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Abstract

Automated computer-aided analysis of lung vessels has shown to yield promising results for non-invasive diagnosis
of lung diseases. To detect vascular changes which affect pulmonary arteries and veins differently, both compartments
need to be identified. We present a novel, fully automatic method that separates arteries and veins in thoracic com-
puted tomography images, by combining local as well as global properties of pulmonary vessels. We split the problem
into two parts: the extraction of multiple distinct vessel subtrees, and their subsequent labeling into arteries and veins.
Subtree extraction is performed with an integer program (IP), based on local vessel geometry. As naively solving
this IP is time-consuming, we show how to drastically reduce computational effort by reformulating it as a Markov
Random Field. Afterwards, each subtree is labeled as either arterial or venous by a second IP, using two anatomical
properties of pulmonary vessels: the uniform distribution of arteries and veins, and the parallel configuration and close
proximity of arteries and bronchi. We evaluate algorithm performance by comparing the results with 25 voxel-based
manual reference segmentations. On this dataset, we show good performance of the subtree extraction, consisting
of very few non-vascular structures (median value: 0.9%) and merged subtrees (median value: 0.6%). The resulting
separation of arteries and veins achieves a median voxel-based overlap of 96.3% with the manual reference segmenta-
tions, outperforming a state-of-the-art interactive method. In conclusion, our novel approach provides an opportunity
to become an integral part of computer aided pulmonary diagnosis, where artery/vein separation is important.

Keywords: vascular tree reconstruction, artery-vein separation, computed tomography, lung, integer program

1. Introduction

The recent trend towards quantitative pulmonary
computer-aided diagnosis (CAD) was enabled by rapid
progress in medical imaging modalities. State-of-the-art
computed tomography (CT) scanners allow depicting
pulmonary anatomical structures like lung vasculature
and bronchi on a sub-millimeter level at low radiation
doses. Despite not being able to directly visualize the
complex capillary network for studying gas exchange,
i.e. oxygen uptake and carbon dioxide release, this re-
markable resolution can help in macroscopic detection
of early stage pulmonary nodules (Agam et al., 2005;
Murphy et al., 2009) or pulmonary emboli (Masutani

et al., 2002), and in CAD of diseases like chronic ob-
structive pulmonary disease (COPD) (Matsuoka et al.,
2010a; Estépar et al., 2013), chronic thromboembolic
pulmonary hypertension (CTEPH) (McNeil and Dun-
ning, 2007; Sugiura et al., 2013) or pulmonary arte-
rial/venous hypertension (PAH/PVH) (Linguraru et al.,
2010; Helmberger et al., 2014). Quantitative pulmonary
CAD requires the analysis of the lung vascular tree.
However, the drawback of the high resolution achiev-
able with CT scans is the large amount of generated
data, which overwhelms physicians when performing
manual analysis. This explains the increased demand
for fully automatic extraction of pulmonary tree struc-
tures (van Rikxoort and van Ginneken, 2013) and un-
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(a) CT slice (b) Labeled CT slice (c) Rendering of a
vessel segmentation

(d) Zoomed in vessel seg-
mentation

(e) Zoomed in A/V seg-
mentation

Figure 1: Thoracic CT image example, where arteries (blue) and veins (red) are close to each other. The highlighted vessel branches in (a) appear
as being directly connected, whereas the A/V separation in (b) shows that the branches belong to two distinct vessels. The 3D rendering of the
vessel segmentation (c) and its zoom-in (d) visualize these as merged branches in 3D, whereas our proposed A/V separation (e) can tell them apart.

derlines the importance of automated quantitative CAD
in the lung (Sluimer et al., 2006). Medical image analy-
sis has therefore produced a large body of research work
focusing on automatic enhancement, extraction and seg-
mentation of vascular tree structures from volumetric
imaging modality data (Lesage et al., 2009).

While pulmonary vascular tree segmentation has sig-
nificantly improved and finally matured over the recent
years (Rudyanto et al., 2014), a still largely unsolved
problem is the fully automated separation of the pul-
monary vascular tree into arteries and veins (A/V sepa-
ration). The main difficulty of this labeling problem is
that it is not possible to distinguish arteries and veins
based on their image intensity alone. Even in contrast-
enhanced scans, the timing for image acquisition can
not be done with sufficient accuracy to distinguish ar-
teries and veins robustly. Independent analysis of the
arterial and venous pulmonary trees shows high clin-
ical relevance in improving the diagnosis of lung dis-
eases affecting both trees differently. A/V separation al-
lows better understanding of pulmonary structure and
function, e.g. for lung surgery planning (Stoecker et al.,
2013), and improves assessment of pulmonary emboli
(Zhou et al., 2007) and CTEPH (where the pressure in-
crease solely occurs in pulmonary arteries). Further, it
enables more localized studies of vascular alterations,
which is closely related to endothelial dysfunction (San-
tos et al., 2003) and claimed to be related to emphy-
sema (Kasahara et al., 2001; Matsuoka et al., 2010a,b).
Studying the morphology of vascular arterial and ve-
nous trees may also yield a macroscopic biomarker for
the distinction between PAH and PVH. Here, a non-
invasive biomarker derived from thoracic CT would be
beneficial, since the current diagnostic gold standard is
invasive right-heart catheterization (Hoeper et al., 2013)

and, depending on the differential diagnosis of PAH and
PVH, different therapeutic decisions are made.

Automatic A/V separation is a complex problem, due
to the similar intensity values of both vessel trees in CT.
Although pulmonary arteries and veins are connected at
the capillary level and thus form complex graph struc-
tures anatomically, the small capillaries are not visible
in CT images. As a result, the vessel graphs appear as
multiple disconnected trees, which are intertwined and
run in parallel or in close proximity to each other, mak-
ing their distinction even harder due to the partial vol-
ume effect. This problem is illustrated in Fig. 1, where
distinction of a branching structure from a close-by run-
ning different structure underlines the challenges. Most
of the few existing A/V separation algorithms (Park
et al., 2006; Saha et al., 2010) start from a vessel seg-
mentation, often using tubularity filters combined with
region growing or fast marching methods based on seed
points (van Rikxoort and van Ginneken, 2013). Many
algorithms require some interactive step to manually
correct mislabeled structures (Gao et al., 2012; Park
et al., 2013).

In this work we present a novel, fully automatic A/V
separation algorithm for thoracic CT images, which re-
quires no manual correction and takes both global and
local structural information about vascular trees into ac-
count. It is inspired from recently published methods
analyzing cerebral vascular structures (Robben et al.,
2014; Rempfler et al., 2015). Bottom-up information
about the likelihood for being a vessel and the local
orientation and proximity to bronchi are taken into ac-
count, combined with top-down constraints encourag-
ing a tree structure of vessels with decreasing diam-
eter and the assumption that arterial and venous trees
generally have to be of similar size and uniformly dis-
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tributed in a given volume since they meet at the cap-
illary level (Tawhai et al., 2011). Based on a lung seg-
mentation and a vessel enhancement step, we formulate
the A/V separation problem as two sub-problems. First,
the extraction of unlabeled, distinct subtrees from the
vessel candidates inside the lung, and second, the label-
ing of each subtree as either artery or vein. Each sub-
problem is formulated as an integer program and solved
using discrete optimization methods. We evaluate our
method on a database of 25 thoracic CT images with
manually segmented and labeled A/V trees as a refer-
ence and demonstrate the benefits of our method com-
pared to a related method from (Park et al., 2013). The
method described in this paper extends a recent confer-
ence paper (Payer et al., 2015) by giving a more detailed
technical description, proposing a dedicated, more effi-
cient solver for the time-consuming subtree extraction,
and finally presenting a more comprehensive experi-
mental evaluation.

The paper is organized as follows: Section 2 places
our work in the context of the current related work. In
Sec. 3 we explain in detail our novel A/V separation ap-
proach which is formalized more compactly and solved
more efficiently compared to (Payer et al., 2015). Sec-
tion 4 defines our experimental setup and the dataset we
are evaluating on, while Sec. 5 describes the results of
our quantitative evaluation. Finally, we show qualitative
results and discuss our findings as well as a few failure
cases in Sec. 6, followed by our conclusions in Sec. 7.

2. Related Work

Extraction and segmentation of vascular structures
has gained much interest in the past, starting with the
seminal works of (Sato et al., 1998; Frangi et al., 1999;
Krissian et al., 2000) on model-based detection using
the assumption that vessels locally show a tube-like
shape. Such methods are based on the eigenanaly-
sis of the Hessian matrix of the image intensity and
are referred to as tubularity or vesselness filters. Re-
views on this topic can be found in (Kirbas and Quek,
2004; Lesage et al., 2009), while (Rudyanto et al., 2014)
presents results of the recent MICCAI Grand Chal-
lenge on vessel segmentation (VESSEL12). Another
method that enhances tubular structures is from (Law
and Chung, 2008), where image regions are enhanced
by projecting the image gradient along different axes
and measuring the amount of the projected gradient
flowing in or out of a local spherical region. After-
wards, an eigenanalysis of this oriented flux determines
the direction of the tube, and a multi-scale analysis al-
lows adaptation to different sizes of vessel structures.

A/V separation methods are built on top of vessel
enhancement or segmentation approaches. While au-
tomated A/V separation of vessels in 2D color images
of the retina has recently shown very robust perfor-
mance (Joshi et al., 2014), this work is not readily ex-
tendable to the domain of volumetric 3D images. Early
methods dealing with A/V separation were designed for
magnetic resonance angiography (MRA) data and relied
solely on slight intensity variations or the presence of
local gradient information. Applications were restricted
to the systemic arteries or the first few generations of the
pulmonary vascular tree and user interaction was often
required (Lei et al., 2001; Tizon and Smedby, 2002; van
Bemmel et al., 2003). Most 3D A/V separation methods
for pulmonary CT data use structural information, either
for tracking vessels starting at given seed points (Park
et al., 2006), or for a voxel-wise distinction of arter-
ies and veins (Saha et al., 2010; Gao et al., 2012; Park
et al., 2013; Kitamura et al., 2013), optionally incorpo-
rating different anatomical features like proximity of ar-
teries and bronchi (Bülow et al., 2005; Jin et al., 2014).
The method of (Park et al., 2013) involves global struc-
tural information by constructing a minimum-spanning-
tree from weights derived from local vessel geometry
measures and an edge cutting step for A/V separation.
However, an interactive refinement is necessary to fi-
nalize the separation. In (Saha et al., 2010) A/V sepa-
ration utilizes the close proximity of arteries and veins.
By morphological operations with differently sized ker-
nels, equal intensity structures are split and locally sepa-
rated regions are traced. Gao et al. (2012) extended this
method with a GUI enabling efficient refinement. An-
other promising method is presented in (Kitamura et al.,
2013), who formulate an automatic voxel labeling prob-
lem based on root detection for both trees. However, it
requires a training step and, due to locally restricted im-
age features, it still has problems near the hilum of the
lung, i.e. where arteries and veins are in close proximity.

Related methods on A/V separation either require
contrast-enhancement (Kitamura et al., 2013), involve
a significant amount of manual interaction and refine-
ment (Gao et al., 2012; Park et al., 2013) or include a
learning step based on tediously annotated data (Kita-
mura et al., 2013). In our work we explore how well a
purely image processing based approach for A/V sepa-
ration performs, based on the assumption that local and
global structural information is used comprehensively
in terms of a discrete optimization problem formulation.

3

https://www.researchgate.net/publication/230685998_A_New_Paradigm_of_Interactive_ArteryVein_Separation_in_Noncontrast_Pulmonary_CT_Imaging_Using_Multiscale_Topomorphologic_Opening?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/230685998_A_New_Paradigm_of_Interactive_ArteryVein_Separation_in_Noncontrast_Pulmonary_CT_Imaging_Using_Multiscale_Topomorphologic_Opening?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/230685998_A_New_Paradigm_of_Interactive_ArteryVein_Separation_in_Noncontrast_Pulmonary_CT_Imaging_Using_Multiscale_Topomorphologic_Opening?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/269518196_Automated_Assessment_of_Pulmonary_Arterial_Morphology_in_Multi-row_Detector_CT_Imaging_Using_Correspondence_with_Anatomic_Airway_Branches?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/2552446_A_Review_of_Vessel_Extraction_Techniques_and_Algorithms?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/2552446_A_Review_of_Vessel_Extraction_Techniques_and_Algorithms?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/3221581_Level-Set-Based_Artery-Vein_Separation_in_Blood_Pool_Agent_CE-MR_Angiograms?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/3221581_Level-Set-Based_Artery-Vein_Separation_in_Blood_Pool_Agent_CE-MR_Angiograms?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/253051339_Automatic_extraction_of_the_pulmonary_artery_tree_from_multi-slice_CT_data?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/260213656_Automated_Method_for_Identification_and_Artery-Venous_Classification_of_Vessel_Trees_in_Retinal_Vessel_Networks?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/221304477_Three_Dimensional_Curvilinear_Structure_Detection_Using_Optimally_Oriented_Flux?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/221304477_Three_Dimensional_Curvilinear_Structure_Detection_Using_Optimally_Oriented_Flux?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/282731632_Automatic_Artery-Vein_Separation_from_Thoracic_CT_Images_Using_Integer_Programming?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/282731632_Automatic_Artery-Vein_Separation_from_Thoracic_CT_Images_Using_Integer_Programming?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/222518370_Model-Based_Detection_of_Tubular_Structures_in_3D_Images?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/222656664_A_review_of_3D_vessel_lumen_segmentation_techniques_Models_features_and_extraction_schemes?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/245026393_Automatic_reconstruction_of_the_arterial_and_venous_trees_on_volumetric_chest_CT?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/245026393_Automatic_reconstruction_of_the_arterial_and_venous_trees_on_volumetric_chest_CT?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/245026393_Automatic_reconstruction_of_the_arterial_and_venous_trees_on_volumetric_chest_CT?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/245026393_Automatic_reconstruction_of_the_arterial_and_venous_trees_on_volumetric_chest_CT?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/245026393_Automatic_reconstruction_of_the_arterial_and_venous_trees_on_volumetric_chest_CT?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/41721727_Topomorphologic_Separation_of_Fused_Isointensity_Objects_via_Multiscale_Opening_Separating_Arteries_and_Veins_in_3-D_Pulmonary_CT?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/41721727_Topomorphologic_Separation_of_Fused_Isointensity_Objects_via_Multiscale_Opening_Separating_Arteries_and_Veins_in_3-D_Pulmonary_CT?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/222505495_3D_multi_scale_line_filter_for_segmentation_and_visualization_of_curvilinear_structures_in_medical_images?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/51752224_Computational_models_of_the_pulmonary_circulation_Insights_and_the_move_towards_clinically_directed_studies?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/11417745_Segmentation_with_gray-scale_connectedness_can_separate_arteries_and_veins_in_MRA?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/302335147_Adaptive_higher-order_submodular_potentials_for_pulmonary_artery-vein_segmentation?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/302335147_Adaptive_higher-order_submodular_potentials_for_pulmonary_artery-vein_segmentation?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/302335147_Adaptive_higher-order_submodular_potentials_for_pulmonary_artery-vein_segmentation?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/302335147_Adaptive_higher-order_submodular_potentials_for_pulmonary_artery-vein_segmentation?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/302335147_Adaptive_higher-order_submodular_potentials_for_pulmonary_artery-vein_segmentation?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/302335147_Adaptive_higher-order_submodular_potentials_for_pulmonary_artery-vein_segmentation?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/220100611_Model-Based_Quantitation_of_3D_Magnetic_Resonance_Angiographic_Images?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/259800075_Artery-Vein_Separation_of_Human_Vasculature_from_3D_Thoracic_CT_Angio_Scans?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/259800075_Artery-Vein_Separation_of_Human_Vasculature_from_3D_Thoracic_CT_Angio_Scans?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==
https://www.researchgate.net/publication/220100700_Artery-Vein_Separation_via_MRA_-_An_Image_Processing_Approach?el=1_x_8&enrichId=rgreq-6ef19dd1597e8ff781cc8c98800e8a40-XXX&enrichSource=Y292ZXJQYWdlOzMwMjA1OTUxNTtBUzozNjMwMTY4NzM4ODk3OTVAMTQ2MzU2MTM3NTc3MQ==


Arterialness 
measure

Lung
segmentation

Vessel
enhancement

4D paths 
graph

Subtree
extraction

Voronoi
diagram

Subtree A/V
labeling

Bronchus
enhancement

CT image

Figure 2: Overview of our proposed A/V separation algorithm. Applied to each segmented lung individually, vessel and bronchus enhancement
steps deliver the bottom-up features for both subtree extraction and A/V separation. Top-down knowledge about the geometry of tubular structure
paths and the distribution of arteries and veins encoded as a Voronoi diagram are incorporated to increase robustness of the final A/V labeling.

3. Method

Our proposed algorithm for A/V separation from tho-
racic CT images is shown in Fig. 2. It starts with gen-
erating a lung segmentation, which is based on (Helm-
berger et al., 2014). All subsequent steps are performed
for left and right lungs independently.

For later vessel extraction, vascular structures are
enhanced with a multi-scale tubularity filter (Law and
Chung, 2008), i.e. the optimally oriented flux (OOF).
In order to generate vessel paths, regularly spaced
local maxima are identified in the vessel-enhanced
images and connected with four-dimensional tubular
paths (Benmansour et al., 2013) consisting of spatial
locations and the radius estimate. This generates a lo-
cal maxima graph G = (V, E) (see Fig. 3a,b), where
edges (i, j) ∈ E connect maxima i ∈ V in a local
neighborhood similar to (Türetken et al., 2013). For
every edge, a path between its two endpoints is ex-
tracted (see Fig. 3c), which minimizes the geodesic dis-
tance in the four-dimensional path space, thus penaliz-
ing small tubularity values along the path (Benmansour
et al., 2013). To drastically prune these edges, a filtering
step is performed removing all paths that fully contain
any other path. The resulting graph still contains many
spurious edges, but also the real arterial and venous ves-
sel paths. A subsequent integer program groups these
tubular paths in order to represent distinct vascular sub-
trees. A main contribution of our work is that we do not
need declared root nodes for this subtree calculation, but

generate them implicitly by minimizing a constrained
objective function. As each of these distinct subtrees is
either an artery or a vein, they have to be labeled accord-
ingly. This is done in our second contribution, a novel
integer program based A/V labeling step that uses two
anatomical properties of pulmonary vessels. The first
anatomical property is the uniform distribution of arter-
ies and veins throughout the lungs. We quantify this
uniform distribution by maximizing the contact surface
of neighboring arterial and venous regions of a Gener-
alized Voronoi Diagram (GVD). The second anatomical
property that we use is the proximity of pulmonary ar-
teries and bronchi. It is measured with an ”arterialness”
value similar to the method described in (Bülow et al.,
2005). Solving the latter integer program delivers the fi-
nal labeling that separates the subtrees into arteries and
veins. In the following subsections we explain the two
central optimization problems for subtree extraction and
A/V labeling in more detail.

3.1. Subtree Extraction
In order to identify anatomically meaningful vessel

trees and to prepare the input for A/V separation, we
extract a set of directed subtrees from the local maxima
graph G. Objectives of this step are: 1) to find the right
directions of vessels in G and 2) to enforce that vessels
form a tree. Since it is not possible to extract a single
tree unambiguously, it is preferable to extract a set of
trees. This reduces the risk of merging incorrectly arte-
rial and venous subtrees, which could not be fixed later
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Figure 3: Example of a local maxima graph extracted from the tubularity image. In (a) the regularly spaced local maxima vi of a tubularity image
are shown, while (b) illustrates the edges (i, j) formed by neighboring vertices. Note that here undirected edges are shown for simplicity, while we
extract two directed edges between vertices to form our graph. Finally, (c) shows candidate paths for the subtree extraction.

in the labeling step. The subtree extraction is formu-
lated as an optimization procedure similar to (Türetken
et al., 2013) but in contrast to them, we extract mul-
tiple trees simultaneously and do not need to declared
root nodes explicitly. We evaluate two equivalent for-
mulations: one using the 0-1 integer quadratic program
(IQP) similar to (Türetken et al., 2013), and a new one
using a Markov random field (MRF) model. In both
cases, a configuration of binary variables minimizing a
constrained objective function is calculated, involving
weights of adjoining vessel paths (see Sec. 3.1.3). The
result of the MRF reformulation is a drastic improve-
ment in computation speed. The MRF model is solved
using the method of (Shekhovtsov et al., 2015), based
on linear programming (LP) relaxation and its fast dual
block-coordinate solver (Kolmogorov, 2006). It turns
out that for our problem in many instances the method
returns a globally optimal solution in less than a second
(Sec. 5, Table 1). For some more difficult instances, a
good approximate solution was found and a significant
part of this solution was determined provably optimal.

3.1.1. IQP Formulation
(Türetken et al., 2013) have proposed the following

formulation. Let ti j ∈ {0, 1} be an edge selection vari-
able for each directed edge (i, j) ∈ E. Assignment
ti j = 1 means that edge (i, j) is a part of an extracted
subtree. The optimal subtree problem is formulated as

arg min
t

∑
(i, j), ( j,k)∈E

wi jk ti j t jk (1)

subject to that the subgraph formed by edges with
ti j = 1 is a tree. They argued that many models for
subtree extraction in the literature, if discretized, can be
cast as this optimization problem, known as quadratic

arborescense. Note, that costs wi jk are assigned to pairs
of incident edges in the graph and can conveniently
model geometrical compatibility of the respective tubu-
lar paths.

We first propose a variant adopted to our case, where
we search for an optimal branching, which is a forest
rather than a single tree. For this purpose we introduce
a virtual root node, denoted 0. The graph G is extended
to a graph G′ = (V∪0, E′) in which node 0 is connected
to all other vertices by a directed edge. We then can use
the problem formulation (1) for graph G′. It is clear that
any tree in G′ corresponds to a forest in G (by excluding
the virtual root) and vice-versa. In the objective∑

(i, j), ( j,k)∈E′
wi jk ti j t jk (2)

we distinguish the root-penalizing factor:

w0 jk = σ, (3)

imposed on pairs originating from the virtual root, and
edge pair compatibility weights wi jk for (i, j), ( j, k) ∈ E.

Weights of edge pairs can easily incorporate the ge-
ometric relation of adjoining edge paths as well as
weights reviewassociated to individual edge paths, in
a single combined weight. Only if both edges (i, j)
and ( j, k) are selected in the solution, the weight wi jk is
added to the sum. The detailed modeling of the weights
is deferred to Sec. 3.1.3.

The root penalizing factor is the cost for introducing
a new subtree (branch) in the solution. By assigning
cost σ to every edge pair that originates from the virtual
root, it penalizes the number of distinct subtrees in the
solution but also the number of branches that start from
the same node. Indeed, it is preferable that every subtree
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had a root node of degree 1, i.e. was starting from an
edge rather than a branching point, as the former gives
more reliable subtrees.

We further replace the tree constraint with the follow-
ing simple constraints:∑

i | (i, j)∈E′
ti j = 1 ∀ j ∈ V, (4a)

ti j + t ji ≤ 1 ∀(i, j) ∈ E. (4b)

Constraint (4a) ensures that each node (except the vir-
tual root) has exactly one incoming selected edge. Note
that an incoming edge from the virtual root node is al-
lowed and is not penalized in our model unless there
is an outcoming edge too forming an edge pair (and
hence starting a subtree). Constraint (4b) ensures that
there are no 2-edge cycles in the solution. Longer cycles
are theoretically permitted in the solution, i.e. a feasible
solution to (4) need not be a forest. Contrary to that,
we found experimentally that optimal solutions in this
formulation were cycle-free for all 25 tested instances
(also during parameter optimization). Given that a sin-
gle lung contains a lot of sub-trees, we suggest that cy-
cles are not a major limitation of the method. Addi-
tionally, in Appendix B we discuss possible strategies
to tackle this problem in case cycles would occur (exist-
ing approaches and a simple heuristic).

It can be seen that the formulation (2)-(4) is fully
equivalent (including the possibility of cycles) to the
one we proposed in (Payer et al., 2015). There, an ex-
plicit variable indicating a root edge was used. Intro-
ducing a virtual root node allowed to write it in a more
compact form1, which is also more convenient for the
following MRF reformulation.

3.1.2. MRF Formulation
In this formulation, instead of selecting active edges,

we let each node i ∈ V to select a parent from all its
incoming edges in G′, including the virtual parent 0
(meaning that node i is a root of a subtree). Since the
constraint (4a) ensures that each node has exactly one
incoming edge, such encoding of the solution is fully
equivalent. Let Li = { j ∈ V ∪ 0 | ( j, i) ∈ E′} be the
set of tail vertices of the incoming edges to i in the ex-
tended graph G′. A labeling x = (xi ∈ Li | i ∈ V) defines
a spanning subgraph X of G′. We will minimize the fol-

1The previous formulation had a bit larger modeling power, e.g.
the possibility to penalize the number of subtrees and branches start-
ing from the same node differently, which however was not used.

lowing pairwise energy function:

min
x

∑
(i, j)∈E′

fi j(xi, x j). (5)

Pairwise energy terms fi j are designed to match formu-
lation (2)-(4):

fi j(xi, x j) =


whi j if xi = h , j, x j = i,
∞ if xi = j, x j = i,
0, otherwise.

(6)

The infinity cost implements constraint (4b) penalizing
2-edge cycles; the weight whi j is active only if the so-
lution selects (h, i) as an incoming edge for i and (i, j)
as incoming for j, i.e. same as in (2). Zero penalty cor-
responds to cases when edge (i, j) is not selected in the
solution. Since, by construction, both directed edges
(i, j) and ( j, i) are present in graph G, the cost of the re-
verse linkage with xi = j and x j = h , i is charged to
the directed edge ( j, i).

In fact, methods (Shekhovtsov et al., 2015) and (Kol-
mogorov, 2006) will reformulate the energy minimiza-
tion (5) as an integer linear program (ILP) and solve its
LP relaxation, a strategy similar to what an off-the-shelf
solver would apply to solve the 0-1 IQP (2)-(4). The
experimental evidence confirms that we obtain a better
performance with the MRF approach due to: i) a tighter
resulting LP relaxation and ii) application of a fast spe-
cialized dual solver. The ILP formulation of the MRF
model (5) is provided for comparison in Appendix A.

3.1.3. Edge Pair Weight
The choice of the edge pair weight w is a critical

part of our subtree extraction model. It provides lo-
cal evidence distinguishing between physically plausi-
ble and implausible vessel paths (see Fig. 4). Similar
to (Türetken et al., 2013), we use a combined weight of
adjoining edge pairs (i, j), ( j, k) to incorporate the geo-
metric relationship of vessel paths.

The edge pair weight of the edges (i, j) and ( j, k) with
their corresponding paths pi j and p jk is defined as

wi jk = αwdistance
i jk + βwdirection

i jk + γwradius
i jk + δ, (7)

with α, β, γ,wdistance
i jk ,wdirection

i jk ,wradius
i jk ∈ R+

0 , and δ ∈ R−.
As the objective function (2) will be minimized,

weights of physically plausible paths need to be neg-
ative. Otherwise the trivial solution, i.e. no path ex-
tracted, would always be a minimizer. The only term
of (7) that may be negative is δ, all other terms are
positive. The choice of the parameters α, β, γ, δ is im-
portant and requires a parameter search over a range of
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(a) Example path graph (b) Large distance weight (c) Large direction weight (d) Large radius weight (e) Extracted subtree

Figure 4: Example of a small path graph and visualization of the edge pair weight. The edge pair weight should be defined such that minimizing the
objective function (2) of graph (a) leads to subtree (e). The images (b), (c) and (d) show example paths pairs with large distance weight, direction
weight, and radius weight, respectively. For better visualization, the images show 3D (x, y, r) instead of 4D (x, y, z, r) paths, where the radius
coordinate r is visualized as the border of the vessel.

suitable values. The value of δ is constant for all edge
pairs and balances weights to be negative when a path
is physically plausible and positive if not. The direc-
tion weight wdirection

i jk , the radius weight wradius
i jk , and the

distance weight wdistance
i jk are normalized to lie between

0 and 1 and penalize physically implausible paths by
making their total edge pair weight wi jk positive.

The first weight of (7), the distance weight wdistance
i jk

penalizes paths with a large geodesic distance, as visu-
alized in Fig. 4b, and is defined as

wdistance
i jk = max

(
l
(
pi j

)
, l

(
p jk

))
, (8)

where l
(
pi j

)
and l

(
p jk

)
are the geodesic lengths of paths

pi j and p jk that were calculated by the path extraction
algorithm. These values represent a minimal geodesic
distance on the 4D tubularity image between the two
end-points of a path. The distance weight of the edge
pair is the maximum value of the geodesic lengths of
the two adjoining paths.

As the calculated geodesic distance does not incor-
porate the direction of paths, path pairs with unusual
directions or changes in direction, as shown in Fig. 4c,
do not get larger weights than path pairs with physically
plausible directions. Therefore, wdirection

i jk penalizes such
path pairs. It is defined as

wdirection
i jk = 1 −

1
(n − 1) (m − 1)

n−1∑
i=1

m−1∑
j=1

ui · v j, (9)

where ui is the set of n − 1 normalized direction vec-
tors between the n points of path pi j and v j is the set of
m−1 normalized direction vectors between the m points
of path p jk. Eq. (9) quantifies the orientation similarity
of two paths by calculating the mean of all dot products
of directions of the first path with the second path. In
the best case, i.e. when both paths are collinear straight
lines, the mean of all dot products is equal to 1. The

more differences in direction are present, the lower the
mean of its dot products will be. As the direction weight
should be 0 in the best case, the final weight is calcu-
lated by subtracting this mean from 1.

The last weight of (7), the radius weight wradius
i jk , helps

detecting the correct direction of a path pair. In the
lungs, vessel radii are usually decreasing with distance
from the heart. Therefore, the radius weight penal-
izes path pairs with increasing radius, as visualized in
Fig. 4d. It is defined as

wradius
i jk = max

(
1 −

rstart(pi j)
rend(p jk)

, 0
)
, (10)

where rstart(pi j) is the radius of the start-point of path pi j

and rend(p jk) is the radius of the end point of path p jk.
When the radius is increasing from start to end, their
ratio is greater than 1, otherwise it is less than 1. To give
higher weights to path pairs with increasing radii, this
ratio is subtracted from 1. As we do not want to prefer
path pairs that have decreasing radii, which would be
negative after this subtraction, we set the minimum of
wradius

i jk to 0. In the best case, i.e. when path pairs have
equal or decreasing radii, the radius weight becomes 0,
while in any other case the weight becomes positive.

3.2. Subtree A/V Labeling

After extracting the set of subtrees T , every subtree
si ∈ T has to be labeled either as an artery or as a vein.
This labeling problem is again modeled as a quadratic
integer program, its objective function is explained in
Sec. 3.2.1. At its core, the objective makes use of two
anatomical properties of the lung vessels.

First, we utilize that arteries and veins are roughly
uniformly distributed in the lung, i.e. there are no large
regions, where just arteries and no veins, or vice versa,
are present. This property holds for all subjects, irre-
spective of possible lung diseases, as blood that flows
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from the heart into the pulmonary arteries has to flow
back again oxygenated via the venous network to the
heart (Tawhai et al., 2011).

We calculate a measure of uniformity with the help of
a generalized Voronoi diagram (GVD) (Aurenhammer,
1991). The GVD determines the nearest subtree for ev-
ery voxel inside the lung segmentation. By maximizing
the number of voxels on the contact surface between
artery and vein regions, a uniform distribution of those
regions is encouraged.

The second anatomical property we use is that arter-
ies run in parallel and in close proximity to bronchi, as
previously also noticed and utilized by (Bülow et al.,
2005) and (Jin et al., 2014). To quantify this property
that encodes an ”arterialness” measure, we search for
bronchus points near the extracted vessels and calculate
their distance and co-orientation.

3.2.1. Objective Function
The quadratic objective function used for A/V label-

ing incorporates two binary variables for every previ-
ously extracted subtree si. The first variable, ai, is set to
1, if and only if the subtree si is an artery, whereas the
second variable, vi, is set to 1, if and only if the subtree
si is a vein. The optimization problem reads:

arg max
a,v

∑
si,s j ∈T

ai v j wborder
i j + λ

∑
si ∈T

ai wartery
i

subject to ai + vi = 1 ∀i ∈ {1, . . . , |T |} ,
(11)

where ai, vi ∈ {0, 1}, and λ,wborder
i j ,wartery

i ∈ R+
0 . Note

that subtrees selected by a and v form a disjoint par-
tition of T and problem (11) is equivalent to the well-
known NP-hard Max-Cut problem (Karp, 1972). How-
ever, we do not investigate a dedicated solver for this
problem since (11) can also be solved optimally very
quickly with a general-purpose ILP solver, due to the
low number of variables (proportional to the number of
subtrees). The first term of (11) counts the number of
voxels wborder

i j on the contact surface between artery and
vein regions modeled by a GVD. If the trees si and s j

have different labels (ai = 1 and v j = 1) and additionally
those two regions share a common border (wborder

i j > 0),
their border weight is added to the sum. The labeling
that maximizes the number of voxels on the contact sur-
face encourages a uniform distribution of arteries and
veins throughout the lung, see Sec. 3.2.2 for details.

The second term of (11) sums up the arterialness val-
ues wartery

i for every tree si labeled as an artery (ai = 1),
thus performing the distinction between arteries and
veins. Arterialness values of vessels labeled as arteries
increase the sum, whereas those of veins do not change

(a) Slice of a GVD (b) Slice of GVD borders

(c) GVD (d) GVD borders (e) GVD borders
maximizing area

Figure 5: The generalized Voronoi diagram (GVD) for the subtrees.
A single CT slice overlayed with the GVD is shown in (a), the borders
of its regions are shown in (b). A 3D rendering of the GVD is shown
in (c), of the borders of its regions in (d) and of the binary labeling
that maximizes surface area in (e).

the sum. Therefore, the labeling that maximizes the ar-
terialness sum of arteries encourages vessels with high
arterialness values to be labeled as arteries. The arteri-
alness measure is explained in more detail in Sec. 3.2.3.

The constraint of (11) ensures that both labels are not
active at the same time for the same tree si. Since wborder

i j

and wartery
i are scaled differently, they need to be normal-

ized between 0 and 1, which is accomplished by divid-
ing by their maximally occurring values. Thus, the two
summation terms have a similar range of values and are
weighted with a parameter λ balancing the influence of
the two anatomical properties.

3.2.2. Generalized Voronoi Diagram of Subtrees
To enforce a uniform distribution of arteries and veins

throughout the lung, we use a generalized Voronoi di-
agram (GVD). The GVD partitions a volume into re-
gions, based on the distance to their nearest seed points.
Every voxel in the same connected region has the same
nearest seed points (Aurenhammer, 1991). In our case,
every extracted subtree acts as a seed, leading to a GVD
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(a) CT slice clamped
below -400 HU

(b) Bronchus enhance-
ment slice

(c) Close artery
and bronchus

Figure 6: The steps of calculating the arterialness measure. (a) A
slice of the preprocessed input image. (b) The result of the subsequent
bronchus enhancement for this slice, where the bronchus response is
overlayed in blue. (c) A 3D rendering of two artery segments (green)
and a nearby bronchus (blue).

where every voxel inside the lung segmentation is as-
signed the label of its nearest subtree. GVD calculation
is illustrated in Fig. 5. Computation of the GVD in-
volves distance transforms for every subtree, where the
region inside the subtree has a distance of 0.

The binary labeling that maximizes the number of
voxels on the contact surfaces of different regions, i.e.
their common border (see Fig 5b), encourages a uni-
form distribution of both labels throughout the lungs.
The number of voxels wborder

i j on the contact surface of
the two Voronoi regions i and j of subtrees si and s j is
calculated by counting all voxels inside region i having
a voxel of region j as direct neighbor or vice-versa.

Note that by just maximizing the contact surfaces, at
this point it is still undefined which of the binary labels
corresponds to arteries and veins, respectively. There-
fore, we additionally use the arterialness measure as ex-
plained in the following subsection.

3.2.3. Arterialness Measure of Vessel Segments
Similar to (Bülow et al., 2005), we propose a measure

that gives a high value for arteries. It uses the anatomi-
cal property that arteries, in contrast to veins, are usually
running parallel and in close proximity to bronchi.

For our proposed arterialness measure, we require a
bronchus enhanced image (see Fig. 6) and bronchus di-
rection estimates. In contrast to (Bülow et al., 2005)
we compute the OOF (Law and Chung, 2008), but con-
figured to enhance dark-on-bright instead of bright-on-
dark structures. The input CT images are first clamped
to have a maximal value of -400 Hounsfield Units (HU)
to further enhance bronchus regions and suppress re-
sponses outside the HU range of interest.

The arterialness measure is calculated independently
for each vessel segment, i.e. the part of the vessel be-

tween branching- or end-points. At each voxel along
a segment, we search for similarly oriented bronchial
structures giving high tubularity response in a plane or-
thogonal to the vessel direction. Every point inside this
plane with a value below a certain threshold tHU in the
input image, a value above tOOF in the bronchus en-
hanced image, and a maximal angle tθ relative to vessel
direction, is added to a list of bronchus candidate points.

The bronchus near a vessel segment is approximated
by a straight line. To connect the extracted probable
bronchus points of a whole vessel segment, a line l is
fitted to them. The line fitting algorithm needs to be ro-
bust to outliers, as some non-bronchus points may be in
the list of probable bronchus points as well, i.e. points
adjacent to a vessel, which may also get high tubularity
values and have directions similar to the vessel. If the
number of bronchus candidate points, which lie in close
proximity to l, normalized to the length of the vessel
segment is below a threshold tρ, the fitted line does not
represent a bronchus branch. In this case, we set the ar-
terialness measure to 0. Otherwise, the final arterialness
value is the mean of the dot products of the vessel direc-
tion and the direction of the fitted line divided by their
point distance. This leads to higher values for arteries
running closer and in parallel to bronchi, while veins,
typically more distant and deviating stronger from the
bronchus direction, will receive lower values. Formally,
the arterialness value of a vessel path p is defined as

arterialness(p) =

n−1∑
k=1

c(uk, v)
d(pk, l)

, (12)

with c(uk, v) = |uk · v| being the co-orientation of the
vectors uk and v, and d(pk, l) being the minimal Eu-
clidean distance between path point pk and line l. The
set uk is composed of n − 1 normalized direction vec-
tors between the n points of path p, whereas v is the
normalized direction vector of line l.

The final arterialness weight wartery
i of a tree si is the

sum of all arterialness values of its vessel segments.

4. Experimental Setup

To evaluate our proposed A/V separation algorithm,
we collected 25 datasets from patients with different
degrees of lung vascular disease who underwent tho-
racic contrast-enhanced CT examinations. To show that
the proposed method is also applicable to non contrast-
enhanced images, we additionally evaluated one dataset
of a subject, where both contrast-enhanced as well as
native CT data was available. For each of our 25
datasets, a manual reference A/V segmentation was
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created. Furthermore, we re-implemented the semi-
automatic A/V separation method of (Park et al., 2013),
which also extracts and labels vascular subtrees.

4.1. Data Description
The 25 CT datasets (13 female / 12 male) used for

evaluation were acquired with two scanners, a Siemens
Somatom Definition Flash (D30f kernel) or a Siemens
Somatom Force (Qr40d reconstruction kernel). The na-
tive dataset was acquired with a Siemens Somatom Def-
inition Flash (B30f kernel). Ten of the 25 CT datasets
are the same as already used in (Payer et al., 2015). CT
volumes were on average 512 × 512 × 475 voxels with
a nearly isotropic phyiscal resolution of 0.6 mm. The
average dose of the CT scans was 3.2 ± 1.7 mSv.

For each patient dataset, a voxel-based manual refer-
ence labeling was created using ITK-SNAP 2. This te-
dious procedure was performed by radiologists and ex-
perts in lung vascular analysis. At least two experts
were involved in the creation of each manual refer-
ence, one doing the vessel segmentation/labeling and
the other(s) doing a quality check and corrections. The
labelings were restricted to include only voxels above
−400 HU. To reduce image noise and simplify man-
ual processing, the input volume was denoised with an
edge-preserving denoising method based on total gen-
eralized variation (Bredies et al., 2010). The generated
manual references cover the main pulmonary artery and
the left atrium as well as pulmonary vessels with a diam-
eter down to a few mm. The approximate average time
for generating each reference was ten hours, involving
both the segmentation/labeling and quality check by one
or more additional expert(s).

For one dataset, a native CT scan of the same patient
was investigated in addition to the contrast-enhanced
scan. To prevent the necessity of creating a separate
manual reference A/V segmentation for this dataset, we
nonlinearly registered both data sets and warped the ref-
erence labeling of the contrast-enhanced scan to the na-
tive scan. We obtained the transformation parameters by
performing a deformable B-spline registration (Rueck-
ert et al., 1999) based on the mean squared error cost
function as provided by the 3DSlicer software 3.

4.2. Re-implementation of (Park et al., 2013)
For comparing to related work from the literature, we

created a re-implementation of the method from (Park
et al., 2013). Thus, we were able to compare both

2ITK-SNAP version 3.0 or 3.2 from http://www.itksnap.org/
3http://www.slicer.org, version 4.5.0

our automated approach as well as the re-implemented
method to our manual reference A/V segmentations. As
the method of (Park et al., 2013) needs a full vessel seg-
mentation as input, we binarized the result of the vessel-
enhancement filter OOF (Law and Chung, 2008) with a
threshold of 150 on the filter response. Qualitatively,
this gave improved vessel segmentation results com-
pared to what was originally proposed in (Park et al.,
2013). Afterwards, the shortest path trees from the cen-
ter of the input image were calculated for both lungs
separately. As proposed in (Park et al., 2013), each
of those trees were manually cut to remove the criti-
cal and erroneous central regions of the lungs. The re-
gions for the manual cuts were created using a segmen-
tation in ITK-SNAP, where the border of the segmenta-
tion served as the cut in the tree. The final A/V labeling
of the subtrees was done manually by looking for con-
nections to the heart for every subtree. We carefully
tried to optimize the re-implementation of this method
to perform as well as possible on our datasets.

4.3. Quantitative Evaluation Experiments

Experiment 1: In the first experiment, the total volume-
based overlap between the labeled A/V segmentation re-
sults and the manual reference is calculated, in the same
manner as presented in (Payer et al., 2015). The manual
reference may include correctly labeled voxels, that are
not present in the calculated A/V labelings, especially
in the main pulmonary artery and left atrium, containing
on average 70% of all voxels of the manual reference.
Additionally, the calculated A/V segmentations include
many correctly labeled voxels, that are not present in
the manual reference, as the calculated segmentations
usually include many more small vessels, resulting in
an average of 40% of automatically labeled voxels that
are not included in the manual reference. Therefore,
we compared only those voxels that are present in both
the calculated A/V segmentation and the manual refer-
ence. By only comparing the union of the segmenta-
tion and the manual reference, hardly any voxels of the
manual reference inside the lungs are ignored, since the
algorithm delivers vessels with smaller diameters than
available in the manual ground truth. As a drawback of
comparing only the union, falsely detected non-vascular
structures cannot be quantified. We deal with these non-
vascular structures in Experiment 3.

The voxel-based agreement is defined as the ratio of
voxels with equal label to the voxels that are present in
both segmentations, thus focusing on correct A/V label-
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ing. Formally, we define

agreementvoxel =

∣∣∣Aref ∩ Atest

∣∣∣ +
∣∣∣Vref ∩ Vtest

∣∣∣∣∣∣(Aref ∪ Vref ) ∩ (Atest ∪ Vtest)
∣∣∣ , (13)

where Aref and Vref are the sets of arteries and veins of
the manual reference, respectively, and Atest and Vtest are
the corresponding results of the A/V segmentation.
Experiment 2: Vessels with larger diameter have a
higher influence than vessels with smaller diameter, giv-
ing a slight bias in Experiment 1. In order to over-
come this limitation, the second experiment quantifies
the centerline-based agreement with the manual refer-
ence, as it is independent from the vessel’s diameter.
Similarly to the first experiment, we can only compare
the label of the centerline that is inside the manual refer-
ence. The centerline-based agreement is here defined as
the ratio of the length of the centerline with correct la-
bel to the length of the total centerline that is included in
the manual reference. The centerline used for calculat-
ing the agreement is obtained by the subtree extraction
as described in Sec. 3.1. We define

agreementcenterline =

∣∣∣lA ∩ Are f

∣∣∣ +
∣∣∣lV ∩ Vre f

∣∣∣∣∣∣(lA ∪ lV ) ∩ (Are f ∪ Vre f )
∣∣∣ , (14)

where Are f and Vre f are the sets of arteries and veins of
the manual reference A/V labeling, lA and lV are the cen-
terlines of the calculated arterial and venous subtrees,
and lengths are measured by cardinalities of sets. As
obtaining the centerline for segmentations from (Park
et al., 2013) is not straightforward and we do not expect
significantly differing results compared to Experiment 1
due to the interaction step, we perform this experiment
only for our proposed method, where the resulting sep-
aration is represented as 4D centerlines.
Experiment 3: In this experiment, we evaluate the sub-
tree extraction. We quantify the number of subtrees,
that are composed of non-vascular structures, and the
amount of subtrees, that are not well separated, i.e. con-
sist of merged arteries and veins. In order to run this ex-
periment, we skip the A/V labeling part of the algorithm
and perform an automatic labeling by explicitly using
the manual references. Every subtree, that has a voxel-
based overlap with the manual reference of less than
10% of its total volume, is considered a non-vascular
subtree. Every subtree, that is merged with both artery
and vein label of the manual reference of at least 10% of
its total volume is considered as a merged subtree. We
quantify the amount of non-vascular and merged sub-
trees by dividing their volume by the total volume of the
automatic segmentation. Again, as this is not straight-

forward for the method of (Park et al., 2013), we per-
form this experiment only for the proposed method.
Experiment 4: In the last experiment, we compare the
results and efficiency of the IQP and MRF formulations
(Sec. 3.1). We calculate the relative optimality gap,
which is defined as

gap =
E − LB
|E|

, (15)

where LB is the lower bound and E is the best objective
value found by the respective solver4. We additionally
compare the runtime of both formulations.

4.4. Implementation Details
The path extraction was configured to extract vessel

paths up to 10 mm diameter. The parameters used for
the subtree extraction part were obtained by performing
a grid-search, where the final parameters used for evalu-
ation provide a good trade-off between a low number of
detected subtrees and a high voxel-based overlap with
the manual reference. The range of the variables for the
grid search was [0.5, 2.0] for α, β and γ, [−0.1,−0.5] for
δ, and [0.1, 0.5] forσ, resulting in a total of 1600 combi-
nations. Following the grid search result, the values are
set to α = 2.0, β = 0.5, γ = 0.5, δ = −0.2, and σ = 0.2.
The parameters for the subtree A/V labeling were also
obtained by grid search, where the final parameters pro-
vide the highest mean voxel-based agreement with the
manual references. Here, the grid search was performed
on the parameters λ ∈ [1, 10], tHU ∈ [−750,−650],
tθ ∈ [0.6, 0.8], and tρ ∈ [0.4, 0.8], resulting in a total
of 450 combinations. The weighting parameter of the
objective function is set to λ = 9, whereas the parame-
ters for the arterialness measure are set to tHU = −750,
tOOF = 100, tθ = 0.8rad, and tρ = 0.7.

The development and testing platform was an Intel
Core i7-4820K @ 3.70 GHz with 32 GB RAM under
Ubuntu 15.04. The algorithm was developed in C++
with ITK. For 4D path extraction, publicly available
code from (Benmansour et al., 2013) was taken. Gurobi
Optimizer5 was used as a solver for integer programs.

5. Results

The automatic algorithm generated an average of
1982 individual vessel segments, composed of 1010 ar-
teries and 972 veins, with diameters ranging from 2

4Same optimality measure as used in Gurobi.
5Gurobi Optimizer Version 6.5 with academic license from

http://www.gurobi.com/
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(a) Reference (b) Automatic (c) Overlap

Figure 7: Example segmentation of a dataset with a high voxel-based agreement of 99.4% (Patient # 6). Visualization of reference segmentation
(left), automatic segmentation (center) and their overlap (right). Only voxels, that are set in both segmentations, are visualized in the overlap image.
Red: veins, blue: arteries, yellow: disagreement between segmentations.

to 10 mm. An example A/V segmentation result and
its comparison with the manual reference is shown in
Fig. 7. The approximate runtime needed for automat-
ically computing a single A/V segmentation with the
proposed algorithm was 50 minutes (lung segmentation
5 min, airway and bronchus enhancement 10 min, gen-
eration of graph G and subtree extraction 30 min, A/V
labeling 5 min). The re-implementation of (Park et al.,
2013) needed 30 minutes computation time with addi-
tional 2 hours of manual interaction per dataset.

The quantitative results of the volume-based agree-
ment (Experiment 1) are shown in Fig. 8. The pro-
posed method achieves a mean voxel-based agreement
with all manual references of 91.1% (median: 96.3%,
range: 56.5% to 99.4%), the method of (Park et al.,
2013) 91.2% (median: 91.4%, range: 82.4% to 95.3%),
see Fig. 8a and 8b. We have also performed a sepa-
rate evaluation of arteries and veins and compared it
with the reference. Our method achieves a mean voxel-
based agreement of 91.2% for arteries (median: 96.1%,
range: 56.3% to 99.3%) and 90.5% for veins (median:
95.2%, range: 56.6% to 99.8%), respectively, indicat-
ing that there is no difference in performance between
both vascular structures. Additionally, to compare the
results of the proposed algorithm with the results re-
ported in our previous work (Payer et al., 2015), we
evaluated the algorithm just on the same ten datasets
used there. Here, the proposed method achieves a
mean voxel-based agreement of 95.2% (median: 96.0%,
range: 88.0% to 99.4%), as compared to the previ-
ously reported 94.1% (median: 95.0%, range: 85.0%
to 98.7%), see Fig. 8c and 8d. The centerline-based
agreement (Experiment 2) with the manual references
showed similar results as the voxel-based overlap with a
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Figure 8: Box-whisker plots of the volume-based agreement (Exper-
iment 1) with the manual reference. The results on all 25 datasets
are shown in (a) for the proposed automatic method and in (b) for the
re-implementation of the interactive (Park et al., 2013) method. (c)
and (d) show the results on the same 10 datasets that have been used
in (Payer et al., 2015), where (c) shows the results with the currently
proposed method and (d) the results as presented previously.

mean value of 90.9% (median: 95.5%, range: 55.1% to
99.6%). The mean volume ratio of erroneously detected
non-vascular structures compared to the total volume of
the segmentation is 1.6% (median: 0.9%, range: 0.0%
to 10.8%), whereas the mean volume ratio of merged
subtrees is 1.8% (median: 0.6%, range: 0.0% to 8.3%)
(Experiment 3). The individual quantitative results for
all datasets for Experiments 1-3 are shown in Table 2,
while Fig. 10 and 11 show more qualitative results.

The comparison of the solution quality of IQP and
MRF (Experiment 4) is shown in Table 1. Note that
the solver for the IQP was set to terminate, when the
last found improvement of the objective value was more
than 10 minutes ago, as this leads to a good tradeoff be-
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tween optimality gap and runtime. Additionally, Fig. 9
shows which part of a solution was certified as globally
optimal (persistent) by the MRF method.

Table 1: Comparison of IQP and MRF formulation. The values show
the mean ± standard deviation over all 25 datasets.

IQP MRF
gap runtime gap runtime

3.2% ± 4.3% 1122s ± 482s 0.1% ± 0.6% 0.38s ± 0.43s
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Figure 9: Identified part of globally optimal solution in the subtree ex-
traction problem. Out of 50 instances (25 left and right lungs, respec-
tively) 33 were solved completely (100%), for the remaining instances
a significant part of the solution was proven to be optimal.

To show the applicability of the method on non
contrast-enhanced images, we repeated the experiments
for one dataset, where a CT examination with and with-
out contrast agent was available (Patient # 7). The re-
sulting A/V segmentations for both images are obtained
with the same parameters that have been used for the
whole dataset of 25 patients. As compared to the im-
age with contrast agent, on the native image less vessels
are detected, 2852 compared to 1599. The results of the
experiments for the native dataset are as follows: The
voxel-based agreement is 94.6% (compared to 98.9%
with contrast agent), the centerline-based agreement is
94.6% (99.0%), the amount of erroneously detected
non-vascular structures is 0.7% (0.8%), and the amount
of merged subtrees is 5.2% (0.5%).

6. Discussion

Our novel fully automatic algorithm for separating ar-
teries and veins in thoracic CT images achieves a higher
median and a similar mean overlap with the manual
reference A/V segmentations compared to the method
of (Park et al., 2013), which requires time-consuming
explicit manual correction. These results were obtained
on a challenging, clinically relevant dataset of 25 pa-
tients with different degrees of lung vascular disease.

Table 2: Results for all datasets. The results are shown for every
dataset individually. Mean (µ), standard deviation (σ) and median are
calculated with all datasets. All values are shown in %.

Experiment 1 Experiment 2 Experiment 3
Patient voxel-based centerline- non-

# Proposed Park based vascular merged
1 96.7 84.0 97.0 3.3 2.2
2 95.7 90.2 94.9 1.7 4.0
3 84.4 82.4 85.1 0.4 0.6
4 98.5 90.5 98.1 0.0 1.4
5 98.6 93.9 98.4 0.2 3.0
6 99.4 88.0 99.1 1.3 1.2
7 98.9 91.2 99.0 0.8 0.5
8 94.6 90.4 94.9 5.6 1.5
9 89.9 91.4 89.3 0.6 0.1

10 56.5 87.6 55.1 0.0 7.9
11 96.3 91.9 95.7 2.6 8.3
12 98.3 94.3 98.2 1.6 2.2
13 89.6 88.0 90.7 0.3 4.2
14 98.6 93.4 97.8 0.2 0.2
15 69.1 92.2 73.6 1.4 0.2
16 71.0 90.9 74.6 0.3 0.1
17 93.5 94.0 91.5 1.4 0.5
18 96.8 93.8 95.5 10.8 4.3
19 76.0 88.9 71.4 0.9 0.1
20 98.0 94.8 98.0 0.7 0.4
21 98.8 93.2 98.4 0.0 0.0
22 88.0 90.6 87.2 0.3 0.0
23 99.4 94.7 99.6 1.6 0.0
24 98.3 95.3 97.6 2.7 3.0
25 92.4 93.3 91.2 1.4 0.0
µ 91.1 91.2 90.9 1.6 1.8
σ 11.3 3.3 11.1 2.3 2.4

median 96.3 91.4 95.5 0.9 0.6

We assume that our integer program is better modeling
the anatomical constraints involved in A/V separation
compared to the minimum-spanning-tree of (Park et al.,
2013), by exploiting the uniform distribution of arter-
ies and veins throughout the lungs as well as proximity
and similar orientation of arteries and bronchi. Com-
pared to our previous work in (Payer et al., 2015), we
have significantly improved computational efficiency of
our method from several hours to less than one hour by
switching to our novel MRF based solver. Now the ma-
jority of computational effort goes into computing graph
G for subtree extraction, while solving the respective
discrete optimization problem can be performed in a
matter of seconds. At the same time we have slightly
improved the accuracy in terms of volume overlap as
can be seen in Fig. 8c,d, where the same ten datasets
used in (Payer et al., 2015) were evaluated again for this
work. The reason for this slight improvement are mi-
nor code optimizations when extracting the vessel tree
candidate paths, together with a new set of optimal pa-
rameters for subtree extraction determined by the grid
search for the new subtree extraction MRF solver.

Our new, larger dataset of 25 subjects proved to be a
more challenging dataset as compared to the one used
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(a) Proposed # 4 (98.5%) (b) Park # 4 (90.5%) (c) Proposed # 5 (98.6%) (d) Park # 5 (93.9%)

(e) Proposed # 7 (98.9%) (f) Park # 7 (91.2%) (g) Proposed # 12 (98.3%) (h) Park # 12 (94.3%)

(i) Proposed # 20 (98.0%) (j) Park # 20 (94.8%) (k) Proposed # 21 (98.8%) (l) Park # 21 (93.2%)

Figure 10: Example overlap images for selected datasets. The left images show the overlap with the manual reference for the proposed method, the
right images show the overlap with the manual reference for the re-implementation of (Park et al., 2013). Quantitative overlap values in brackets.
Red: veins, blue: arteries, yellow: disagreement between segmentations.

in (Payer et al., 2015) due to the 15 added patients
where some showed more severe lung disease or had a
low signal-to-noise ratio (SNR). The most problematic
datasets were Patient # 10 and # 15, which are illustrated
in Fig. 11. The CT image of Patient # 10 shows a low
SNR due to a high body mass. This leads to very few
detected vessels that the A/V labeling part is not able to
handle correctly. In Patient # 15, who has an extraor-
dinarily large heart, almost the whole left lung is mis-
labeled. We observed that in this patient, the airways
show low contrast, especially in the left lung, which
leads to a failure of the arterialness calculation and the
A/V labeling. Here the interactive method benefits from
the direct correction of the mislabeled parts. Interest-
ingly, in Patient # 15 the right lung is labeled almost

perfectly, although a congenital heart defect (draining
of veins into superior vena cava) is present (see arrow
in Fig. 11e), which poses a problem for automatic al-
gorithms that assume standard cardiovascular anatomy.
Additionally, we observed that mislabeled subtrees of-
ten are neighbors in the generalized Voronoi diagram,
due to the maximization of their contact surfaces. This
may lead to switched labels of all subtrees within a lung
lobe, as can be seen in Patient # 19 in Fig. 11c,f. There-
fore, restricting the uniform distribution of arteries and
veins to lung lobes instead of whole lungs could fur-
ther improve performance and robustness. However,
for the majority of datasets we get an excellent over-
lap with the manual reference segmentations, as can be
seen in Table 2 and in the examples in Fig. 7 and Fig. 10.
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(a) Overlap # 10 (b) Overlap # 15 (c) Overlap # 19

(d) Slice # 10 (e) Slice # 15 (f) Slice # 19

Figure 11: Example overlap visualizations and CT slices, where the A/V separation had problems. In Patient # 10 only a small number of vessels
are extracted, which leads to an instable A/V separation (agreement: 56.5%). In Patient # 15 the whole left side of the lung is switched, due to a
hardly visible airway (agreement: 69.1%). In Patient # 19 one lobe is fully switched, due to the too strong enforcement of the uniform distribution
of arteries and veins (agreement: 76.0%). Red: veins, blue: arteries, yellow: disagreement with manual reference.

We also showed on one dataset that we do not require
contrast-enhancement to compute the A/V separation.
Our result on the native scan of Patient # 7, despite hav-
ing a slightly lower overlap compared to the contrast-
enhanced scan, was well above 90% volume overlap
with the manual reference. This indicates the potential
of our method to be applied to native CT scans.

On our dataset of 25 patients we noticed that the
choice of parameters is critical for optimal performance.
We have come up with a single set of parameters that
was used for all 25 datasets during evaluation. However,
we have also noticed that for each dataset individually, a
set of parameters exists which achieves an overlap with
the manual reference above 90%. Unfortunately, these
parameter sets differ between patients, where the param-
eters for the arterialness measure have the highest in-
fluence on the separation results. Making this measure
more stable, e.g. by using a proper airway segmenta-
tion, could improve the robustness. We will focus future
work on how to make our method more robust to over-

come this parameter sensitivity. Still, our overall results
are very promising even with the currently determined
parameter set and due to the large number of images
and their variability, we expect that this parameter set
will generalize very well to new data.

We observed that our proposed method extracts very
few non-vascular structures or merged subtrees, as can
be seen in Table 2. Figure 12 shows two datasets with
the highest amounts of non-vascular structures (Patient
# 18) and merged subtrees (Patient # 11), respectively.
Despite these large errors, the A/V labeling of the cor-
rectly identified vessel subtrees still works well in those
two datasets, with a voxel-based overlap of over 96%.

Due to the lack of a standardized dataset and openly
available A/V separation algorithms at the time of writ-
ing of this paper, our algorithm was only compared to
the most recently published work in (Park et al., 2013).
During the preparation of this manuscript, two very new
approaches for automatic A/V separation have appeared
as early access versions (Charbonnier et al., 2016; Kita-
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(a) Patient # 18 segmentation (b) Patient # 18 non-vascular (c) Patient # 11 segmentation (d) Patient # 11 merged subtrees

Figure 12: Example segmentations, where either many non-vascular structures are extracted or many subtrees are merged. (a) and (c) show the
automatic segmentation results, while (b) and (d) show only the non-vascular structures (10.8% of total volume) or the merged subtrees (8.3% of
total volume), respectively. Red: veins, blue: arteries, orange: non-vascular structures, green: merged subtrees.

mura et al., 2016). A comparison to these approaches
would be an interesting task for future work, especially
since (Charbonnier et al., 2016) propose a publicly
available challenge data set for evaluating artery/vein
separation algorithms.

Another interesting idea for future work is to com-
bine subtree extraction and labeling into a single inte-
ger program, as was done in (Robben et al., 2014) for
segmentation and labeling of brain vascular structures.
However, this will lead to a very complex problem to
solve and may prove computationally intractable.

7. Conclusions

In this work a novel automatic A/V separation al-
gorithm based on the solution of two subproblems,
vessel subtree extraction and A/V labeling of subtrees
was presented. Our main contributions were the use
of bottom-up and top-down knowledge on the geome-
try and anatomy of vascular trees to constrain this la-
beling problem formulated as integer programs, and
the efficient solution of the more costly subtree extrac-
tion problem using an MRF solver. We improved on
the A/V separation accuracy compared to our previous
work in (Payer et al., 2015) on a larger, more challeng-
ing dataset. Except for some cases of low SNR and se-
vere lung disease, we also outperform a related semi-
automatic method from (Park et al., 2013) without re-
quiring any user interaction. A drawback of our method
is parameter sensitivity, mostly due to the computation
of the arterialness measure, which needs to be addressed
more extensively in future work. We conclude, that our
novel method provides an opportunity to become an in-
tegral part of CAD of a number of lung diseases, where
the separation of arteries and veins is of importance.
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Appendix A. MRF ILP Formulation

Proposition 1. The Standard ILP formulation for MRF
model (5)-(6) can be written as:

min
∑

(i, j), ( j,k)∈E′
wi jkti j jk (A.1a)

ti j ∈ {0, 1}, ti j j′k ∈ {0, 1} ∀(i, j), ( j, k), ( j′, k) ∈ E′;
(A.1b)∑

i | (i, j)∈E′
ti j = 1 ∀ j ∈ V; (A.1c)

ti j + t ji ≤ 1 ∀(i, j) ∈ E; (A.1d)∑
j′ | ( j′,k)∈E′

ti j j′k = ti j ∀(i, j), ( j, k) ∈ E′; (A.1e)∑
i | (i, j)∈E′

ti j j′k = t j′k ∀( j′, k), ( j, k) ∈ E′. (A.1f)

Variables ti j and t j′k correspond to the indicators of
relations x j = i and xk = j′, respectively. Variable ti j j′k

represents the lifting of the product ti jt j′k. This lifting is
of one order higher than would be sufficient to linearize
objective (2). However, it is useful for the tightness
of the subsequent relaxation. Since MRF model (5) is
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equivalent to IQP model (2)-(4), formulation (A.1a) is
also equivalent to IQP and variables ti j have in fact the
same meaning as in IQP. Consequently, LP relaxation
of (A.1a) is also an LP relaxation for IQP. Experimen-
tally we found it to be tighter then the relaxation con-
structed by Gurobi optimizer, while the use of a special-
ized solver allows to handle it efficiently.

Appendix B. Handling Cycles

Enforcing that the solution, given by the selected
edges X ⊆ E, is a tree or a forest, i.e. is free of cycles,
makes the problem significantly more difficult. Assume
S ⊆ X is a cycle, then one can add the constraint∑

(i, j)∈S

ti j ≤ |S | − 1, (B.1)

which enforces that not all edges may be selected simul-
taneously in cycle S , known as subtour elimination in
the context of the traveling salesman problem (TSP)6 or
packing constraint. A cutting plane approach can then
be used to find a cycle-free solution (adding such con-
straints to the problem as long as the solution contains
cycles).

Another possibility proposed by (Türetken et al.,
2013) is to apply flow constraints similarly to (Duhamel
et al., 2008), essentially enforcing that there is a path
from the root node (in our case the virtual root node)
to every other node. The existence of a path is formu-
lated using flows. In total, there are |E| |V | additional
flow variables, |E| for every node. Unlike packing con-
straints, flow constraints are only polynomially many.
However, for large problems, introducing all of them
from the start would lead to a prohibitively large prob-
lem to solve.

In the MRF formulation, we could enforce subtour
elimination constraint (B.1) by adding a cycle subprob-
lem in the dual decomposition manner, c.f . (Wang and
Koller, 2013) with one forbidden configuration. This
however leaves open a problem of rounding a relaxed
solution to a cycle-free integer one, and thus does not
fully resolve the issue.

Instead, we propose the following heuristic to obtain
a good approximate solution. It can be applied with
both IQP and MRF formulations. When a solution is
found to contain a cycle, we detect the edge in the cycle
with the worst radius ratio (indicating an edge going in

6TSP is known to be one of the most difficult optimization prob-
lems. In particular, there is no polynomial time approximation algo-
rithm with a sub-exponential approximation factor unless P = NP.

the wrong direction), i.e. maximize the ratio of rstart(pi j)
and rend(pi j), the radii at the start and end of the tubular
path pi j, respectively, as defined in Sec. 3.1.3. The cycle
is cut by excluding this edge from the graph, after that
the problem can be resolved. This is obviously a greedy
procedure, however, since we do not expect cycles to
occur often, it is reasonable for our problem. In fact, it
is intuitively similar to what a human operator would do
if he/she is presented a cycle for correction.
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Benmansour, F., Türetken, E., Fua, P., 2013. Tubular Geodesics using
Oriented Flux: An ITK Implementation. The Insight Journal -
2013 January-December , 1–8.

Bredies, K., Kunisch, K., Pock, T., 2010. Total Generalized Variation.
SIAM Journal of Imaging Sciences 3, 492–526.
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