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Overview Ty

m General formulation of the boundary and interface conditions for arbitrary planar
beam structures

4

m Study of the homogeneous solution of the Timoshenko beam
m Generating the system matrix by means of the Numerical Assembly Technique
m Determining the eigenvalues and eigenvectors of the system matrix
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Overview TU
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4

m General formulation of the boundary and interface conditions for arbitrary planar
beam structures

m Study of the homogeneous solution of the Timoshenko beam
m Generating the system matrix by means of the Numerical Assembly Technique
m Determining the eigenvalues and eigenvectors of the system matrix

Aim and scope

m Natural Frequencies of any continuous planar beam structure considering the
Timoshenko beam theory

m Analytical solutions of the differential equation*s

m Improvement of the computational performance by use of an improved
homogeneous solution
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Definition of the frame structure Ty

... set of nodes
.. set of springs
.. set of beams

.. set of external loads

S

.. set of bearings
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Definition of the frame structure Ty

... set of nodes
.. set of springs
.. set of beams

.. set of external loads

S

.. set of bearings

m Each beam m € 7T has

m two nodes kg . kg m € N
m parameters pm, Em, Im, Am
m rigid or hinged at kg, k¢
mt, = k[,m_kO,m

™ ke m—ko,mll
mn,Lt,
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Definition of the frame structure Ty

N ... set of nodes
S ... set of springs
T ... setof beams
F ... set of external loads
B ... set of bearings
nl‘ll
m Eachbeamm € T has m Each node k € N has
m two nodes kg . kg m € N m setofbeams B C T, Bkl = 1
m parameters oy, Em, Im, Am m setof springs yx € S, |xxl| € {0,3}
m rigid or hinged at kg, k¢ m external loads Fix’ eF
mt, = Kemkom m external moments M € F
||k[,m_k0,m|| .
En, Llt, m bearing y; C B, |yr| €{0,1},e; Ley,
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Preliminaries Ty

m The rotation of the beam axis ¥,

AM:BM

m The resulting deformation

Upn(é) =Un(&) -ty + Wy (€) - myy
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Preliminaries Ty

m The rotation of the beam axis ¥,

AM:BM

m The resulting deformation

Upn(é) =Un(&) -ty + Wy (€) - myy

m Internal bending moment M,,
m The resulting internal force

Si(€) = Nu(é) -ty + Vi (€) -myy,

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Boundary conditions

Ty

m Kinetics

Fk = Z Sm|k +B£+FZXt+F£=

mepy

M= )" My + BR + ME¥ + ME =0

mepi

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology

free vib. — F{* =0

free vio. » M* =0



Boundary conditions Ty,

m Kinetics

Fi= ) Spy+Bf+FQ +Ff = free vib. — F¢¥' = 0

meBi

M= )" M+ BR+ M{™ + ME =0 free vib. > M{™ =0

mePi
m Springs
FI,; =—cp(Up- &)L cr, ...longitudinal spring constant

M,’f =—cy¥k cy ...rotational spring constant
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Boundary conditions Ty,

m Kinetics

Fe= ) Sux+Bf+F"+FL =0 free vib. — Fy™ =0

mepy

M= )" M+ BR+ M{™ + ME =0 free vib. > M{™ =0
mepi
m Springs
Fi =—cp(Up- &)L cr, ...longitudinal spring constant

M,’f =—cy¥k cy ...rotational spring constant

m Bearings
Bf ...unknown resulting force

Bf ...unknown rotational moment
linked to the blocked degrees of freedom due to bearings!

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Bearings Ty

We define the subsets 8% C Bk and 87 C B
m Pinned

Ui =0 m € P

m Roller
Um|k-e,7=0 mEﬁk
m Clamped bearing

Ui =0 m € B
YUmik =0 m € By

m Parallel guide

Unjk-e; =0 m € Bk
wm|k:0 mEﬂZ

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Coupling conditions

Ty

At node k we define a fixed beam

mmyg Gﬁk
Upnpik =Upnik  Ym € Bi\my
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Coupling conditions

Ty

At node k we define a fixed beam

mmyg Gﬁk
Upnpik =Upnik  Ym € Bi\my

mm, €8
Yk =Wmpk ¥ m € Bp\m,

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Coupling conditions Ty

At node k we define a fixed beam

mmyg Gﬁk

Upnpik =Upnik  Ym € Bi\my
mm, €8

Umk =Vmik YV m € Bi\m,
m my < ﬁz

Mux =0 VmeBi\my
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Differential equation Ty,

m The governing differential equation WV (x) + dW” (x) + eW(x) = 0
m Timoshenko beam theory
® undamped, free vibration
m constant cross section
m frequency domain

m with the abbreviations
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Differential equation Ty,

m The governing differential equation WV (x) + dW” (x) + eW(x) = 0
m Timoshenko beam theory
® undamped, free vibration
m constant cross section
m frequency domain

m with the abbreviations

m The characteristic polynomial
P +drP+e=0
with the condition 7 = 2 leads to

P +di+e=0

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Eigenvalues Ty

AM:BM
13

m Roots
Z = %(—d+\/K) Z1eR Yo
Z = %(—d -VA) 5 eRY vw
where

A=d’-4e AANdeR Vo
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Eigenvalues Ty

AM:BM
13

m Roots
Z = %(—d+\/Z) Z1eR Yo
Z = %(—d -VA) 5 eRY vw
where

A=d’-4e AANdeR Vo

m Cut-off frequency

GkA
pl

21=0> weo =
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General solutions

Ty

m First spectrum of natural frequencies

7 €R0 5w < weo
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General solutions ﬁIU

m First spectrum of natural frequencies

71 €R" 3 w < weo

m General solution

W (&) = Cm’]e—i\/?zf + Cm,zehlg§ + Cm,3e_\€'§ + Cm,4€\/?1§
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General solutions ﬁIU

m First spectrum of natural frequencies

71 €R? 3w < weo

m General solution

W (&) = Cm,le_i\/gg + Cm,zehlg§ + Cm,3e_\@'§ + Cm,4€\/a§

m Common homogeneous solution
Win(§) = Ppm,1 €08(226) + Pi 2 SIn(A2€) + P 3 cosh(A1€) + Py 4 sinh (41€) (1)

where
2=l B=|n
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Improved homogeneous solution Ty

m Euler’s formula

cos(&) + sin(€) = (% + %) e7i¢ 4 (% - %) e's

m Implemented in the general solution

Win(€) = Ppu1 c08(A2€) + Py o sin(A2€) + Cpze ¢ + Cpae™s (2)
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Improved homogeneous solution Ty

m Euler’s formula

cos(&) + sin(&) = (% + %) e 4 (% - %) et

m Implemented in the general solution

Win(€) = Ppu1 c08(A2€) + Py o sin(A2€) + Cpze ¢ + Cpae™s (2)

m Dividing last term by e so that

el =L — Ju(£-L)

m Improved homogeneous solution

Win(€) = Ppu,1 c08(12€) + Py sin(o€) + Cze M€ +Cp, e 70 (3)

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Study of function terms

Ty

m The value range of each term in eq. (3) is V € [e1E, 1]

V = cosh(1;€) RRE p
VY = eli(é-1)

V =sinh(4,£)

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology
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Numerical Assembly Technique ﬂIU

Homogeneous solutions

Un(€) = Om,1¢08 (&) + Qum 2 sin (¢,né)
Win () = Pin,1 c08(12€) + Py 2 sin(1p€) + Cpuze 1€ + C, o161
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Numerical Assembly Technique ﬂIU

Homogeneous solutions

Un(€) = Om,1¢08 (&) + Qum 2 sin (¢,né)
Win () = Pin,1 c08(12€) + Py 2 sin(1p€) + Cpuze 1€ + C, o161

Enforcement of boundary and coupling conditions

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Numerical Assembly Technique ﬂIU

Homogeneous solutions

Un(€) = Om,1¢08 (&) + Qum 2 sin (¢,né)
Win () = Pin,1 c08(12€) + Py 2 sin(1p€) + Cpuze 1€ + C, o161

Enforcement of boundary and coupling conditions
System of equations

Awe=0 AeR™ n=|T| 6+|B|
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Numerical Assembly Technique ﬂ[U

Homogeneous solutions

Un(€) = Om,1¢08 (&) + Qum 2 sin (¢,né)
Win () = Pin,1 c08(12€) + Py 2 sin(1p€) + Cpuze 1€ + C, o161

Enforcement of boundary and coupling conditions
System of equations

Awe=0 AeR™ n=|T| 6+|B|

Non-trivial solutions for w (Regula-Falsi Method)

f(w) = det(A) = 0
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Numerical Assembly Technique ﬂ[U

Homogeneous solutions
Un(é) = QOm,1c€08 (cmé) + Om>2 sin (¢ué)
Wi (€) = Pyt OS(A2€) + Ppyo sin(A2€) + Cypyze” 114 + Cr*n’43"1 (£-L)

Enforcement of boundary and coupling conditions
System of equations

Awe=0 AeR™ n=|T| 6+|B|

Non-trivial solutions for w (Regula-Falsi Method)

f(w) = det(A) = 0

Solving for the integration constants, bearing forces and moments
@A Computing eigenvectors, mode shape

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology
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Conditioning number

Ty

Al:EBL
20

eq. (1)

w [rad]s)

I L -
10

10°

cond(A)

10397 1 — o
---eq. (1) al |
------ eq. (2) A
10205 |1 —eq. (3) ~/‘u: :: | g
Rt
Al 0
Na1is
10103 |- eyt |
101 [ INEE Ll
104 10° 10°
w [rad/s]

Wi (&) = Pm,1 c08(A2€) + P2 Sin(A2€) + Py 3 cosh(A1€) + Py 4 sSinh(21€)
€q. (2) Wi (&) = Pt c08(2€) + Ppy 2 Sin(A2€) + Crpze™ 18 + CpyseM'é

€q. (8) Win(€) = Ppu1 c0s(A2€) + P2 Sin(A2€) + Cpuze™M€ + C; et (670
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Natural frequencies

Ty

21

m For the arbitrary frame structure

B #w., = 5988
Numerical Assembly Technique Finite Element Method
double vpa Elements per Beam
Mm@ 6 |Mm] @ e 16 32 64
max#w | 16 | 203 | weo | 52 | 273 | weo | 350 (251) | 702 (671) | 1406 (1311)

w—w
‘#wliI wAA‘ <

L
10
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Finding eigenvalues Ty

Frequency function

m Zoomed-in pictures of the frequency
function f(w) at the natural SV AN
frequencies w;

m f(x;) is plotted with
x; € [wi—€, wi+€]|e=10"12

/
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Mode shapes Ty
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Conclusion Ty

"Exact" values of the natural frequencies

AN:BIM
24

Stable computations for high frequency ranges
Discretization at nodes

f(w) = det(A) — expensive
Finding zeros of the frequency function in numerical matter

Expanding to 3-D including torsional vibrations
Implementing arches

O0O© 00 ©O0O0O

Considering structural damping

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology



Further application Ty

Automatic generation of a large number of homework assignments for basic
courses in Statics and Strength of Materials

BAUMECHANIK 2 TU Graz
STER 2022 INSTITUT PR BAUMECHANIK

HAUSUBUNG SYSTEMBERECHNUNG

Thomas Kramer, Michael Helmut Gfrerer | Institute of Applied Mechanics, Graz University of Technology
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