential energy of the charges: Wp 

 is the action!e pW W W= −

The variational problem corresponds to the principle 
of least action. 
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2.3.3 Ritz‘s procedure 

Since the variational problem and the boundary value problem 
are equivalent, an approximate solution of the variational 
problem is simultaneously an approximate solution of the 
boundary value problem. 

The variational problem can be solved approximately by means 
of the Ritz’s procedure. 
An approximate solution is sought in the following form: 

,
1

)( ∑
=

+=≈
n

j
jjD

n wVVVV 0:  arbitrary function with  on ,
,    1, 2, ..., :  numerical parameters,
,    1, 2, ..., :  basis functions with

                            0 on .

D D D

j

j

j D

V V V
V j n
w j n

w

= Γ
=

=

= Γ
( )  satisfies the Dirichlet boundary conditions for arbitrary !n

jV V 62 



The unknown parameters Vj, j = 1, 2, ..., n are determined from 
the condition that the approximate solution minimizes the 
functional. The necessary conditions are: 

. ..., 2, 1,     ,0)( )(

ni
V
VW

i

n

==
∂

∂

These are n equations (the Ritz equations system), allowing 
the determination of the n unknowns Vj, j = 1, 2, ..., n.  
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21
2

N

( n )
( n ) ( n ) ( n )

i i i i

W(V ) grad V d V d V d
V V V V

ε ρ σ
Ω Ω Γ

∂ ∂ ∂ ∂
= Ω − Ω − Γ =

∂ ∂ ∂ ∂∫ ∫ ∫

.
)()(

)(
)(

∫∫∫
ΓΩΩ

Γ
∂

∂
−Ω

∂
∂

−Ω⋅
∂

∂
=

N

d
V

Vd
V

VdgradV
V

Vgrad
i

n

i

n
n

i

n

σρε

.)(
1

)(

i

n

j
jjD

ii

n

wwVV
VV

V
=+

∂
∂

=
∂

∂ ∑
=

The Ritz equations system: 

,
1

∫∫∫∫∑
ΓΩΩΩ=

Γ+Ω+Ω⋅−=Ω⋅
N

dwdwdgradVgradwdgradwgradwV iiDiji

n

j
j σρεε

. ..., 2, 1,  ni =Symmetric matrix! 
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2.3.4 The method of finite elements (Finite Element Method=FEM) 

Ω

Discretization of the geometry 
Triangular elements: simplest possible approach 
Unknowns: potential values in  nodes 
Potential in each element: low order polynomial 

finite elements 
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Linear interpolation of the potential function within elements 
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+ + = 

= 

Shape functions 
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1 
Nj 

V 

j

∑
=

=
nn

j
jj

n NVV
1

)( nn: number of nodes 

Vj: nodal potential values 

1 in node 
0 in all other nodesj

j
N 

= 

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Basis functions: 
. ..., 2, 1,  , njNw jj == ΓD 

1 
2 

n 
n+1 n+2 ... 

nn ... 

VD V0 

=+== ∑∑∑
=+==

n

j
jj

n

nj
jj

n

j
jj

n NVNVNVV
nn

111

)( .
1

∑
=

+
n

j
jjD NVV
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,
1

∫∫∫

∫∑

ΓΩΩ

Ω=

Γ+Ω+Ω⋅−=

=Ω⋅

N

dNdNdgradVgradN

dgradNgradNV

iiDi

ji

n

j
j

σρε

ε

Ritz equations: 

. ..., 2, 1,  ni =

[ ]{ } { }.ijij bVA =

,∫
Ω

Ω⋅= dgradNgradNA jiij ε

.∫∫∫
ΓΩΩ

Γ+Ω+Ω⋅−=
N

dNdNdgradVgradNb iiDii σρε

In matrix form: 
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i j

iN jN

i

j

iN jN

,0≠Ω⋅= ∫
Ω

dgradNgradNA jiij ε

.0=Ω⋅= ∫
Ω

dgradNgradNA jiij ε

Sparse matrix. 
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8-node quadrilateral elements 

1 3 2 
4 

5 

6 
7 

8 

72 



20-node hexahedral elements 
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Shape and basis functions for 20-node hexahedral elements 
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2.4 Integral equations for the scalar potential 

The boundary value problem for the scalar potential can also be 
represented by various integral equations. 

)()(),( xfxdxyxxK
b

a

=′′′∫

Integral equations for functions a single variable: 

( ) :  unknown function,y x ( ) :  known function,f x
( , ) :  Kernel of the integral equation (given),K x x′

Fredholm integral equation of the first 
kind 

:  given konstant.λ

)()(),()( xfxdxyxxKxy
b

a

=′′′− ∫λ Fredholm integral equation 
of the second kind 
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Boundary value problem for the electric scalar potential in 
case of homogeneous medium (ε=ε0): 

,in  
0

Ω−=∆=
ε
ρVdivgradV Laplace-Poisson equation, 

DVV Γ=  auf 0 Dirichlet boundary condition, 

Nn
V

Γ=
∂
∂  auf 

0ε
σ Neumann boundary condition. 

If  and  were known on the ,VV entire boundary
n

∂
∂

one could compute the potential in any point in Ω with the 
aid of the integral representation. 
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Green function: solution of the special Laplace-Poisson equation 

)(),( rrrr ′−=′∆− δG

( ) :  Dirac impulse function in the point , defined byδ ′ ′−r r r

3 3

( ) ( ) ( ) or ( ) ( ) ( )w d w w d wδ δ
ℜ ℜ

′ ′ ′ ′ ′− Ω = − Ω =∫ ∫r r r r r r r r

in the entire three-dimensional space. 

2.4.1 Fundamentals of potential theory 
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The solution of the Laplace-Poisson equation  

in infinite empty space (ε=ε0) is:  

.)(
4

1)(
30
∫

ℜ
′′−
Ω′′′′

=
rr

rr dV ρ
πε

0

)()(
ε

ρ rr =∆− V

Therefore, the Green function is  

rrrr
rrrr

′−
=Ω′′

′′−
′−′′

=′ ∫
ℜ

π
δ

π 4
1)(

4
1),(

3

dG

( ):)()( 0 rrr ′−= δερ

This is the potential of a point charge of the magnitude ε0 in the 
point r´. 
A point charge of the magnitude Q in the point r´ corresponds 
to the charge density ).()( rrr ′−= δρ Q
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Green‘s theorem: 

ψφψφψφ ∆+⋅= gradgradgraddiv )(
φψφψφψ ∆+⋅= gradgradgraddiv )(−

)()( φψψφφψψφ graddivgraddiv −=∆−∆

( ) ∫∫
ΓΩ

Γ







∂
∂

−
∂
∂

=Ω∆−∆ d
nn

d φψψφφψψφ

Γ′⇐ΓΩ′⇐Ω′⇐′⇐ ddddGV ,),,(),( rrr ψφ
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=Ω′













′∆′−′∆′∫

Ω ′−−

dVGGV )(),(),()(
)(

rrrrrr
rr


δ

∫
Γ

Γ′







′∂
′∂′−

′∂
′∂′= d

n
VG

n
GV )(),(),()( rrrrrr

Integral representation: 

∫
Ω

−Ω′′∆
′−

−= dVV )(1
4
1)( r

rr
r

π

∫ ∫
Γ Γ

Γ′
′∂
′∂

′−
+Γ′

′−′∂
∂′− d

n
Vd

n
V )(1

4
11)(

4
1 r

rrrr
r

ππ
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Corollary 
Mean value theorem of potential theory :   
If V(r) is a solution of von  ∆V=0, then the mean value of V, 
over the surface of a sphere with an arbitrary radius R, equals 
the value of V in the centre of the sphere. 
Proof 
Let the centre be r, and the surface Γ be the sphere with the 
radius R:   R′− =r r



2

0
1

1 1 1( ) ( ) ( )
4 4

R

V V d V d
R R Rπ πΩ Γ=

−

∂′ ′ ′ ′= − ∆ Ω − Γ +
∂∫ ∫r r r





2

0

1 ( ) 1 ( )
4 4

gradV d divgradVd

V d V d
R n Rπ π

Γ Ω

Γ Γ

′ ′= ⋅ Γ = Ω =

′∂ ′ ′ ′+ Γ = Γ
′∂

∫ ∫

∫ ∫
n

r r




 

cf. method of 
finite differences 
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Inserting the quantities known from the boundary value problem: 

∫
Ω

−Ω′
′−

′
= dV

rr
rr )(

4
1)(

0

ρ
πε

∫∫
ΓΓ

Γ′
′−

′
+Γ′

′−′∂
∂′−

DN

dd
n

V
rr

r
rr

r )(
4

11)(
4
1

0

σ
πεπ

−Γ′
′−

′
+Γ′

′−′∂
∂′− ∫∫

ΓΓ ND

dd
n

V
rr

r
rr

r )(
4

11)(
4
1

0
0

σ
πεπ

known 

unknown 

Various integral equations can be obtained for the unknown 

quantities  on  and  on .N D
VV
n

∂
Γ Γ

∂
. 
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Simplest case: electrodes (Vi = constant, i =1, 2, ..., m). 

1VV =
iVV =

mVV =

... 

1Γ
iΓ

mΓ

0=∆V
0)( =∞V

.0,,0
1

=Γ=Γ=Γ ∑
=

ρ
n

i
iDN

Integral representation: 

+Γ′
′−′∂

∂
−= ∑ ∫

= Γ

m

i
i

i

d
n

VV
1

1
4
1)(

rr
r

π

.)(
4

1
10

∑∫
= Γ

Γ′
′−

′
+

m

i i

d
rr

rσ
πε

1Ω
iΩ

mΩ

Ω

=Ω′
′−

∆′=Γ′′⋅
′−

′=Γ′
′−′∂

∂
∫ ∫∫
Γ ΩΓ i ii

dddgrad
n rr

n
rrrr

111

. falls 0 iΩ∉= r

2.4.2 Integral equation for the surface charge density 
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10

1 ( ) ,  for ,  1, 2, ..., .
4

i

m

i i
i

d V i mσ
πε = Γ

′
′Γ = ∈Γ =

′−∑ ∫
r r

r r

Integral equation for the surface charge density on the 
electrodes: 

In the 2D case, the Green function is .1ln
2
1

rr ′−π

Let the contours of the electrodes be the curves Ci. 
Integral equation for the line charge density on the 
electrodes: 

10

1 1( ) ln ,  for ,  1, 2, ..., .
2

i

m

i i
i C

d V C i mτ
πε =

′ ′Γ = ∈ =
′−∑ ∫ r r

r r

Fredholm integral equations of the first kind. 
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Γ

2.4.3 Method of boundary elements (Boundary Element Method = BEM) 

Discretization of the electrodes: 3D problems - surfaces 
    2D problems - curves  

Boundary elements 
Unknowns: surface charge densities in the elements 

Numerical procedure to solve integral equations 
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Simplest assumption: σ is constant in each element. 
Let the number of elements be n, the unknowns are 
σj (j = 1, 2, ..., n).  

In each element, one test point Pi (i = 1, 2, ..., n) is selected in 
which the integral equation is required to be satisfied. 

1P
2P ... nP... 
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. ..., 2, ,1   ,1
4

1
10

niVd i

n

j P
j

j i

==Γ′
′−∑ ∫

= Γ rr
σ

πε

Linear equation system for the unknown surface charge densities 
(Γj: j-th element, Vi: potential in Pi):  

In the 2D case, the unknowns are the values of the line 
charge density (Cj: j-th line segment, Vi: potential in Pi):  

. ..., 2, ,1   ,1ln
2

1
10

niVsd i

n

j C P
j

j i

==′
′−∑ ∫

= rr
τ

πε

Non-symmetric full matrix. 

Having solved the equation system, the potential can be 
computed in any point by evaluating the integral representation.  



2.5 Boundary value problems for the vector potential 

Magnetostatic field: 

A: magnetic vector potential 

Differential equations: 

1( ) ,curl curl curl
µ

= ⇒ =H J A J

,div curl= ⇒ =B 0 B A

88 

Static current field: 

,div curl= ⇒ =J 0 J T T: current vector potential 

1( ) .curl curl curl
γ

= ⇒ =E 0 T 0



2.5.1 Planar 2D problems 

.),(),(,),(:0 yyxxz yxByxByxJ
z

eeBeJ +===
∂
∂

Magnetostatic field: 

J

Field lines of B
zyxA eA ),(=

0 .

0 0

x y z

x y
A Acurl

x y y x
A

∂ ∂ ∂ ∂
= = = −

∂ ∂ ∂ ∂

e e e

B A e e

89 



Differential equation for the single component vector potential in 
planar 2D case: 

1[ ( )] 0

1 1 0

x y z

zcurl curl A
x y
A A
y x

µ

µ µ

∂ ∂
= =

∂ ∂
∂ ∂

−
∂ ∂

e e e

e

1 1 1( ).z z
A A div gradA

x x y yµ µ µ
    ∂ ∂ ∂ ∂

= − + = −    ∂ ∂ ∂ ∂    
e e

,)1( JgradAdiv =−
µ

generalized Laplace-Poisson equation. 
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Magnetic flux by means of A: 

.
C

d curl d d
Γ Γ

Φ = ⋅ Γ = ⋅ Γ = ⋅∫ ∫ ∫B n A n A r


C 

Γ

n Γd

B

A

rd

z=constant 

x

y

P QzPA e)(
zQA e)(

CPQ 

PQΓ

Planar 2D case: 

1

ΓPQ: surface of unit length 
through the points P and Q  

)()( QAPAd
PQC

PQ −=⋅=Φ ∫ rA

ze
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Flux lines (magnetic field lines) are parallel to B.  

P

Q For any two points P and Q on a flux line 
one has ΦPQ = A(P) - A(Q) = 0. B

( ) ( ) constant along flux lines!A P A Q A= ⇒ =

.0)(
x

y
xy B

B
dx
dydyBdxBdy

y
Adx

x
APdA =⇒=+−=

∂
∂

+
∂
∂

=

If flux lines are drawn so that the difference of the vector 
potential between any two neighboring flux lines is 
constant, then the density of the lines is proportional to 
the magnitude of B. 

Flux lines: lines of constant A(x, y). 

92 
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Current by means of T: 

.
C

I d curl d d
Γ Γ

= ⋅ Γ = ⋅ Γ = ⋅∫ ∫ ∫J n T n T r


C 

Γ

n Γd

J

T

rd

z=constant 

x

y

P QzPT e)(
zQT e)(

CPQ 

PQΓ

Planar 2D case: 

1

ΓPQ: surface of unit length 
through the points P and Q  

)()( QTPTdI
PQC

PQ −=⋅= ∫ rT

ze

Current lines:  
Lines of constant T(x,y). 
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.),(),(:0 yyxx yxJyxJ
z

eeJ +==
∂
∂

Static current field: 

zyxT eT ),(=

0 .

0 0

x y z

x y
T Tcurl

x y y x
T

∂ ∂ ∂ ∂
= = = −

∂ ∂ ∂ ∂

e e e

J T e e

,0)1( =− gradTdiv
γ

generalized Laplace equation. 



Boundary conditions: 
Dirichlet boundary condition: 0  (known) on ,DA A= Γ

This means the prescription of Bn or Jn:  

( ) ( ) ( )n z z zB curl curl A gradA gradA= ⋅ = ⋅ = ⋅ × = ⋅ × =n A n e n e e n

DΓ

n

ze

tne =×z

:  tangential derivative of !AgradA A
t

∂
= ⋅ =

∂
t

In most cases A0=constant or T0=constant: 
Then, the section of ΓD with a plane z=constant is 
a flux line or a current line. The differences in the 
values of A0 or T0 yield the flux or current per unit 
length between the lines.  
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0  (known) on .DT T= Γ

e.g. for the magnetic field:  



Neumann boundary condition: 1  (known) on ,N
A
n

α
µ

∂
= Γ

∂

This means the prescription of Ht or Et : 

1 1( ) ( ) ( ) ( )t z z z zH curl A gradA
µ µ

= × ⋅ = × ⋅ × =e n e e n e

.111)(
n
AgradAgradAzz ∂

∂
−=⋅−=⋅××=

µµµ
nnee

On interfaces to highly permeable regions or electrodes, 
the Neumann boundary condition is 

homogeneous: 1 10 or 0.A T
n nµ γ

∂ ∂
= =

∂ ∂
96 

1  (known) on .N
T e
nγ

∂
= Γ

∂

e.g. for the magnetic field:  



Boundary value problem for the single component vector 
potential functions in the planar 2D case: 

0

1( ) in 

1 on ,  on .D N

div gradA J

AA A
n

µ

α
µ

− = Ω,

∂
= Γ = Γ

∂

magnetostatic 
field: 

Similar boundary value problem to the ones for the scalar potential 
functions. 
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0

1( ) 0 in 

1 on , 0 on .D N

div gradT

TT T
n

γ

γ

− = Ω,

∂
= Γ = Γ

∂

Static current 
field: 



Duality between the boundary conditions for the scalar potential 
and the single component vector potential in the planar 2D case 

Magnetic wall: 
 constant,ψ =

1 0.A
nµ

∂
=

∂

Magnetic wall 

Flux line: 

0,  constant.A
n
ψµ ∂

= =
∂

Flux line 
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2.5.2 Axisymmetric 2D problems 

.),(),(,),(:0 zzrr zrBzrBzrJ eeBeJ +===
∂
∂

φφ

Magnetostatic field: 

φeA ),( zrA=
1 1

0

0 0

r zr r

curl
r z

rA

φ

∂ ∂
= = =

∂ ∂

e e e

B A

.)(1
zr r

rA
rz

A ee
∂

∂
+

∂
∂

−=
99 



1 1

1[ ( )] 0

1 1 ( )0

r zr r

curl curl A
r z

A rA
z r r

φ

φµ

µ µ

∂ ∂
= =

∂ ∂
∂ ∂

−
∂ ∂

e e e

e

Differential equation for the single component vector potential in the 
axisymmetric case: 

1 1 1( rA ) A div( gradA ).
r r r z z ϕ ϕµ µ µ

    ∂ ∂ ∂ ∂
= − + ≠ −    ∂ ∂ ∂ ∂    

e e

1 1 1 1A Adiv( gradA ) r
r r r z zµ µ µ

    ∂ ∂ ∂ ∂
= +    ∂ ∂ ∂ ∂    

1 1( rA ) A J
r r r z zµ µ

    ∂ ∂ ∂ ∂
− + =    ∂ ∂ ∂ ∂     100 



Q

P

φe)(QA

φe)(PA
CPQ 

PQΓ

Flux in axisymmetric 2D case: 

ΓPQ: Conical surface through 
the points P and Q  

)].()([2 QArPArd QP
C

PQ

PQ

−=⋅=Φ ∫ πrA

z 

constantφ =

constantφ =

Qr

Pr

Flux lines: Lines of constant rA(r, z). 
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Current field: Lines of constant rT(r, z) are the 
current lines. 



2.5.3 3D problems 

The vector potential functions are not unique: 

( )curl curl gradu= = +B A A u is an arbitrary scalar function, 

Differential equations: 

1( ) ,curl curl curl
µ

= ⇒ =H J A J

Boundary conditions: 

Prescription of Bn or of Ht . 

102 

( )curl curl gradu= = +J T T u is an arbitrary scalar function, 

10 ( ) 0,curl curl curl
γ

= ⇒ =E T Prescription of Jn or of Et . 
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In case of 3D problems, the boundary conditions are 
specified for the normal and tangential components of the 
field quantities or vector potentials. 

.tn AA tnA += .

.
nAn

tAt

A

.
nA×

n Γ

( ) n

A

t AA
n

nAnAnnnAnAnt −=⋅−⋅=××=


)()(
1

)( nAnn ⋅=nA

Instead of tAt we use         .  nA×
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Specification of Bn or of  Jn with the aid of the vector potentials: 


0

( ) ,ndiv curl curl B× = ⋅ − ⋅ = ⋅ =A n n A A n n B

( ) ( ) ( ) 















∂
∂

+
∂
∂

+
∂
∂

= 213
3

312
2

321
1321

321
1),,( hhv

x
hhv

x
hhv

xhhh
xxxdivv

 and  have no normal component× ×A n T n

When building the divergence, no differentiation in the 
normal direction occurs. 

⇓

By specifying           or          ,  Bn or Jn are determined: 
Dirichlet boundary condition. 

nA× nT×

.)( nJdiv =×nT



105 

Specification of Ht or of Et with the aid of the vector potentials: 

 or  are prescribed:× ×H n E n

1 ,curl
µ

× = ×H n A n 1 :curl
γ

× = ×E n T n Neumann boundary 
condition. 
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Boundary value problems for the vector potential functions in 3D case: 

1( ) in 

1 on ,  on .D N

curl curl

rot

µ

µ

= Ω,

× = Γ × = Γ

A J

A n a A n α

Static magnetic 
field: 

Static current 
field: 

The solution of the boundary value problems is not 
unique. 

1( ) in 

1 on ,  on .D N

curl curl

curl

γ

γ

= Ω,

× = Γ × = Γ

T 0

T n T n eτ



Special case: vector potential due to a given current 
density in infinite free space 0(  and ) :µ µ= Γ → ∞

0 ,
( ) 0             ( ( )  or ( ) ).

curlcurl
curl

µ=

∞ = ⇒ ∞ × = ∞ × =

A J
A A n 0 A n 0

Only B=curlA is defined uniquely, but not A. 

A becomes unique if divA is additionally defined: gauging. 

The choice divA = 0 is the Coulomb gauge. 

107 



The gauge makes A unique: 

( )    0,
.

( ) ( ) ( ) ( ) ,
div div gradu u

gradu
gradu gradu

= + ⇒ ∆ = 
⇒ =∞ = ∞ + ∞ ⇒ ∞ = 

A A
0

A A 0

Boundary value problem for A: 

0 ,
0,

( ) .

curlcurl
div

µ= 
= ⇒
∞ = 

A J
A

A 0

0 ,
( ) .

curlcurl graddiv µ− = −∆ =
∞ =

A A A J
A 0

Vector Laplace-Poisson differential equation. 

⇓
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Solution of 

0 ( )( ) .
4

dµ
π Ω

′ ′Ω
=

′−∫
J rA r

r r

0 ,
( ) .

curlcurl graddiv µ− = −∆ = 
⇒∞ = 

A A A J
A 0

0

( ) 0

( )
0.

( ) 0,
div

div curlcurl graddiv div
div

div

µ
∆

− = 
 ⇒ =
∞ = 

A

A A J
A

A




0 , ( ) :µ−∆ = ∞ =A J A 0

The Coulomb gauge follows from the vector Laplace-
Poisson differential equation: 
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Biot-Savart‘s law: 

0

0 0
3

( )( )
4
1 ( ) ( )( ) ( ) ,

4 4

dcurl curl

grad d d

µ
π

µ µ
π π

Ω

Ω Ω

′ ′Ω
= = =

′−

′ ′× −′ ′ ′= × Ω = Ω
′− ′−

∫

∫ ∫

J rB r A
r r

J r r rJ r
r r r r

.)(
4
1)( 2∫

Ω

→′ Ω′
′−

×′
= d

rr
erJrH rr

π



3. Quasi-static fields 

Maxwell’s equations :







∂
∂

>>
t
DJ

,

,

0,

curl

curl
t

div

=
∂

= −
∂

=

H J
BE

B

).(, 0EEJHB === eγµ

In conducting media (Ωl): In non-conducting media (Ωi): 

,
0,

curl
div

=
=

H J
B

.HB µ=

J is unknown: 
time dependent  
quasi-static field 

J is known:  
time dependent 
magnetostatic field 111 



lΩ

iΩ

)(tJ

Example: 
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iΩ

non-conducting region 

J 
lΩ

conducting region 

liΓ ,: nH × nB ⋅ continuous 

:BΓ b−=⋅nB

:HiΓ α=×nH

:EΓ 0nE =×

:HlΓ 0nH =×

n

n

n

Boundary and interface conditions: 
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Differential equations in Ωi 
(eddy current free region):  

0
,

i i

i

i i i i

curl
div

µ ν

=
=

= =

H J
B

B H H B

boundary conditions: 

0nH =×l  on HlΓ ,  
0nE =×l  on EΓ , 
KnH =×i  on HiΓ , 
bi −=⋅nB  on BΓ . 

interface conditions on Γli: 

0=⋅+⋅
=×+×

iill

iill

nBnB
0nHnH

initial conditions at t=0: iiilll Ω=Ω= in ,in  00 BBBB

Differential equations in 
Ωl (eddy current region): 

0
, ,

l l

l
l

l

l l l l l l

curl

curl
t

div

∂
∂

µ ν γ

=

= −

=
= = =

H J
BE

B
B H H B J E

Summary 
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Complex notation for time harmonic quantities: 

Complex amplitude: )()(ˆ)( rrBrB ϕje=
Time derivative: 

Maxwell’s equations for complex amplitudes  
(quasi-static case): 

0curl , curl j , div .ω= = − =H J E B B

))(cos()(ˆ),( rrBrB ϕω += tt

Time function : 

specially for linear polarization: 

ˆ( , ) ( )cos( ( ))x x xB t B tω ϕ= +r r r
ˆ( , ) ( )cos( ( ))y y yB t B tω ϕ= +r r r
ˆ( , ) ( )cos( ( ))z z zB t B tω ϕ= +r r r

 in time domain  multiplication by  in frequency domainj
t

ω∂
→

∂
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( )* * * * *1 1 1 1 1
2 2 2 2 2

curl curl div jω⋅ − ⋅ = − × = ⋅ + ⋅E H H E E H E J B H

Poynting’s  theorem for complex amplitudes in quasi-static 
case:  

( ) Sddjd =Γ⋅×−=Ω⋅+Ω⋅ ∫∫∫
ΓΩΩ

nHEHBJE ***

2
1

2
1

2
1 ω

S: complex power flowing into the region Ω through the 
boundary Γ. 
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Proof: 

=+×+=×= )cos(ˆ)cos(ˆ)()()( HE ttttt ϕωϕω HEHES

[ ] =+++−×= )2cos()cos(ˆˆ
2
1

HEHE t ϕϕωϕϕHE

[ ]
Effective part

1 ˆ ˆ cos( ) 1 cos 2( )
2 E H Etϕ ϕ ω ϕ= × − + + +E H


[ ]
Reactive part

1 ˆ ˆ sin( ) sin 2( )
2 E H Etϕ ϕ ω ϕ+ × − +E H


∫
Γ

Γ⋅−×−= dP HE nHE )cos(ˆˆ
2
1 ϕϕ

∫
Γ

Γ⋅−×−= dQ HE nHE )sin(ˆˆ
2
1 ϕϕ

Effective power: 

Reactive power: 

Time function of Poynting’s vector: 
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=Γ⋅−+−×−=+= ∫
Γ

djjQPS HEHE nHE )]sin()[cos(ˆˆ
2
1 ϕϕϕϕ

=Γ⋅×−=Γ⋅×−= ∫∫
Γ

−

Γ

− deede HEHE jjj nHEnHE ϕϕϕϕ ˆˆ
2
1ˆˆ

2
1 )(

( ) .
2
1 * Γ⋅×−= ∫

Γ

dnHE q. e. d. 

Complex Poynting’s vector: *

2
1 HES ×=

),(,
2
1

2
1 2

* 0E
J

JE =Ω=Ω⋅= ∫∫
ΩΩ

eddP
γ

.
2
1

2
1 2* ∫∫

ΩΩ

Ω=Ω⋅= ddQ HHB µωω

Effective power: 

Reactive power: 
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In conducting region (Ωl): 0 ,div curl= ⇒ =B B A

( ) 0 .curlcurl curl curl gradV
t t t t

∂ ∂ ∂ ∂
+ = + = + = ⇒ = − −

∂ ∂ ∂ ∂
B A A AE E E E

Differential equations: 

1( ) ,curl curl curl gradV
t

γ γ
µ

∂
− = ⇒ + + =

∂
AH J 0 A 0







 =

∂
∂

−−⇒= .0)()(0
t

divgradVdivdiv AJ γγ

boundary conditions: ( ) 0, ( ) 0.V∞ = ∞ =A

3.1 Some analytical solutions of the boundary value problem for 
the magnetic vector potential 
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Special case: µ = constant, γ = constant, time harmonic case. 

Coulomb gauge: divA=0 

( ) ( ) 0 0

0
                              0

( ) 0

div gradV j div V j div

V
V

V

γ ω γ ω
⇓

− − = ⇒ −∆ = =

∆ = 
⇒ = ∞ = 

A A


Differential equation in Ωl: 

0AA =+∆− ωµγj vector diffusion equation. 

Planar 2D problems: 

0),(),( =+∆− yxAjyxA ωµγ scalar diffusion equation. 
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3.1.1 Current flow in an infinite conducting half space 

:0,0 =
∂
∂

=
∂
∂

xz
,)( zyA eA =

,)()( zz yEyAj eeE =−= ω

,)()( zz yJyAj eeEJ =−== ωγγ

( )0 0 ( ) ,

0 0

x y z

x x
dA ycurl B y

y dy
A

∂
= = = =

∂

e e e

B A e e

µγ ,

x

z

y

zyJ eJ )(=

xyB eB )(=

.)()(11
xx yH

dy
ydA eeBH ===

µµ 121 



,2pj =ωµγ

)()( 2
2

2

yAp
dy

yAd
=

pypy eAeAyA 21)( += −

,1
2
1

δ
ωµγ

ωµγ jjjp +
=

+
==

:0)(lim 2 =⇒∞<
∞→

AyA
y

δδ
yjy

py eeAeAyA
−−− == 11)(

δ: penetration depth. 

Diffusion equation: .0)()(
2

2

=+− yAj
dy

yAd ωµγ

122 



,)()( 1
pyeAjyAjyE −−=−= ωω

Field quantities: 

,)()( 1
pyeAjyAjyJ −−=−= ωγωγ

,)()( 1
pyepA

dy
ydAyB −−==

Determination of the constant A1: the current through a 
conductor of width b is assumed to be given. 

.)(1)( 1
pyeAp

dy
ydAyH −−==

µµ
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b
x

y

z

I

l

0Γ
0C

IbyHdd
C

===⋅=Γ⋅ ∫∫
Γ

)0(
00

rHnJ

pb
IAIApb µ

µ
−=⇒=− 11

,)( δδ

γ
ωµ yyjjpy eeI

b
peI

pb
jyE

−−− ==

,)()( δδγ
yyj

eeI
b
pyEyJ

−−
==

.)(  ,)( δδδδµ yyjyyj
ee

b
IyHeeI

b
yB

−−−−
==

δ

δ

y

e
b
I

yJ
−

= 2)(

yδ

)(yJ
Magnitude of the 
current density 
decays exponentially 

Skin effect: 
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Impedance of a conductor of width b and length l: 

( ) Γ⋅×−== ∫
Γ

dZIS nHE *2

2
1

2
1

yxz yHyEyHyE eeeHE )()()()( *** =×=×

 for 0,  otherwise     .y yy= − =n e n e

.
2
1

2
1)0()0(

2
1

2
1 2

*
*2

b
plIbl

b
II

b
pblyHyEZI

γγ
=====

,)1(
b

ljjXRZ
γδ

+=+=

.  ,
b

lX
b

lR
γδγδ

==

b
l

δI

D. C. 
resistance 
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3.1.2 Current flow in an infinite conducting plate 

x 

y 

z 

2h

2b2b
2h

I

),()( 2
2

2

yAp
dy

yAd
= .1

2
1

δ
ωµγ

ωµγ jjjp +
=

+
==

Diffusion equation: 

,)()( zz yEyAj eeE =−= ω ,)()( zz yJyAj eeEJ =−== ωγγ

,)()(
xx yB

dy
ydA eeB == .)()(1

xx yH
dy

ydA eeH ==
µ
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Solution of the diffusion equation: 

).sinh()cosh()( 2121 pyCpyCeAeAyA pypy +=+= −

)()( yAjyJ ωγ−=The current density has to be an even function  
( J(y) = J(-y) ): .02 =C

).cosh()( 1 pyCyA =

)cosh()()( 1 pyCjyAjyE ωω −=−=Field quantities: 

)cosh()()( 1 pyCjyAjyJ ωγωγ −=−=

)sinh()()( 1 pypC
dy

ydAyB ==

)sinh()(1)( 1 pyCp
dy

ydAyH
µµ

==
127 



Determination of the constant C1: Current through a 
conductor of width b is assumed to be given. 

x z 

y 
0Γ

I

0C

2hy =

2hy −=

=−=+=−=⋅=Γ⋅ ∫∫
Γ

bhyHbhyHdd
C

)2()2(
00

rHnJ

b

,)
2

sinh(2)2(2 1 IphCpbbhyH =−==−=
µ

.
)

2
sinh(2

1 phpb

IC µ
−=
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),cosh(
)

2
sinh(2

)cosh(
)

2
sinh(2

)( pyphb

Ippyphpb

IjyE
γ

ωµ
==

),cosh(
)

2
sinh(2

)()( pyphb

IpyEyJ == γ

),sinh(
)

2
sinh(2

)( pyphb

IyB µ
−=

).sinh(
)

2
sinh(2

)( pyphb

IyH −=
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( ) Γ⋅×−== ∫
Γ

dZIS nHE *2

2
1

2
1

yxz yHyEyHyE eeeHE )()()()( *** =×=×

 for 2,   for 2,  otherwise     .y y yy h y h= = = − = −n e n e n e

=−=−=+==−= blhyHhyEblhyHhyEZI )
2

()
2

(
2
1)

2
()

2
(

2
1

2
1 **2

b
l

h
I

x

y

z

Γ

.
2)

2
sinh(2

)
2

cosh(
)

2
()

2
(

*
* bl

b
I

phb

phIp
blhyHhyE

γ
===−=

Impedance of a conductor of width b and length l: 
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,
)

2
sinh(2

)
2

cosh(

phb

phpl
Z

γ
= .

2
1

2
1

2 2
+

=
+

=
ωµγ

δ
hjhjph

Low frequency: 

High frequency: 

.
2

)
2

sinh(,1)
2

cosh(1
2

phphphph
≈≈⇒<<

:
bh
lZ

γ
≈ like D. C. in the entire height h. 

).
2

sinh()
2

cosh(1
2

phphph
≈⇒>>

:
2

)1(
2 b

lj
b

plZ
γδγ

+=≈ D. C. resistance of two layers each of 
thickness δ, reactance same as 
resistance. 
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4. Electromagnetic waves 

, ,

0, ,

curl curl
t t

div div ρ

∂ ∂
= + = −

∂ ∂
= =

D BH J E

B D , , ( )eε µ γ= = = +D E B H J E E

The full set of Maxwell’s equations: 

describes electromagnetic waves. 

t
∂
∂
D

( )tH

t
∂

−
∂
B

( )tE

The time varying electric and 
magnetic fields mutually sustain 
each other: 
electromagnetic field 

in vacuum: 
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4.1 Planar waves 

Maxwell’s equations in vacuum (µ = µ0, ε = ε0), in 
absence of charges and currents (ρ = 0, J = 0): 

0 ,curl
t

ε ∂
=

∂
EH 0 ,curl

t
µ ∂

= −
∂
HE

0,div =H 0.div =E
2

0 0 0 2 ,curlcurl graddiv curl
t t

ε ε µ
=

∂ ∂
= − ∆ = = −

∂ ∂
0

HH H H E


2

0 0 2 ,
t

ε µ ∂
∆ =

∂
HH

Similarly: 
2

0 0 2 .
t

ε µ ∂
∆ =

∂
EE

vector 3D wave equation 


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Assumption: 0, 0.
x y

∂ ∂
= =

∂ ∂
The electromagnetic field is 
constant in any plane z = constant: 

Planar waves: 
2 2

0 02 2 ,
z t

ε µ∂ ∂
=

∂ ∂
H H 2 2

0 02 2 :
z t

ε µ∂ ∂
=

∂ ∂
E E

Vector 1D wave equation. 

All components Ex, Ey, Ez, Hx, Hy, Hz of the electromagnetic field 
satisfy the scalar 1D wave equation: 

2 2

0 02 2 .f f
z t

ε µ∂ ∂
=

∂ ∂
Solution: 

0 0

1( ), .zf t v c
v µ ε

= =
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( , ) ( ),x x
zE z t E t
c

= 

Waves propagating with light velocity: 

( , ) ( ),y y
zE z t E t
c

=  ( , ) ( ),z z
zE z t E t
c

= 

( , ) ( ),x x
zH z t H t
c

=  ( , ) ( ),y y
zH z t H t
c

= 

( , ) ( ).z z
zH z t H t
c

= 

Relationship between E and H: 

0 ,

x y z

x y z

curl
x y z t

H H H

ε∂ ∂ ∂ ∂
= =

∂ ∂ ∂ ∂

e e e
EH

10, 0, .
x y z c t

∂ ∂ ∂ ∂
= = =

∂ ∂ ∂ ∂
Planar waves: 
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1 1 10 0 0 0 1 ( ).

x y z
x y z

z

x y z
x y z

curl
c t c t c t

H H HH H H

∂ ∂ ∂
= = = ×

∂ ∂ ∂

e e e e e e
H e H  

0
0 0

0

1 1( ) ( ) ; ( ) .z z zc t t c
εε ε
µ

∂ ∂
× = ⇒ × = × =

∂ ∂
Ee H e H E e H E  

Similarly, from Faraday’s law: 0

0

( ) .z
µ
ε

× = ±e E H

Sign above: propagation in the positive z-direction, 

Sign below: propagation in the negative z-direction. 
136 



( , ) ( )zz t t
c

= −E E

( , ) ( )zz t t
c

= −H H

ze

( , ) ( )zz t t
c

= +E E

( , ) ( )zz t t
c

= +H H

ze
direction of propagation direction of propagation S S

The direction of Poynting’s vector coincides with the 
direction of propagation. 

2 20 0
0

0 0 0 0

1( ) ,z z z
µ µ µ
ε ε µ ε

= × = × × = ± = ±S E H e H H e H e H

2 20 0
0

0 0 0 0

1[ ( )] ,z z z
ε ε ε
µ µ µ ε

= × = × ± × = ± = ±S E H E e E e E e E

2 2
0 0

1 ( ).
2zc ε µ= ± +S e E H

137 



More general material properties: , , konstant.µ ε γ =

Maxwell’s equations in absence of charges (ρ = 0): 

2

2 ,curlcurl graddiv curl curl
t t t

γ ε γµ εµ
=

∂ ∂ ∂
= − ∆ = + = − −

∂ ∂ ∂
0

H HH H H E E


2

2 ,
t t

γµ εµ∂ ∂
∆ − − =

∂ ∂
H HH 0

Similarly: 
2

2 .
t t

γµ εµ∂ ∂
∆ − − =

∂ ∂
E EE 0

, ,

0,                    0.

curl curl
t t

div div

γ ε ∂ ∂
= + = −

∂ ∂
= =

E BH E E

H E
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For planar waves: 
2

20, 0 .
x y z

∂ ∂ ∂
= = ⇒ ∆ =

∂ ∂ ∂

2

2 2 ,
z t t

µε µγ∂ ∂ ∂
= +

∂ ∂ ∂

2E E E 2

2 2 .
z t t

µε µγ∂ ∂ ∂
= +

∂ ∂ ∂

2H H H

Total analogy with the transmission line equations: 

2 2

2 2 ( ) ,u u uLC RC LG RGu
z t t

∂ ∂ ∂
= + + +

∂ ∂ ∂
2 2

2 2 ( ) .i i iLC RC LG RGi
z t t

∂ ∂ ∂
= + + +

∂ ∂ ∂

, , 0, , , .u i R L G Cµ γ ε⇔ ⇔ ⇔ ⇔ ⇔ ⇔E H
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Time harmonic case, complex notation 

( ), ( ) :  complex amplitudes.z zE H

Solution (due to analogy): 

( ) ,pz pzz e e+ − −= +E E E
0 0

( ) .pz pzz e e
Z Z

+ −
−= −

E EH

Propagation coefficient: ( ) ,p j j jωµ γ ωε α β= + = +

Wave impedance: 0 .jZ
j

ωµ
γ ωε

=
+

Attenuated waves propagating in the positive and 
negative z-direction. 
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Lossless medium: 0.γ =

( )( ) 0, .p j j jωµ ωε ω µε α β ω µε= = ⇒ = =

0 .jZ
j
ωµ µ
ωε ε

= =

0 0

1 1 1 .
r r r r

cv cω
β µε µ ε µ ε µ ε

= = = = ≤

Optics:  ,cv
n

= n: refraction index 

Maxwell’s relationship: 2; ,r rn nε ε= =

rsince for optically transparent media 1.µ =
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  4.2 Electromagnetic waves in homogeneous, infinite space 

Assumptions:  

• current density J and charge density ρ are known everywhere at 
any time instant: 

• material properties µ and ε are constant everywhere, e. g. µ = µ0, 
ε = ε0, 

• lossless medium: γ = 0. 

( , ) and ( ,t) are given,t ρJ r r

e. g. antenna: 

( , )tJ r

homogeneous medium 
0 0(e. g. vacuum or air: , )µ ε

electromagnetic field: E(r,t), H(r,t) 
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Maxwell’s equations: 

,curl
t

∂
= +

∂
DH J ,curl

t
∂

= −
∂
BE

0,div =B ,div ρ=D

4.2.1. Solution of Maxwell’s equations with retarded potentials 

Potentials: 
0

1, ,curl curl
µ

= =B A H A

0 0, .gradV gradV
t t

ε ε∂ ∂
= − − = − −

∂ ∂
A AE D

0 0, .µ ε= =B H D E
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2

0 0 0 0 02 .Vcurlcurl graddiv grad
t t

µ µ ε µ ε∂ ∂
= − ∆ = − −

∂ ∂
AA A A J

The divergence of A can be freely chosen: 

0 0 :Vdiv
t

µ ε ∂
= −

∂
A Lorenz gauge. 

0 0 02 .
t

µ ε µ
2∂

−∆ + =
∂

AA J

0

( ) .divdiv gradV V
t t

ρ
ε

∂ ∂
− − = −∆ − =

∂ ∂
A A

Using the Lorenz gauge: 

0 0 2
0

.VV
t

ρµ ε
ε

2∂
−∆ + =

∂

Non-homogeneous 3D 
wave equations 
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In the static case  ( 0)
t

∂
=

∂
these equations reduce to the 

Laplace-Poisson equations 0 ,µ−∆ =A J
0

V ρ
ε

−∆ =

whose solutions are known to be 

0

1 ( )( ) .
4

dV ρ
πε Ω

′ ′Ω
=

′−∫
rr
r r

0 ( )( ) ,
4

dµ
π Ω

′ ′Ω
=

′−∫
J rA r

r r

In regions with vanishing current density and charge density, 
one obtains the wave equations 

0 0 2 ,
t

µ ε
2∂

−∆ + =
∂

AA 0 0 0 2 0.VV
t

µ ε
2∂

−∆ + =
∂
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The solutions of the non-homogeneous wave equations in 
infinite free space are 

0
( , )

( , ) ,
4

t d
ct µ

π Ω

′−
′ ′− Ω

=
′−∫

r r
J r

A r
r r

0

( , )1( , ) ,
4

t d
cV t

ρ

πε Ω

′−
′ ′− Ω

=
′−∫

r r
r

r
r r

( , ) and ( , ) are the  potentials.t V t retardedA r r

0 0

1( ).c
µ ε

=
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Time harmonic case: 

( ),  ( ), ( ) and ( ) are complex amplitudes.V ρ′ ′A r r J r r

ˆ( , ) ( ) cos[ ( ) ( )].t t
c c

ω ϕ
′ ′− −

′ ′ ′− = − +
r r r r

J r J r r

In frequency domain: 0( )ˆ ( ) ( ) ,
j jkj ce e e
ωϕ

′−
− ′− −′′ ′=

r r
r rrJ r J r

0 0 0 :  wave number (phase factor).k
c
ω ω µ ε= =

0
0 ( )( ) ,

4

jke dµ
π

′− −

Ω

′ ′Ω
=

′−∫
r rJ rA r

r r

0

0

1 ( )( ) .
4

jke dV ρ
πε

′− −

Ω

′ ′Ω
=

′−∫
r rrr

r r

In time domain: 
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Using the Lorenz gauge, V can be eliminated: 

0 0
Vdiv
t

µ ε ∂
= −

∂
A is in the frequency domain 0 0 .div j Vωµ ε= −A

0 0

1 .V div
jωµ ε

= − A

,curl=B A

0 0

1j gradV j graddiv
j

ω ω
ωµ ε

= − − = − + =E A A A

2
0 0

0 0

1 ( ).graddiv
j

ω µ ε
ωµ ε

= +A A

2
0

0 0

1 ( ).k graddiv
jωµ ε

= +E A A
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4.2.2. Hertz dipole 

ˆ( ) cos( )i t I tω=l
0

2 ,   .l d l
k
πλ = 

d
Equivalent to a dipole: 

ˆ( ) sin( )Q t Q tω=

( )Q t−

( )i tl

ˆ can be considered to be the complex amplitude of the current.I

),,( φθr

x 

y 
z 

φ

r
θ

Î

rSpherical coordinate system: 

ˆÎ j Qω=
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0
0
ˆ

( , , ) ( cos sin ).
4

jk r

r
Il er

r θ
µθ φ θ θ

π

−

= −A e e

0
0 ( )( ) ,

4

jke dµ
π

′− −

Ω

′ ′Ω
=

′−∫
r rJ rA r

r r
ˆ, ( ) , .zd Il r′ ′= Ω = =r 0 J 0 e r

No integration is necessary, since the integrand is constant: 

θ

ze
re

θe

z
cos sin .z r θθ θ= −e e e
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2

0 0 0

1 1 1
sin sin

1 1 10 [ ( ) ].

0

r

r

r

r r r
Arot rA

r r r
A rA

θ φ

φ θ

θ

θ θ

µ µ θ µ θ
∂ ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

e e e

H A e

0 0
2

ˆ 1( )sin .
4

jk r kIl e j
r r φθ

π
−= +H e

Magnetic field: 

0

0
0

ˆ 1(1 ) sin .
4

jk rIl eH jk
jk r rφ θ

π

−

= +0, 0,rH Hθ= =
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Electric field: 2
0

0 0

1 ( ).k graddiv
jωµ ε

= +E A A

0

2
0 0

2 2

ˆ(sin )1 ( ) 1 1( )cos ,
sin 4

jk rr A Il jkr Adiv e
r r r r r

θθ µ θ
θ θ π

−∂∂
= + = − −

∂ ∂
A

( ) 0

2
0 0 0

3 2

ˆ 2( 2 )cos ,
4

jk r
r

Il jk kdivgraddiv e
r r r r

µ θ
π

−∂
= = + −

∂
AA

( ) 00 0
3 2

ˆ1 1( )sin ,
4

jk rIl jkdivgraddiv e
r r rθ

µ θ
θ π

−∂
= = +

∂
AA

0
0

2
0 0

ˆ 1(1 ) cos ,
2

jk r

r
Il eE

jk r r
µ θ

π ε

−

= +

0
0

0 2
0 0 0

ˆ 1 1[1 ] sin ,
4 ( )

jk rIl eE jk
jk r jk r rθ

µ θ
π ε

−

= + + 0.Eφ =
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Near field:  0 2 1.rk r π
λ

= 

0 0

0 2
0

ˆ ˆ1(1 ) sin sin .
4 4

jk r jk rIl e Il eH jk
jk r r rφ θ θ

π π

− −

= + ≈


2 2

ˆ( )1( ) ( ) .
4 4

z rIld
r

φ

π π
′→

Ω

′ × ×′= Ω ⇒ =
′−∫

e

r rJ r e e eH r H r
r r

Biot-Savart: 

0 0
0

2 3
0 0 0

ˆˆ 1(1 ) cos cos ,
2 2

jk r jk r

r
Il e Ql eE

jk r r r
µ θ θ

π ε πε

− −

= + ≈

0 0
0

0 2 3
0 0 0 0

ˆˆ 1 1[1 ] sin sin .
4 ( ) 4

jk r jk rIl e Ql eE jk
jk r jk r r rθ

µ θ θ
π ε πε

− −

= + + ≈

Static dipole field: 3
0

cos ,
2r
pE

r
θ

πε
= 3

0

sin .
4
pE

rθ
θ

πε
=
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Far field:  0 2 1.rk r π
λ

= 

0 0 0

0
0

ˆ ˆ ˆ1(1 ) sin sin sin .
4 4 2

jk r jk r jk rIl e Il e jI l eH jk j
jk r r r rφ θ β θ θ

π π λ

− − −

= + ≈ =

0
0

2
0 0

ˆ 1(1 ) cos 0,
2

jk r

r
Il eE

jk r r
µ θ

π ε

−

= + ≈

0 0
0 0

0 02
0 0 0 0

ˆ ˆ1 1[1 ] sin sin
4 ( ) 4

jk r jk rIl e Il eE jk jk
jk r jk r r rθ

µ µθ θ
π ε π ε

− −

= + + ≈ =

( )
0

0( )
0

120 377 .
Fern

Fern

E Z
H

θ

φ

µ π
ε

= = ≈ Ω ≈ Ω

0
0

0

ˆ
sin .

2

jk rjI l e
r

µ θ
λ ε

−

=
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( )
0( ) ( )sin ,FernE E rθ θ θ=

( )

( )
max

( ) sin :  radiation pattern.
( )

Fern

Fern

E
E

θ

θ

θ θ
θ

=

Eθ

maxE
θ θ
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Radiated power: 

R

Sphere :  far field.R λ

* * *1 1 1 .
2 2 2 rE H E Hθ φ θ φ θ φ= × = × =S E H e e e

r=n e
2

* 2 20
2

0

ˆ1 1( ) sin .
2 8

I lE H
Rθ φ

µ θ
λ ε

=

.
Kugel

P d= ⋅ Γ∫ S n


2sin sin .d Rd R d R d dθ θ φ θ θ φΓ = =

2 2
2

2 3 2 30 0

0 00 0 0

4
3

ˆ ˆ
( ) sin ( ) sin

8 4

I Il lP d d d
π π ππµ µθ θ φ θ θ

λ ε λ ε
= = =∫ ∫ ∫



2
22 0

0

ˆ 1 ˆ( ) .
3 2 s

I l R I
π µ

λ ε
= = 2 280 ( ) :  Radiation resistance.s

lR π
λ

≈



  4.3 Guided waves 

Transmission lines: transversal (x, y) dimensions are much      
         smaller than the wave length. 

D

2 2 1 .vD
k ff

π πλ
ω µε µε

= = = =

If this condition is not fulfilled: waveguide. 

e. g.: cylindrical 
waveguide  

Metallic tube 
( )γ → ∞

z

a

b ,µ ε
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Assumptions: 

 

• sinusoidal time dependence: all quantities are 
complex amplitudes, 

• material properties are constant:  
µ, ε = constant, 

• Lossless medium: γ = 0, 

• No free charges: ρ = 0. 
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Wave equations for the potentials A and V: 

2 ,
t

µε
2∂

−∆ + =
∂

AA 0 2 0.VV
t

µε
2∂

−∆ + =
∂

In time domain: 

In frequency domain: 

2 ,ω µε−∆ − =A A 0 2 ,V Vω µε−∆ − = 0

2 .k−∆ − =A A 0

4.4.1 TM and TE waves 

:k ω µε=

159 



Electromagnetic field in case  ( , , ) ( , , ) :zx y z A x y z=A e

1 1 1 1( ) ,

0 0

x y z

z x y
A Acurl A

x y z y x
A

µ µ µ µ
∂ ∂ ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂ ∂

e e e

H e e e

The magnetic field is transversal: TM waves. 

21 [ ( )]z zk A graddiv A
jωµε

= + =E e e

2 2 2
2

2

1 [ ( ) ].x y z
A A A k A

j x z y z zωµε
∂ ∂ ∂

= + + +
∂ ∂ ∂ ∂ ∂

e e e

0 :  the longitudinal component of the magnetic field is zero.zH =
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Alternative to the potentials A and V:  
1, ,curl curl
ε

= =D F E F

( ) ,curl j curl j j gradω ω ω ψ− = − = ⇒ = −H D H F 0 H F
.j gradωµ µ ψ= −B F

:  electric vector potential,  : magnetic scalar potential.ψF

( ).curlcurl graddiv j j gradωµε ω ψ= − ∆ = − −F F F F:curl jω= −E B

Lorenz gauge: .div jωµεψ=F

2 ,ω µε−∆ − =F F 0 20 0.div ψ ω µεψ= ⇒ −∆ − =B

2 :k−∆ − =F F 0 wave equation. 
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1 .div j div
j

ωµεψ ψ
ωµε

= ⇒ =F F

,curl=D F 21 ( ).k graddiv
jωµε

= − +H F F

1j grad j graddiv
j

ω ψ ω
ωµε

= − = − =H F F F

21 ( ).graddiv
j

ω µε
ωµε

= − +F F

Using the Lorenz gauge, ψ can be eliminated: 
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( , , ) ( , , ) :zx y z F x y z=F e

1 1 1 1( ) ,

0 0

x y z

z x y
F Fcurl F

x y z y x
F

ε ε ε ε
∂ ∂ ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂ ∂

e e e

E e e e

21 [ ( )]z zk F graddiv F
jωµε

= − + =H e e

2 2 2
2

2

1 [ ( ) ].x y z
F F F k F

j x z y z zωµε
∂ ∂ ∂

= − + + +
∂ ∂ ∂ ∂ ∂

e e e

Electromagnetic field in case  

0 :  the longitudinal component of the electric field is zero.zE =

The electric field is transversal: TE waves. 
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The general solution of Maxwell’s equations in 
homogeneous media can be written as the superposition 
of TM and TE waves. 

Hence, the single component vector potentials allow the 
description of the electromagnetic field by means of two 
scalar functions. 
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4.4.2 Waves in rectangular waveguides 

z

x

y

0,0 x a=

y b=

Assumption:  
Wave propagation in the 
positive z-direction. 

TM waves: ( , , ) ( , , ) ( , ) ,j z
z zx y z A x y z A x y e β−= =A e e

TE waves: ( , , ) ( , , ) ( , ) .j z
z zx y z F x y z F x y e β−= =F e e

Boundary conditions:  on the walls of the waveguide.× =E n 0

0, 0  at 0 and ,y zE E x x a= = = =

0, 0  at 0 and .x zE E y y b= = = =
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2
2

2, .j
z z

β β∂ ∂
= − = −

∂ ∂
2 2 2

2
2

1 [ ( ) ]x y z
A A A k A

j x z y z zωµε
∂ ∂ ∂

= + + + =
∂ ∂ ∂ ∂ ∂

E e e e

2 21 [ ( ) ].x y z
A Aj j k A

j x y
β β β

ωµε
∂ ∂

= − + + −
∂ ∂

e e e

TM waves: 

Boundary conditions for the potentials: 

0  at 0, ,  0 and ,A x x a y y b= = = = =

TE waves: 1 1 .x y
F F
y xε ε

∂ ∂
= −

∂ ∂
E e e

0  at 0 and ,F x x a
x

∂
= = =

∂

0  at 0 and ,F y y b
y

∂
= = =

∂

Dirichlet B.C. 

Neumann B.C. 
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TM waves: 2 ,k−∆ − =A A 0 .k ω µε=

( , , ) ( , ) :j z
zx y z A x y e β−=A e

2 2
2 2

2 2 0.A A A k A
x y

β∂ ∂
− − + − =

∂ ∂

Solution by separation: ( , ) ( ) ( ).A x y X x Y y=
2 2

2 2
2 2

( ) ( )( ) ( ) ( ) ( ) ( ) 0,d X x d Y yY y X x k X x Y y
dx dy

β− − + − =

2 2
2 2

2 2

( ) ( )

1 ( ) 1 ( ) 0.
( ) ( )

f x g y

d X x d Y y k
X x dx Y y dy

β− − + − =
 

This is only possible if ( ) constant, ( ) constant.f x g y= =
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2 2

2 2

( ) ( )( ), ( ).d X x d Y yfX x gY y
dx dy

= =

The following ordinary differential equations are obtained: 

2 2, :x yf k g k= − = − 1 2( ) cos sin ,x x x xX x C k x C k x= +

1 2( ) cos sin .y y y yY y C k y C k y= +

Solution: 

boundary conditions: 1(0) ( ) 0 0, , 1, 2,... ,x xX X a C k m m
a
π

= = ⇒ = = =

1(0) ( ) 0 0, , 1,2,... .y yY Y b C k n n
b
π

= = ⇒ = = =
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2 2 :x yC C C= ( , , ) sin( )sin( ) .j zm nA x y z C x y e
a b

βπ π −=

1 1 :x y
A A
y xµ µ

∂ ∂
= −

∂ ∂
H e e sin( ) cos( ) ,j z

x
C n m nH x y e

b a b
βπ π π

µ
−=

cos( )sin( ) ,j z
y

C m m nH x y e
a a b

βπ π π
µ

−= −

0.zH =

2 21 [ ( ) ] :x y z
A Aj j k A

j x y
β β β

ωµε
∂ ∂

= − + + −
∂ ∂

E e e e

cos( )sin( ) ,j z
x

C m m nE x y e
a a b

ββ π π π
ωµε

−= −

sin( ) cos( ) ,j z
y

C n m nE x y e
b a b

ββ π π π
ωµε

−= −

2 2( ) sin( )sin( ) .j z
z

C k m nE x y e
j a b

ββ π π
ωµε

−−
=

TMmn waves: 
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2 ,k−∆ − =F F 0 .k ω µε=

( , , ) ( , ) :j z
zx y z F x y e β−=F e

2 2
2 2

2 2 0.F F F k F
x y

β∂ ∂
− − + − =

∂ ∂

( , ) ( ) ( ).F x y X x Y y=
2 2

2 2
2 2

( ) ( )( ) ( ) ( ) ( ) ( ) 0,d X x d Y yY y X x k X x Y y
dx dy

β− − + − =

2 2
2 2

2 2

( ) ( )

1 ( ) 1 ( ) 0.
( ) ( )

f x g y

d X x d Y y k
X x dx Y y dy

β− − + − =
 

TE waves: 

Solution by separation: 

This is only possible if ( ) constant, ( ) constant.f x g y= =
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2 2

2 2

( ) ( )( ), ( ).d X x d Y yfX x gY y
dx dy

= =

2 2, :x yf k g k= − = − 1 2( ) cos sin ,x x x xX x C k x C k x= +

1 2( ) cos sin .y y y yY y C k y C k y= +

Solution: 

boundary conditions: 

2
(0) ( ) 0 0, , 0,1, 2,... ,x x

dX dX a C k m m
dx dx a

π
= = ⇒ = = =

2
(0) ( ) 0 0, , 0,1,2,... .y y

dY dY b C k n n
dy dy b

π
= = ⇒ = = =

The following ordinary differential equations are obtained: 
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1 1 :x yC C C= ( , , ) cos( ) cos( ) .j zm nF x y z C x y e
a b

βπ π −=

1 1 :x y
F F
y xε ε

∂ ∂
= −

∂ ∂
E e e cos( )sin( ) ,j z

x
C n m nE x y e

b a b
βπ π π

ε
−= −

sin( ) cos( ) ,j z
y

C m m nE x y e
a a b

βπ π π
ε

−=

0.zE =

sin( ) cos( ) ,j z
x

C m m nH x y e
a a b

ββ π π π
ωµε

−= −

cos( )sin( ) ,j z
y

C n m nH x y e
b a b

ββ π π π
ωµε

−= −

2 2( ) cos( ) cos( ) .j z
z

C k m nH x y e
j a b

ββ π π
ωµε

−−
=

2 21 [ ( ) ] :x y z
F Fj j k F

j x y
β β β

ωµε
∂ ∂

= + + −
∂ ∂

H e e e

TEmn waves: 
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Satisfaction of the separation equation: 2 2 0.f g kβ− − + − =

2 2 2 2 0,x yk k kβ+ + − = 2 2, ,x y
m nk k k
a b
π π ω µε= = = .

2 2 2 2( ) ( ) 0,m n
a b
π π β ω µε+ + − = m, n = (0), 1, 2, ... . 

At given values of n and m (wave modes), the angular 
frequency is not arbitrary:      cannot be negative! 2β

If  2 0,β < one had  , :j z zj j e eβ αβ α β α −= ± − = ⇒ = 



attenuation only, no wave propagation. 
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2 2 2 2 2 2

2

( ) ( ) 0 ( ) ( ) .

gf

m n m n
a b a b

π

π π πβ ω µε ω
µε

= − − ≥ ⇒ ≥ +


2 21 ( ) ( ) .
2g

m nf f
a bµε

≥ = +

fg: cut-off frequency. 

Any particular mode is only propagable above the cut-off 
frequency. 
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