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Continuous stetting



Topology optimization Ty
Model problem

D
min g(%, v)
subject to
—AoAu+aqu="_fg inD
u=gp onlp D\Q
XoOyu=gy onTy A2, 0, o, G

Area + Tracking type cost function

g(Qu) = Q| + C2/649|u — 0 dx
D

0... given desired state

Reduced objective function: g(Q2) = g(2, u(Q))
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Topological derivative Ty

Definition
Let w CRY with 0 e w.
For a point z€ QU (D \ Q), let w. := z + cw denote a perturbation of the

domain around z of size ¢ and of shape w.
The continuous topological derivative is defined by

limes 0 8(we)—a(@) g5 5 D\ Q

dg(Q =
g( )(Z) {lims\ow for z € Q

D
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Shape derivative TU

Grazm

u Domain perturbation via a sufficiently smooth vector field V

Q; = (id + tV)(Q)

Definition (Classical Shape derivative)

dg(Q)(V) = mw

Definition (Modified shape derivative)

da(Q)(V) = mj% with Q:AQ:= (2 \Q)U(Q\ Q)
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Shape derivative Ty

Lemma

Let Q and V smooth. It holds

dg(2)(V)

dg(Q)(V) = ToalV -l d5,
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A topological-shape derivative Ty

Level-set representation: ¢ : D — R
P(x) <0<=x€eQ
#(x) >0<=xeD\Q
p(x)=0<=xel

Indirect perturbation of Q by perturbing ¢

(,255: s¢

with some operator O. : C°(D) — C°(D) dependent on & > 0 with the
property
Q(0p9) = Q(0)

Definition (Continuous topological-shape derivative)

d7(8)(0.) = lim L) = T(9)

i Gy A)] with  J(¢) = 9(2(¢))
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Numerical stetting



Discretization

Ty

ﬂ Assume fixed finite element mesh T covering D with

m M nodes {xx}V,

m and N triangular elements 7y

Index-sets:

e ={le{l,....N} :xe €T} fork=1,...,M.

Re :={ic{l,... M}3I €l :xiem} fork=1,... M.

T4

73

1

Xk T2

ka = {17 27 37 4}
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Discretization ﬁIU

ﬂ Linear finite elements

Si(D)={v e HY(D): v|r € P, forall T € T} =span{¢p1,...,om}

Discretize the state and the level-set function: u € S}(D), ¢ € SE(D)

System of linear equations
M+Ku=f

with

M[i,j] = / agwjer dx,
D

K[i.j] = / Vi) Vg dx,
D

fi] = / fagi dx.

D
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Numerical topological-shape derivative Ty

I(T 7" 9)-T(9)

|ima\0 m for x, € ¥~ = {Xk € T|Vi S ka : (;5,' < 0}
d %) = ¢ T(Ti2 7 8)-T(9) +_ . L
j(¢)( k) lime0 IQ(TZ?_@AQ(@I forx, € 7 = {xk c T\V/ ERy i > 0}

: T (Sk,e )= T (2¢)) —
||mg\(0 Mw for Xk € S = T\ (T U I+)

with
T To(x) = d(x) — (%) — €)ex

T 77 6(x) = ¢(x) — (D(xk) + €) k-
Sk,ed(x) 1= d(x) + epi(x).
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Discrete perturbations

Ty

(a) Shape derivative

(c) Topological derivative
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AN

(b) No effect



Numerical topological-shape derivative Ty

Let uy = [uy, up,, ug] T and p; = [py, P, pi] T be the nodal values for 7; and

kolisf] = (J7'Vedy) " (72 Vewh).

For xx € €~ the numerical topological derivative reads

Z/ L p,TkoJu,|detJ,\

€ o = ~

T(@)(xk) = —c1 — |dIZtJII3 — Aapruy + Afpe— A& (uk — k)?
zlelxk ¢12¢13

whereas for x, € T we have

Z p,T ko)/U/|detJ/‘
/Glxk ¢I2 ¢I3

|detJ/
le IXk ¢’12 ¢I3

dj(¢)(xk) =c + AN + Aapyu — Afpk+C2Ad(uk — 0k)2
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Numerical topological-shape derivative Ty

Lemma cont.

For xx € & the numerical shape derivative reads

diec, p, ko, iuy dkas AQZ/eck p/ dim)u,
dca dia
T df! u — b)) Tdem! (u — b
—Afz’eckpf fj +QA&Z,€Q( ) —Gy) L ) (u =)
dka dka

dJ(d)(xk) = —a+AX

— p - 2 + 2
37— 37‘4— 37—
1 1 1
Jr — —

+ + -
?Vg+ ?V ?Vg+
1 1 1
- 1 T
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Comparison Ty

Continuous topological derivative at z € D \

QXA—CﬁQMAAIXVM) Vp(2)
+Aau(z)p(z) — Afp(z) + o Ad(u(z) — i(z))?

Numerical topological derivative for node x, € T*:

S, Plkeuldets]

1€,

dT(B)(x) = crtAN T2
Z/G&k [ATTN

+Aapgui — Afpk‘i‘CQAd(Uk — ﬁk)z

— Mesh and basis functions are assumed to be fixed and
independent of ¢!
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Numerical results



Problem setting Ty,

Unit square D = {(x,y) € R®[0 <x < 1,0 <y <1}
Mixed Dirichlet-Neumann problem

rD:{(X,Y)GaDD’:OOFy:l} fTy=0DNTp

ep=y &v=0
Desired shape

ba(x,y) = ((x —0.3)% + (y — 0.4) +0.22) ((x — 0.7)> + (y — 0.7)*> + 0.1?)

G G o ax A1 X i H
1 09 1 02 1 06 1 05
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Verification Ty

6 Numerical experiments to show that the topological-shape derivative is correct

Finite difference like test

Test related to the complex step derivative

Test based on hyper-dual numbers
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Verification: Finite difference

Ty

j(ok,s(yb) - j(¢)
Q(Ok,=0)AQ(9)|

0J=(9)(x) =

Compute the errors

D (0T(8)(x) — dT () (xk))?,

xc €S

S (67:(8) (%) — T (@) (xe))?

XkET—UTH

for a decreasing sequence of values for ¢.
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Verification: Finite difference Ty

10° - - . . .
w00
e
105}
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S100F -7 e ,
] i
e
./‘/
10 15| ‘,'/ ]
/‘/
i —+— topological derivative
1020 | ,/‘ —&—shape derivative ]
’ B —()(e_)
————— O(e)
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1010 10°8 10°® 104 10°? 10°
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Verification: Complex step derivative Ty

Assume higher order expansion

T (Okct) = T(¢) +€° didd T (¢)(xk) + €% died d> T () (x«)
+ e d 3T (6)(xk) + o(°72) . ..

o=2forx, €T-UZT
o=1forx, €6

Set ¢ = jh and compute

Re(J (T, 7 T9)-T(4))

;hz did , Xk € T~
+—— 1y
6thS(¢)(Xk) - Re(J( Tlli;/;z dq:; J(¢)) . Xk c (E+
|m({7(j:gh¢))7 X, €6

dT($)(xk) = 075 (6)(xk) + O(h?)

Michael Gfrerer — GAMM 2022



Verification: Complex step derivative

Ty

error
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Verification: Hyper-dual numbers Ty

m Three non-real components E;, E; and EE;
| E12 = E22 = (E1E2)2 =0
Set ¢ = hE; + hE; + 0E1 E; and compute

—
E1Eopart(T (T, e by +0e, £, @)

252 a5 , X €XT
HD I E E t T
8Ty (9)(xx) = { Erbapertl I 2k;;§1§i§h252+°51£2¢)), x € TH
E1part(J (Sk,hy £1 +hy Ex+0E1 E, P))
hdi3 , %€6

error

2
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Optimization Ty

Update the level-set function by spherical interpolation®

)
09 0o o o
08 N 06 o o
07 o 07 o o
05 o 06 o o:
s o =05 o sos o
04 o 04 . o
03 N 03 . o
02 02 . o
o
01 01 o o
A
o o N 2
3 02 04 06 08 1 o 02 04 08 08 1

06 08 1

(a) 1 iteration (b) 2 iteration (c) 10 iteration
(d) 20 iteration (e) 100 iteration (f) 800 iteration

LAmstutz and Andra 2006
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Optimization Ty

1072 : . : . : : :
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Summary

Ty

Unification of shape and topological derivative

Explicit formulas for the numerical topological-shape derivative

Verification

Finite difference like test
Complex numbers
Hyper-dual numbers

Optimization based on the numerical topological-shape derivative
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