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Polynomial Systems in Computer Vision

Many Computer Vision problems can be solved by finding the roots
of a polynomial system:

» camera pose estimation from point correspondences;

> camera relative motion estimation from point
correspondences;

> image distortion calibration;

> point triangulation;
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Solving Polynomial Systems

> no general method;

> several mathematical tools exist. For a given problem, a tool
can be more adapted than the others.



Grobner Bases

» introduced in 1965 by Bruno Buchberger (now at the

Johannes Kepler University in Linz) in his Ph.D.
thesis (named after his advisor Wolfgang Grébner) to study

sets of polynomials
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A Polynomial System

Let consider the following polynomial system:

Ly 2+ 2422

Ly {2x2+y2—22+322—|—5
Ls 2y? + %22 -2

Hint: try to remove x from the first equation

Replace Ly by L; —2Ls:

LV (P —42+22+5 =
Ly P?4z+22 =
Ly \ 2?92 +y?22 -2 =

o

jam)



A Real Polynomial System (continued)

Lo 2+ 2422
Ls a2+ 4222 -2 =

L {y2—4z+22+5

[an}



A Real Polynomial System (continued)

Ly (v —4z+224+5 = 0
Lo P?+z24+22 = 0
Ly | 22y2+4222-2 = 0

Hint: try to remove z from the second equation:



A Real Polynomial System (continued)

Ly (v —4z+224+5 = 0
Lo P?+z24+22 = 0
Ly | 22y2+4222-2 = 0

Hint: try to remove z from the second equation:

Adding 3 Lo — L3:

Ly (v =42+ 2245 =
Lo 2+ 24 22
Ly | 2?92 +y22% -2
Ly v r4+2 =

I
cooco



A Real Polynomial System (continued)

Ly (v?—4z+ 2245 =
Ly 2+ 2422
Ly | 2%y + 4222 -2
Ly yvz+2 =
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A Real Polynomial System (continued)

Ly (v?—4z+ 2245 =
Ly P?+z4+22 =
Ly | 2?2 +y?22 -2 =
Ly yz+2 =

Hint: try to remove y from the first equation
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A Real Polynomial System (continued)

Ly (v?—4z+ 2245 =
Ly P?+z4+22 =
Ly | 2?2 +y?22 -2 =
Ly yz+2 =

Hint: try to remove y from the first equation

Add yL| — Ly:

Ly ( y*—4z2+22+5 =
Lo 242422 =
Ly { 22y +9222 -2 =
Ly yz4+2 =

Ly \5z—422+23—-2 =

o O o O

o O O o O



A Real Polynomial System (continued)

Ly ( y*—4z2+2245 =
Lo 224z422 =
Ly { 2?9y 494222 -2 =
Ly y2z+2 =

Ls \5z—422+23-2 =

o O O o O



A Real Polynomial System (continued)

Ly ( y*—4z2+2245 =
Lo 224z422 =
Ly { 2?9y 494222 -2 =
Ly y2z+2 =

Ls \5z—422+23-2 =

Hint: Ls is a polynomial in z only

o O O o O



A Real Polynomial System (continued)

LY ( y*—4z+2°+5 = 0
Lo 2?+z4+22 = 0
L3y 2?2y +9222—-2 = 0
Ly y’z+2 = 0
Ly 5z —4224+22-2 = 0

Hint: Ls is a polynomial in z only
5z—422+23-2=(2—1)%(2-2)

Each possible value for z gives a new polynomial system in z and y
only.
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Solving a Univariate Polynomial

> closed form up to degree 4;

» for higher degrees:
» the companion matrix method: The companion matrix of
p(2) = 2"+ an_12" "'+ Farztagis

0 —ap

1 0 —a

C= 1 0 —az
1 —ap

Its eigenvalues are the roots of p(z) (because p(z) is the
characteristic polynomial det(2I— C) of C).

» Sturm's bracketing method (slightly less stable but much
faster).



Two Grobner bases

{y2—4z+z2+5,,1,‘2+:

is a Grobner basis.

L
Ly
L3
Ly
Ly

v —4z+224+5 = 0
e =00
2y +y?2 -2 = 0
v’24+2 = 0

= 0
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Two Grobner bases

Ly ( y*—42+22+5 = 0
Lo 242422 = 0
Ly { 222 +9°22—-2 = 0
Ly Pz+2 = 0
Ls = 0

{y2 — 42422+ 0, 2+ 2+ zz,xzyz + y2z2 —2, y22—1—2,
is a Grobner basis.

{y2 —dz+ 22+ 5,27 + 2+ 22,

is also a Groébner basis.



A Grdbner basis is a set of polynomials {g1,...,¢g:}, such that the
system
g1($1,...,$n) = 0

gi(x1,...,z,) = 0



A Grdbner basis is a set of polynomials {g1,...,¢g:}, such that the
system
g1($1,...,$n) = 0

gt(xla"'vxn) = 0

has the same solutions as the original one,

but with some specific properties that make the new system easier
to solve than the original one, OR AT LEAST USEFUL to solve
the original one.
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Tools
We can create new equations from:
» linear combinations of existing equations. In particular, we
can use the Gauss-Jordan elimination algorithm to simplify the
system. For example, we can write the system:

222 +zy+y°+1 = 0
2 —zy+2y2—1 = 0
in matrix form:
72
[2 11 1] | _,
1 -1 2 —1||v?|
1
After Gauss-Jordan elimination:
72
ll 0 1 0] A
0 1 —1 1]|¢?|



Tools

We can create new equations from:

> linear combinations of existing equations.

» algebraic combinations of existing equations.



Tools

We can create new equations from:

> linear combinations of existing equations.
» algebraic combinations of existing equations.

» the remainder of polynomial divisions (used by Buchberger's
algorithm).



Notations and Definitions
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Fields

A field is a set where one can define addition, subtraction,
multiplication, and division with the usual properties.

For example, the real numbers R, the rational numbers Q, the
complex numbers C are fields.

The integers Z are not a field (division fails).

The coefficients of polynomials and the variables take their values
from a field.



Monomials

Definition. A monomial in z1,...,x, is a product of the form:

a1

a2
!L’l e’

T

Qo

n

where all the exponents «4,...,a, are nonnegative integers,
sometimes noted x® with a = (a,..., ).

Examples: z, 22, 2%y, 22yz3



Polynomials

Definition. A polynomial f in z,...,z, with coefficients in a
field k is a finite linear combination with coefficients in & of
monomials. A polynomial is written in the form

f:ZaaXaa an €k
o

with

> a, the coefficient of the monomial x“.



Polynomials

Definition. A polynomial f in z,...,z, with coefficients in a
field k is a finite linear combination with coefficients in & of
monomials. A polynomial is written in the form

f:ZaaXaa an €k
o

with

> a, the coefficient of the monomial x“.

> If an # 0, then we call g,x* a term of f.
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Notations: k[z1,...,x)

Notation. The set of all polynomials in zy,...,z, with coefficients
in k is denoted k[z,...,z,).

k[z] is the set of polynomials in one variable: 22— € k[x],
78 +4x € k[z).

k[z,y] is the set of polynomials in two variables: z2 —y € k[z,],
3+ 2xy + 92 € k[, y].
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Ideals

Definition. A subset I € k[zi,...,%,] is an ideal if

»Vfel, gel f+gel;
» Vfel, p€klz,...,x), pxfel.

klx;, ..., x,]
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Notations: (fy,...,fs)
Definition. Let fi,...,fs € k[z1,...,2,]. (f1,...,/s) denotes the set:

(fiy--ofsy=Ap1-h+...+psfs: pi €klz,...,z) for i=1,... s}.

It is easy to show that (fi,...,fs) is an ideal.

klx, ..., x,]

\

+

Ideal<fl,.um pX.




Ideal - example

For example, let consider the ideal I = (z — y?, zy).

> s g2 —xy? € I?
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Ideal - example

For example, let consider the ideal I = (z — y?, zy).

2

» Is 22 — zy? € I? Yes, because 22 — zy? = z.(z — y?) + 0.zy.
Y

» Is 22 € I? Yes, because 22 = z.(z — ) + y.2y.



Ideal - example

For example, let consider the ideal I = (z — y?, zy).

> Is 22 — ay? € I? Yes, because 22 — 1y = r.(z — 3?) + 0.2y.
» Is 22 € I? Yes, because 22 = z.(z — ) + y.2y.

> Isyel?



Ideal - example

For example, let consider the ideal I = (z — y?, zy).

2 omP=x(z—y*)+0.2y.

» Is 22 — zy? € I? Yes, because
» Is 22 € I? Yes, because 22 = z.(z — ) + y.2y.
» Is y € I? No, there is no p1,p2 € k[z1,...,2,] such that

y=p1.(z—y*) + pa.ay.
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Motivation for the Notion of Ideal
If (a,...,a,) € k™ is such that

V1<i<s fi(ai,...,a,) =0,

then
vpe <f17"'7f8> p(ala"'van)zo'

In other words, the ideal generated by a polynomial system is made
of all the polynomials that can be added to the system without
changing the solutions.




Affine Varieties - Sets of Solutions

Definition. The set
V(fi,..ofs) ={(a1,...,an) €E" : fi(ar,...,a,) =0 V1<i<s}.

is called the affine variety defined by polynomials fi,...,fs in
k[zl,...,xn].



Affine Varieties - Sets of Solutions

Definition. The set
V(fi,..ofs) ={(a1,...,an) €E" : fi(ar,...,a,) =0 V1<i<s}.

is called the affine variety defined by polynomials fi,...,fs in
k[xy, ... x,).

Examples:

» V(z2+y2-1)is



Affine Varieties - Sets of Solutions

Definition. The set
V(fi,..ofs) ={(a1,...,an) €E" : fi(ar,...,a,) =0 V1<i<s}.

is called the affine variety defined by polynomials fi,...,fs in
k[z,... 2.
Examples:

» V(224 y%—1) is the circle of radius 1 centered at the origin;
» V(22 +y2—1,2) is



Affine Varieties - Sets of Solutions

Definition. The set
V(fi,..ofs) ={(a1,...,an) €E" : fi(ar,...,a,) =0 V1<i<s}.

is called the affine variety defined by polynomials fi,...,fs in
k[z,... 2.
Examples:

» V(224 y%—1) is the circle of radius 1 centered at the origin;
» V(22 4y —1,7) is the set {(0,1),(0,—1)}.



Definition - Leading Term LT(f)

Definition. Given a nonzero polynomial f € k[z], let
f=az™+az™ 4. +an,

where a; € k and ag # 0.
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Definition. Given a nonzero polynomial f € k[z], let
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Definition - Leading Term LT(f)

Definition. Given a nonzero polynomial f € k[z], let
f=az™+az™ 4. +an,

where a; € k and ag # 0.
apz™ is called the leading term of f.

We will write LT(f) = apz™.
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Dividing Multivariate Polynomials?

Is there a division for polynomials in several variables?

The answer is yes, but we need to decide which term of a
polynomial is the leading term.

For example, what is the leading term of 22 + zy + ¢%?

To decide, we will define a monomial order.
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Monomial Order

A monomial order is any relation on the set of monomials z% in
k[xi,..., x,] satisfying:

1. > is a total (linear) ordering relation:
there is only one possible to order in increasing order under >
a set of monomials;

2. > is compatible with multiplication:
if 2> 2% and 27 is any monomial, then

3. > is a well-ordering:
every nonempty set of monomials has a smallest element
under >.



Monomial Order on k|x]

The only monomial order on k[z] is the degree order, given by:

Lol ars st s a1,
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For polynomials in several variables, there are many choices of
monomial orders.



Monomial Orders on k[, ..., x,]

For polynomials in several variables, there are many choices of
monomial orders.

Let's first define an order on the variables: z; > 29 > ... > z,, (this
is not a monomial order), and z >y > z.
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Monomial Orders on k[zj,...,z,] - the Lexicographic
Order >,

Definition. The lexicographic order: analogous to the ordering of
words in a dictionary.

For example, under this order >, :

2 2
T >lex TY™ Zlex TY >lez T >lex Y

Formal definition: 2% >, 2 if in the difference a— 3 (which
belongs to Z™), the leftmost nonzero entry is positive.

2223 > s 2224 or a2zt >, 1 yz3 ?

— 12yz3 >0 22 2% because (2,1,3) —(2,0,4) = (0,1,—1)
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Monomial Orders on k[xzy,...,x,] - the Graded Reverse
Lexicographic Order > g cyier

Let z® and z” be monomials in k[zy,...,x,]. z° > greviex P if:

> Z?al > Z?ﬁl, or if
» Y Pa; = ¢ [ and in the difference a — 3, the rightmost
nonzero entry is negative.

Under this order > g cpies:
2 2
Yy >g7"evlex T >grevlea: Ty >g7"evleac T >g7’evl6x Y

2,22 4 4 2,22
Yy z >g7"evlez Ty -z or ry Z>g7"evle:vx y-z 7

— zytz > greviex 229?22 because 14+4+4+1=2+42+2 and
(1)47 1) - (27272) = (_1a27 _1)



Monomial Orders

3,2 2,6, 8
TY 220z Y Y

2,6,8 3,2
rTyy >g7“evlexx Yz

z? y2 22 >len :Uy4z

4 2,22
Ty z>grevlezx Yy z
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Why Several Orders?

Computing Grobner bases with > g,¢y¢; is usually more efficient.

Computing Grobner bases with >, yields a polynomial system
that can be easily solved.
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Using the Monomial Orders

to decide which term of a polynomial is the leading term:

LT~ (f) denotes the leading term of f according to order > (or
simply LT(f) when there is no ambiguity).

For example, consider f = 32312 + z2y23.

LT >lex (f) = 3$3 y2
LT >grevlea: (f) = ‘TQ yZB
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Division in k[zi,..., ]
Let F =(f1,...,fs) be an ordered s-tuple of polynomials in

klxy, ... x,).
Then every f € k[x1,...,x,] can be written as
f=afi+. ... +asfs+r,
where
> a;, 7 € k[z1,...,2];

> Vi aifi =0or LT>(f) > LT(aiﬁ);
» either »r =0, or r is a linear combination of monomials, none
of which is divisible by any of LT~ (f1),...,LT(fs).

r is called a remainder of f on division by F'.

. F
» Notation: r=f ;

> there exists an algorithm to compute the a;'s and r.



Division in k[zi,..., ]

Let F = (f1,...,fs) be an ordered s-tuple of polynomials in
klxy, ... x,).

f=afi+...+asfs+7,

Reordering F' or changing the monomial order can produce
different a; and a different remainder 7!
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Division in k[x1,...,z,]: Example

Let f=ay® + 22y + >+ .
Let F = (22,y).

Using >, :
f=ya*+(y+ay)y+u.

Let now F = (y,2?).

f=@?4y+ay)y+022+z

(see normalf command in Maple or PolynomialReduce in
Mathematica)
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Using the Polynomial Division

Can we use the division to decide whether a given polynomial
f €klzy,...,z,] is a member of a given ideal I = (fi,...,fs), by
computing the remainder on division?

» One direction is easy:
If r=F" =0, then f = arfi +...+ anfo. By definition,
f € <f17-'-7fn>'

» On the other hand:
there is no guarantee to find fF =0 for every f in

I={fieo fo) with F = (fi,.... o).
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Counter-example

there is no guarantee to find fF =0 for every fin I = (fi,...

Example:

p=yisin I ={(2?+1,zy) because

p=y(@®+ 1)+ (-2) (zy) .

This is not a valid division because

LT>M< ($2+1)>=$2y >,ex LT(p) =y

Division:
p=0.(2"+1)+0.(zy) +y.
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Grobner Basis: Definition

Definition. Let I C k[z1,...,z,] be an ideal. A Grébner basis for I
is a set of polynomials G ={g,...,9:} C I such that

VfeI\{0} g€ G such that LT(f) is divisible by LT(g).

It can be shown that a Grébner basis always exists for any ideal 1
and it is indeed a basis for [ i.e. I = (gi,...,4).



Link with the Division in k[x1,. .., z,]

If F'is a Grobner basis for I, then for any g € I, and for any
ordering of F', the remainder of the division of g by F'is null.
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{22 —9?+1, 2y —1} is not a Grobner basis for I under >, .
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For example,
f=yl® =+ 1) —aloy—1)=a+y—y’
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Example

Let
I:<x2—y2+1, xy—1>.

{22 —9?+1, 2y —1} is not a Grobner basis for I under >, .
For example,
f=yl® =+ 1) —aloy—1)=a+y—y’

is in I. However LT(f) = x is not divisible neither by
LT(2? —y*+1) =22 nor by LT(zy — 1) = zy.

A Grobner basis for I under the >, order is:
( o=yt ty) .

We can check that LT(f) = z is divisible by LT(z — 4> +y) = z.
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leading term that is not a multiple of any of the leading terms in
the basis.
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I={(2>—y>+1, zy—1). We have:

LT(2% — y? +1) = 22
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but if we multiply z° — 4>+ 1 by y and zy — 1 by —z and sum the
results, these leading terms disappear.



Remark

For arbitrary bases, combinations of basis elements may have a
leading term that is not a multiple of any of the leading terms in
the basis.

This is because multiples of leading terms may cancel.
That is what happened in the previous example

I={(2>—y>+1, zy—1). We have:

LT(2% — y? +1) = 22
LT(zy—1) ==y

but if we multiply z° — 4>+ 1 by y and zy — 1 by —z and sum the
results, these leading terms disappear.

The resulting polynomial f = 24y — ¢ is in I and its leading term
z is not divisible neither by LT (2% — y* +1) = 2% nor by
LT (zy—1) = zy.
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Remark (2)

Let’s try the same operation on the Grdébner basis
4 2 | _ a3\
(v =y~ 1L, a+y—y)

z(y' =D+ —y  +y)
= —xy2+a:y4—x+my2+y3—y4
_ _x+$y4+y3_y4
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Let’s try the same operation on the Grdébner basis
(' =y =1, z+y— o)
oy~ D+ya -y +y)
= —xy2+a:y4—x+xy2+y3— y4
= —atayt syt

the leading term is



Remark (2)

Let’s try the same operation on the Grdébner basis
<vz/J' — ,1/3 —l,z+y— y3>
oy~ D+ya -y +y)
= —xy2+a:y4—x+xy2+y3— y4
= —atayt syt

the leading term is zy*, which is divisible by LT(z — 4> + ) = z.
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and

» the solution set is finite,

then a univariate polynomial (in the last variable) is in the basis.
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For example, the Grébner basis for <1:2— Y2+ 1, oy — 1)is
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Cool
If

» we use the monomial order >, to compute a Grobner basis
and

» the solution set is finite,
then a univariate polynomial (in the last variable) is in the basis.

For example, the Grébner basis for <1:2 — 21, oy — 1)is
(y' =y =1, z—y’+y).
The system

I
o

xQ—yQ—i—l
xy—1

Il
o

has the same solutions as the system:

yr—y?+-1 = 0
z—y3+y = 0

but the latter is much simpler to solve.



A More Ugly Example

A Grobner basis for

under >, is

2 —222+5
zy? +yz+1
3y —8xz
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A More Ugly Example

A Grobner basis for

2 —212+5 = 0
r+yz+1 =
3y2—8zz = 0

@)

under >, is

{81+ 43202 — 8640022 + 7662722° — 25134882% — 29568025 —
242496 2% 4 6144028, —2472389942760 + 1450790919+
987224793696002 — 13125042963639362% 4+ 5756399991 700688 23+
7116701274412802* 4+ 549519027506496 2° — 1032668098560025 —
13942192134144027,6503592729600 + 14507909192 —
2574163796434382 + 340063949002032022 — 148570799195514802°
—18357821871648002* — 14184737272857602° + 263479449600002°
+3598821801984002"}



Algorithms to Compute a Grobner basis

First algorithm to compute a Grobner basis: the Buchberger
algorithm.

More recent algorithms are more efficient (F#'4 and F'5 algorithms
by Faugere).
In [?]:

1. Start with d < 1;

2. Multiply each equation of the current system by every possible
monomial of degree d;

3. Simplify the system with Gauss-Jordan elimination;
4. If not a Grébner basis, set d < d+1, and iterate from 1.



Computation Steps




Damnit

Unfortunately, computation of Grobner bases under the
lexicographic ordering ( >, ) is often intractable for real problems.

Using the graded reverse lexicographical ordering (>g,nevlem) usually
yields more tractable computations.

Unfortunately, the resulting polynomial system is not necessarily
easy to solve.

Fortunately, other properties of Grobner bases can be used to find
the solutions.



> e VEISUS > greple, - Example

Computing a Groébner basis for

d12+Ad1d2+d22—F2 =
d?+ Bdyds+ d3 — F? =
d22+0d2d3—|—d§— G? =
d22+Dd2d4+df—F2 =
d3 + Edydy + df — F* =

o O O O O

under > grcyer : less than a second (but 130 polynomials in a 96Kb
text file).

under >, : more than a week
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Rings and Ideals

A ring is a set with addition and multiplication operations.
For example, Z, k[z1,...,z,] are rings.
Let consider an ideal I in a ring R.

We can define an equivalence relation (denoted ~) between
elements of R:
a~biffa—bel.

For every element a € R, we can define an equivalence class, or
coset as:
[a]={be R|a~b}.

We have
a~bs al=[b] & a—-bel
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Rings and Ideals: Example
Z is a ring.

nZ., the set of multiples of n is an ideal in Z (stable under
addition and multiplication by any z € Z).

With n=7T:
O~T~14~21 ~ ...

0] = [7] = [14] = {0, 7, 14,..}

1~8~15~22~ ...
[1] = [8] = [15] = {1, 8, 15,...}

etc.



Rings and Ideals: Example
Z is a ring.

nZ., the set of multiples of n is an ideal in Z (stable under
addition and multiplication by any z € Z).

With n=T:
0~T7T~14~21~ ...
[0]=[7]=[14]={0,7,14,...}
1~8~15~22~ ..
[1]=[8] =[15] ={1, 8, 15,...}
etc.

The remainder of z divided by 7 is a standard representative of its
class [z].
[2] = [remainder(z/7)].
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If we define addition and multiplication between equivalence
classes:
[a] +[b] = [a+b] and

[a] > [b] = [a x b],
the set of equivalence classes is a ring.
It is called a Quotient ring, and is denoted R/I.

Example:

Z/7Z = {[0]7[1]7[2]7”7[6]}



Quotient Ring

If we define addition and multiplication between equivalence
classes:
[a] +[b] = [a+b] and

[a] > [b] = [a x b],
the set of equivalence classes is a ring.
It is called a Quotient ring, and is denoted R/I.

Example:

7|7, = {[0]7 [1]7 [2]7"7 [6]}
= {[remainder(z/7)]|z € Z}
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k[z1,...,z,] is a ring. If I is an ideal in k[z1,...,2,], k[z1,...,2,)/1
is a quotient ring.
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Quotient Ring k[zi,...,z,]/1
k[z1,...,z,] is a ring. If I is an ideal in k[z1,...,2,], k[z1,...,2,)/1
is a quotient ring.

By definition:
fl=lge=f~rgef-ygel.

If G=(g1,...,9¢) is a Grobner basis, and f € k[z1,...,z,]:

with f the remainder of the d|V|5|on of f by G. (because

F=hgi+ . +hg+I =T el==0F)

and
bor, o)/ 1= { [F°] |1 € blor,.o]}

(does not depend on G, because the remainder does not depend
on the Grobner basis)




Finiteness Theorem

Theorem. Let's consider

» an ideal I in C[zy,...,z,], and

» the corresponding quotient ring A = Clzy,...,2,)/1

dim(A) is finite < V(I) is finite (i.e. the number of solutions is
finite)



Finiteness Theorem

Theorem. Let's consider

» anideal I in Clzy,...,2,], and

» the corresponding quotient ring A = Clzy,...,2,)/1
dim(A) is finite < V(I) is finite (i.e. the number of solutions is
finite)

Counter-example: I =<z >€ (D[ z,y], an
A= Cla,yl/T = {[1],[=] [y]. [v’], s tay ]}
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Let's consider

» anideal I in Clxy,...,2,),

» the corresponding quotient ring A = Clzy,...,2,]/1,
» a polynomial f € C[xy,...,z,],

» the function my defined as:

mf : A=A
my(g) = [fllg] = [f-g]

Then



Action Matrix

Let's consider

v

an ideal I in C[xy,...,z,],

v

the corresponding quotient ring A = Clzy,...,z,]/1,

v

a polynomial f € Clzy,...,x,),

v

the function my defined as:

mf : A=A
my(g) = [fllg] = [f-g]

Then my is linear: [/][ag: + g2 = [[[(lag1] + [92]) = alfl[o2] + [/1]g2]



Action Matrix

Let's consider

» anideal I in Clxy,...,2,),

» the corresponding quotient ring A = Clzy,...,2,]/1,
» a polynomial f € C[xy,...,z,],

» the function my defined as:

mf : A=A
my(g) = [fllg] = [f-g]
Then my is linear: [f][ag1 + g2] = [f]([ag1] +[g2]) = a[f][g1] + [f][g2]

If the number of solutions is finite, dim(A) is finite, and m; can be
written as a matrix M, which is called an action matrix.
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> A is an eigenvalue of the action matrix My;
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wow

Theorem. For )\ € C, the two statements are equivalent:

> A is an eigenvalue of the action matrix My;
» 3(a1,...,a,) € V(I) such that f(a1,...,a,) = A\
If we take f = z;, then f(ay,...,a,) = a;.

In other words, the eigenvalues of M, are the possible values for



Computing the Action Matrix

We need to identify a basis for the set of remainders.

The monomials in the basis of the set of remainders are the
monomials that are not multiples of the leading terms of the
polynomials in the Groébner basis.



Computing the Action Matrix (continued)

The monomials in the basis B of the set of remainders are the
monomials that are not multiples of the leading terms of the
polynomials in the Grobner basis.

Example: The Grobner basis G' under > g cype, for
2 —2124+5 = 0

w4+ yz+1 = 0
3y°—8xz = 0



Computing the Action Matrix (continued)

The monomials in the basis B of the set of remainders are the
monomials that are not multiples of the leading terms of the
polynomials in the Grobner basis.

Example: The Grobner basis G' under > g cype, for

2 —212+5 = 0
P +yz+1 = 0
3y°—8xz = 0

is { 3y?—8zz, 2% —212+5,
16023 — 16022 + 415yz + 121 — 30y — 2242 + 15,
240722 — 9zy + 160022 + 189z + 12022 — 1202 + 2402,
16222 +3yz — 402 + 3, 40zyz — 3zy + 6yz +402% }

2

with leading terms {y?, 22, 23, y2?, 122, zyz}.

The monomials in B are the monomials that are not divisible by
the leading terms: 1, z, y, 2, zy, ©z, yz, 2°
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multiplication by [z]:
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The basis B is {[1], [], [4], [2], [#y], [22], [y2], [#¥]}

The coefficients of M, are the coordinates of these cosets after
multiplication by [z]:

—G  _
1" =70 =
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The coefficients of M, are the coordinates of these cosets after
multiplication by [z]:

—G _
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Computing the Action Matrix M,

The basis B is {[1], [], [4], [2], [#y], [22], [y2], [#¥]}

The coefficients of M, are the coordinates of these cosets after
multiplication by [z]:

—G _
1 =7 =2

.:cG:

8
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Computing the Action Matrix M,

The basis B is {[1], [], [4], [2], [#y], [22], [y2], [#¥]}

The coefficients of M, are the coordinates of these cosets after
multiplication by [z]:

—G _
1 =7 =2

—G
Tz0 =12 = — 54212



Computing the Action Matrix M,

The basis B is {[1], [], [4], [2], [#y], [22], [y2], [#¥]}

The coefficients of M, are the coordinates of these cosets after
multiplication by [z]:

—G _
1 =7 =2

—a
Tz0 =12 = — 54212
Ty% =zyC =y

G G

T2 =x27 =22



Computing the Action Matrix M,

The basis B is {[1], [], [4], [2], [#y], [22], [y2], [#¥]}

The coefficients of M, are the coordinates of these cosets after
multiplication by [z]:

71%=7¢ =2
719 =122 = -5+ 2z
.y =1y =1y
720 =72C = 22
G




Computing the Action Matrix M,

The basis B is {[1], [], [4], [2], [#y], [22], [y2], [#¥]}

The coefficients of M, are the coordinates of these cosets after
multiplication by [z]:

71%=7¢ =2

719 =122 = -5+ 2z
zy¢ =15% = 1y

720 =72C = 22

G ——G
z.(zy) =22y =—-5y+ %xy— %yz—sz

(I used the Mathematica PolynomialReduce function to compute
these remainders)



Computing the Action Matrix M, (continued)



Computing the Action Matrix M, (continued)

[z.1] = [z]

[z.x2] = —5[1] + 2[zz]

[z.y] = [zy]

[2-(zy)] = =5yl + 55 [2y] — FHly2] —2[<°]

and:



Computing the Action Matrix M, (continued)

[P VST R S

and:

yz

Tz

2
10
2

0 O

0
0




Computing the Possible Values for x

-5 0 0 O
0 0

0
1

0 00 -5

0

0 00

0




Computing the Possible Values for x

3 3 ]
o500 0 -2 0 -%
1 0 00 0 0 0 0
0 0 00 =5 0 0 0
0 0 00 0 0 0 5
= 2
Mz0010%0% 0
0 2 01 0 0 0 0
2 3 3 3

o0 00 -2 -3 -3 -2

o 0 00 -2 0 -1 0|

The real eigenvalues for M, are —1.10137.. and 0.9660.., which
are the possible values for z.
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The real eigenvalues for M, are —1.10137.. and 0.9660.., which
are the possible values for z.

We still have to find the corresponding values for y and z.

Possible strategies:

1. do the same with M, and M., and check for every possible
combination (z, ,y, z) if it is a valid solution.



Computing the Complete Solution

The real eigenvalues for M, are —1.10137.. and 0.9660.., which
are the possible values for z.

We still have to find the corresponding values for y and z.

Possible strategies:

1. do the same with M, and M., and check for every possible
combination (z, ,y, z) if it is a valid solution.

2. for each possible value for x, plug it in the system and solve
the resulting system (which is now only in y and z).

The first option is more stable numerically.



In Practice [Kukelova08]

Offline

input: polynomial system with

random coefficients

1

output: "elimination template"
operations to apply to the system

to obtain a Grébner basis

Online

input: actual coefficients of the
system

1. apply the elimination template
to compute the coefficients of
the Grobner basis:

2. compute the action
matrix(ces)

3. compute the solutions using
the action matrix(ces)

The offline computations are done in Z/pZ with p a large prime
number. It speeds up the computations, and avoids numerical
instability (can easily determine when a coefficient becomes null).

See Automatic solver software on

http://cmp.felk.cvut.cz/minimal/
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