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Abstract

We present boundary integral representations of several initial boundary value problems
related to the heat equation. A Galerkin discretization with piecewise constant functions
in time and piecewise linear functions in space leads to optimal a priori error estimates
provided that the meshwidth in space and time satisfy 4, = O(h2). Each time step involves
the solution of a linear system, whose spectral condition number is independent of the
refinement under the same assumption on the mesh. We show that, if the parabolic multipole
method is used to apply parabolic boundary integral operators, the overall complexity of
the scheme is log-linear while preserving the convergence of the Galerkin discretization
method. The theoretical estimates are confirmed numerically at the end of the paper.
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1 Introduction

Boundary integral equations related to the heat equation have been studied in Pogorzelski [11],
Brown [3], Arnold and Nooon [1, 9] and Costabel [4]. For classically used second kind integral
equations, e.g., a double layer potential approach for the Dirichlet problem and a single layer po-
tential ansatz for the Neumann problem, the compactness of these integral operators for smooth
domains, guarantees the well posedness and provides the backbone for the analysis of numeri-
cal methods. However, in the case of non smooth domains and first kind integral equations the
situation is more complicated. Brown [3] gave some first results on Lipschitz domains before
almost contemporaneously Arnold and Noon [1] and Costabel [4] proved the boundedness and
coercivity of the thermal single layer operator. Furthermore, the latter paper showed the coerciv-
ity of the hypersingular operator and the boundedness of all thermal boundary integral operators
in the appropriate anisotropic Sobolev space setting.

With these results the analysis of Galerkin methods in space and time follows the well known
pattern of the elliptic theory, i.e., the Lemma of Lax-Milgram guarantees uniqueness and solv-
ability of the corresponding operator equations and their Galerkin variational formulation. Using
conforming finite-dimensional subspaces of the natural energy spaces, uniqueness and solvabil-
ity translates directly to the discrete system, where Cea’s Lemma provides quasi-optimality. Us-
ing the approximation property of piecewise polynomial finite-dimensional ansatz spaces, the
regularity of the boundary integral operators, and assuming certain regularity of the discretiza-
tion, one can derive explicit error estimates in the energy norm as well as weaker and stronger
norms.

Since integral operators are non-local, discretizations lead to dense matrices and therefore,
fast methods are important to handle large scale problems efficiently. This is a very well studied
subject in the elliptic case, see [8], and has recently attracted considerable interest for parabolic
boundary integral equations. A possible approach in this direction is to employ Fourier tech-
niques [5]. Nevertheless, the focus here is on clustering techniques, because of their success in
the elliptic case. The idea is to agglomerate source- and evaluation panels in space and time and
approximate admissible interactions by a truncated series expansion. The parabolic fast multi-
pole method was originally described in [13, 14] and successfully applied to a Galerkin scheme
in [7]. In this paper we further pursue this strategy to accelerate the application of all boundary
integral operators of the heat equation. We will show that the additional error introduced by the
fast method can be controlled such that it is of the same order as the error of the discretization
scheme.

To facilitate boundary element calculations, one has to project the given boundary data into
the finite element space. Thus we extend the error analysis of [4, 9] to such an approximation.
Moreover, we simplify and extend the methodology for elliptic boundary integral equations, see,
e.g., [10, 12] to the parabolic case.

Finally, since integral operators of the heat equation are causal, their discretization lead to
block-lower triangular matrices. Thus every time step involves the solution of a linear system,
that is the discretization of an elliptic operator equation. We will derive bounds of the spectral
conditioning of that system. Our main result is that if the space-time refinement scheme sat-
isfies i, < h2 then the condition number remains bounded as the mesh is refined. We obtain a
scheme with log-linear complexity in the number of degrees of freedom of the discretization and
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conclude with numerical examples that reproduce the theoretical estimates.

2 The Heat Equation

We consider the solution of the homogeneous heat equation with homogeneous initial conditions
in Q x Y, where Q C R? with piecewise Lipschitz boundary dQ :=I" and Y := (0,T) with
T € R,. In such a setting we state a general mixed homogeneous initial boundary value problem
by

Au(X,t) = du(X,1) , (X,1)eQxY, (la)

u(%,0) =0, X €Q, (1b)

u(x,t) = gp(x,1), (x,0) eTpxTY, (Ic)

On u(X,1) = gn(X,1), (x,1) eTyxY, (1d)

On u(X,1) + K(X,1)u(x,1) = gr(x,1) , (x,1) eTprxY. (le)

Here I'p, I'y and I'r denote the parts of I" where the Dirichlet, Neumann and Robin boundary
conditions are specified. We assume that k € Lo.(I" x Y) and that k¥ > 0.

2.1 Boundary Integral Equations

It is well known that the solution of the homogeneous heat equation with homogeneous initial
conditions is given by the representation formula [4, Theorem 2.20]

t

t
Wx,1) = / / G& — yit — T)q(y,1)dsydt — / / 9,,G(& — y,t — Du(y,t)dsydt |
0Or 0r

where (%,7) € Q x Y. Here q(y,T) := du,u(y,t) is the Neumann trace of the solution on the
boundary and the heat equation’s fundamental solution is given by

-3 Ix?
G(x.1) = {(4m) 2 exp <_T> , XER3 >0

: )
0, xeR3,r<0

We take the Dirichlet trace of the representation formula to obtain the first boundary integral
equation
Vg(x,1) = (5 + K)u(x,1) =0,  (x,) €T xY 3)

with the thermal single- and double layer operator

Vq(x,1) ¢=//G(X—y,t—f)q(yﬂ)dsydt, “4)
0T

Ku(x,1) = / / 3, G(x—y,1 —T)u(y, T)dsdr . )
or
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Taking the Neumann trace of the representation formula yields the second boundary integral
equation
(=3 + %K') q(x,1) + Du(x,1) =0, (x,1) €ETxY (6)

with the adjoint double layer- and the hypersingular operator

Kg(x.1): / / O G(X—y, —T)g(y,T)dsydt )

0
Du(x,) = —p, / / 3, G(X — 1 — T)u(y, T)dsydr . @®)
0or

Similar to the case of elliptic equations, the bilinear form of the thermal hypersingular operator
has a representation in terms of a weakly singular operator.

Theorem 2.1. The bilinear form of the hypersingular operator can be represented by

T
(Du,v I—XT—//Cur]T (x,1) //G x—y,t —1)curlyu(y,t) dsydt dsxdt

0
t
—lim//nX v(x / / G(x—y,t —T)nyu(y,t) dsydt dsxdt
e—0
0T

0 I'\Be(x

where curly := ny x Vr is the surface curl and Vr the surface gradient. Further, Be(X) is a ball
of radius € centered in X.

The two dimensional version of this result is given in [4, Theorem 6.1]. In three dimensions
the result can be shown with similar techniques as for the hypersingular operator of the Laplace
equation, see, €.g., [12, proof of Theorem 6.17]. We omit the details.

2.2 Properties of Boundary Integral Operators

Recall that for positive r,s the H"*(I" x R) norm is defined by

- / (-0 [y + (142) (02, dr ©)

where #(x,7) is the Fourier transform of u(x,7) in time, i.e.,

(X T 71‘5[ l

-7

The space H"*(I" x Y) consists of functions in H™*(I" x R) restricted to the interval Y and is
equipped with the quotient norm

el oy = 00 10 sy

Ulpsey=u
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while the spaces of negative order are defined by duality, i.e., H"*(I' x Y) = [H"*(T" x T)'.
For an open part of the boundary surface I'y C I" the space H"*(I'y x Y) is the closed subspace
H*¥TyxY):={uecH*{xY) :suppuc Iy}
of H*(I' x Y).
Theorem 2.2. [4, Theorems 3.10 and 3.11] The operator

_| YV X
A= ]

is an isomorphism of the space H™ %~ (C'xY) x Hzi (T x Y) onto its dual space. Further, 4

is elliptic, i.e.,
14 14 > 2 2
<ﬂl[ v ],[ v }>rer HpHH*%’T(FXY)_‘_ HVHH%'Z(TXT) '

Theorem 2.3. [4, Theorem 4.8 and 4.16] On piecewise Lipschitz boundaries I" the boundary
integral operators

Y B2 r) - HES G2 XY
+ L4 a0 HI G0 Y) o g GHI2 K Y)
Ly & H S ) o g0y |
D G2 r) 5 320 Y)
are isomorphisms for s € (—%, %) .

We note that the single- and double layer operators are self-adjoint with respect to a time-
twisted duality, i.e.,

<era LRTQ>1"><Y = <rVQa KTP>F><T and <@ua RTV>F><T = <@V7 ‘RTM>F><T :
Likewise, the normal derivative of the single layer operator and the double layer operators satisfy

(K, Req)ry = (K@ Rev)poy -

Here Ry is the time inversion operator Rrv(-,t) =v(-,T —t), which is an isometry in H"*(I' x Y.
The discussion below will depend on the mapping properties of the Dirichlet to Neumann
map S. We use the well known symmetric representation

Su=[D+(3+x) V" (3+K)]u. (10)
Lemma 2.1. The operator S is H2'4 (" x Y)-elliptic and
S H PG/ xY) —» B3t Cam92(T )

is an isomorphism for s € (—%, %)
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11

Proof. Foru € H>3(I' x Y) write
Su=(4+ %) g+Du.

where

Vg— (3 +K)u=0
isin H 21 (I" x Y). Multiplying the above equations by u and g gives

swaer=( [} 2]~ Gl [

where the 1/2-terms have canceled. Because of the ellipticity of 4 it follows that

2
1
H2%(IxY) '

2
(Susthrser 2 Ml -y -y oy 1l

2 >
274 (TxY rxY) ™~ e

H24(I'x

which implies the first assertion. The mapping properties of § follow directly from (10) and
Theorem 2.3. A symmetric representation of the inverse can be derived by adding u to both
sides of (3) and setting u = S~'¢g, where ¢ is the Neumann data. Then

Slg=[V+(-:t+K) D' (-1 +%')]q. (11)
Thus the mapping properties of S~! follow again from Theorem 2.3. O

We will also need the mapping properties of the Dirichlet to Robin map, which can be ex-
pressed as gg = (S+/I)u, where u is the Dirichlet data, gg the Robin data, and 0 < k €
Lo(I'x ).

Lemma 2.2. The operator (S +xI) is H2 (" x Y)-elliptic and
S+l H Q2T xY) 5 HtsCam9)/2(0 )
is an isomorphism for s € (—%, %)

Proof. Since the pointwise multiplication kI : H %’%(F xY) — L(I'xY) is continuous and
since Ly(I'x Y) is a subspace of H _%7_%(1“ x Y), the ellipticity and mapping properties of
(8 +xI) follow directly from those of .§ in Lemma 2.1. It remains to establish the continu-
ity of the inverse. To that end, consider the operator equation (S +KI)u = gg. Setting ¢ = Su,
the equation turns into (I + kS _1) q = gr.

Note that kS§~! : H-2+5=4T3(I'x Y) = Ly(T' x ) is continuous and therefore a compact
operator in H BERLRERS (T x Y). Further, it follows from the ellipticity that the only solution to
the homogeneous equation is ¢ = 0. By the Fredholm alternative g € H BERLRERS (I'xY) and

by Lemma 2.1 u € H2 573 (" x Y). Moreover,
e

YA ) Hq”H’%“f%*ﬂFxT) - HgR”H*%“*%*%(FxT)'
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For the following discussion it will be convenient to introduce the spaces
H :=H 2P 55 (DxY) x H273 2(T x ) (12)
for s € (—%, %) which have norms

2 2 2
1013 := llal. Sl

“3 S (DY I3 (rx)

where 0 = [g,u] € H®. The dual space is given by

1 1_ s 1 1_ s

(19 = A ) ),

Errors introduced by the fast evaluation of layer potentials will be estimated in the space H,
defined by
H:=L(CxY)xHY (T xT). (13)

For a duality argument later on we will need the following result.

Lemma 2.3. For f = [fp, fz] € (H*), s € (—3.3%) the system

Vg—(5+K)u=fp
(3 + %K) g+ (D+xl)u= fr

has a solution ¢ = [q,u] € H* and the norm equivalence ||Q|| g ~ || f | sy holds.

Proof. Simple elimination shows that

u=(S+xD)" (fi— L+ K)V " fp)
g=Y""((3+K)u+fp)

The assertion follows directly from the mapping properties of the boundary integral operators in
Theorem 2.3 and the Dirichlet to Robin map in Lemma 2.2. O

2.3 Boundary Integral Formulations

We now derive the boundary integral formulation of the mixed initial boundary value problem
(1). For this purpose, we define the surfaces I'pg and I'yg, which are the interiors of I'p UT's and
'y UTR, respectively. Further, we assume that the Dirichlet- and Neumann data have extensions
gp € Hri (I'xY) and gy € H >3 (I'xY) to all of ' x Y. Thus the Dirichlet- and Neumann
data can be written as u = i+ gp and ¢ = § + gy with unknown i € H2t (TygxY) and g €
H i (Ipg x Y). Moreover, define
Kp(x.1) = {K(X,t), (x,0) €T x Y, and f(x.1) = {gR(x,t), (x,1) €T x Y,
0, (x,1) €Ty x Y, 0, (x,1) €Ty x Y.
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To determine i, § we choose the following system of boundary integral equations based upon
the first and second Green’s formula (3) and (6)

V(G+8&n)(x,1) — (£ +K) (ii+8p)(x,t) =0, (x,1) €Tpg x Y,
(3 + %K) (@+8&n)(x,1) + (D+KrI) (@+8p)(x,1) = fr(x,1) , (x,1) € Tyg X T.
If 'z = 0 then this formulation reduces to the well known symmetric formulation of the mixed
Dirichlet-Neumann problem.
We state the variational form of this problem in a slightly more general setting. To that end,

let f € (HO)/ and g € H® be given, further, let V be a closed subspace of H°. Consider the
variational problem: Find ¢ € V such that for all y € V

a(d+g,x) = {fx) - (14)

Here, (-,-) denotes the L, (I" x Y')-duality pairing and the bilinear form is

a(y,x) =(Vq,p) —{($ + K)u,p) + (1 + K') g.v) + (D +xr ) u,v), (15)

where y = ¢ + g = [q,u] € H” and = [p,v] € H. Since the 1/2-terms cancel, it follows from
Theorem 2.2 that a(-,-) is coercive and bounded in H° and therefore coercive and bounded in
the subspace V. Thus (14) is well-posed.

For the mixed problem we have V = PNI_%*_%(FDR xY) x ITI%‘&(FNR xY), & =[q,a] g =
[gn,&p] and f = [0, fr]. We note, however, that (14) also includes the pure Dirichlet, Neumann,
and Robin initial boundary value problems as special cases, thus the ensuing error analysis also
applies to these problems as well. Since their numerical formulations can be significantly sim-
pler, we list them below.

2.3.1 Initial Dirichlet Boundary Value Problem

For the pure Dirichlet problem of the heat equation (1) we have I'p =1, 'y =1'g = 0. In this
case the first boundary integral equation (3) can be used as a boundary integral formulation

Va(x,1) = (5+ K) gp(x,1),  (x,1) €T xT. (16)

The variational formulation of this problem is given by (14) with V = H~ 23 (I' x Y) x {0},
¢ =[g,0], ¢ = [0,gp], and f = 0.
2.3.2 Initial Neumann Boundary Value Problem

When I'y =T, I'p = I'r = 0, then the second boundary integral equation (6) can be used to
obtain a boundary integral formulation

Du(x,t) = (§ — K') gn(x,1) (x,t) eTxY. (17)

The variational form can be obtained by setting V = {0} x H > s (C'xY),0=10,u],g=1[0,gn],
k=0and f = [0, gg].
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2.3.3 Initial Robin Boundary Value Problem

The pure Robin problem is characterized by 'y =I', I'p =I'g = 0. Similar to [12, page 181] we
use the symmetric representation of Dirichlet to Robin map given in Lemma 2.2

(S+xrI)u(x,t) = gr(x,t), (x,1) e'x Y.

Because of the inverse single layer operator in the definition of § it is difficult to realize this
equation numerically. Therefore, we introduce the Neumann data ¢ = 7/~! (% + 17() u as an
additional unknown and solve the equivalent system

Va(x,t) — (£ + K) u(x,t) =0, (x,1) eI'x Y,

18
(24 &) g(x,0) + (D + ke D)u(x,t) = gr(x,1),  (x,1) ETxT. (1%

The variational form of this problem is again (14) where V = H, g = 0, and f = [0, gg].

3 Galerkin Boundary Element Method

3.1 Properties of the Space-Time Tensor-Product Spaces

Throughout this work we assume a quasi-uniform, conforming triangulation of the boundary
I' and an equidistant partition of the time interval Y. Further, we assume the interior of every
triangle is entirely contained in either I'p, I'y or I'z. Upon this triangulation we define piecewise
polynomial ansatz spaces of degree d, in space (either piecewise constant dy = dy or piecewise
linear and continuous d, = ¢;)

dX . dx N):71
X, () := span{(phxj(x) o -

Here, (pii’ ; 1s the characteristic function of the /-th triangle and (P;,i o ahat-function corresponding
to the /-th vertex. Further, N, is the number of triangles when d, = dj or the number of vertices
when d, = c;. For the time variable we consider a piecewise constant ansatz space

Th[,lt (Y):= Span{¢iﬁ’,j(f)}1,y’:61 )

where q)ij{ ; is the characteristic function of the j-th time interval and N; the number of time steps.

Note that ¢Zf () = Gioc(t/h — j), where ioc is the characteristic function of the interval [0, 1].
To discretize functions in space and time we construct the tensor-product spaces

d\’ydt . dx dr
Viih, (CxY):= X, e T, (),
thus the lowest order H%-conforming ansatz space is

V(T % X) = Voo (D x X) x V(0% Y) .



Preprint No 02/2014 Institute of Applied Mechanics

Theorem 3.1. [4, Proposition 5.3] Let d, = dy or d, = ¢y and d; = dy. Then the Ly(I' x Y)
projection, defined by

(w— BB wy) sy =0 Ywy € V(T X Y)

satisfies
Hw — de:IPZ’w‘

a B
Hsxst (TxY) ’S (hx +hl> ||WHHVx,r/ (CXY)

Jorw € H™"(I'xY), where s,5; >0, 5, <1y, 5 <rp, 1 < 1, 8 < %

1, d,=d, 1 d.=d
re < ) X 0 5, < g, X 0
27 dx:C], bR dx:Ch

. I'x . Iy
OL=miny ry—Sc, 'y — —8 ¢ , B=min< r; —s;, 5, — —5y ¢
I I'x

A simple consequence of this result is

Corollary 3.1. The L,(I" x Y') projection By, : [q,u] — [EPZ:) T}ff °q, T,f: T}ff Ou| satisfies

and

o=l S (W 402 ) Il

S (h;

r 3 1
Jory€eH,0<r<s35 s<rand0<s<sj.

r_1
i ) Il

=

1% — Pux

Corollary 3.2. The L, projection satisfies the stability conditions

1
|23l S e+ 05 < 5,
1Bl S Xl -
Proof. The triangle inequality and Corollary 3.1 for r = s lead to

1Bl s < 16 = Butll s+ 1l s < 10 s -

For the second assertion replace H* by H and use ||x||; < Hx||H 1 O

Theorem 3.2. The following inverse inequalities

remss} ot 1
th||H7SX’7'V’(F><Y) S’ (hx () +hl‘ (ri=s )> ||ph”H*rx~,*r;(r‘><T)7 0 S Sx S I'x S 57
1

0 S St S I S 57

(e (r— 3
th”H’X~’t(F><T) 5, (hx ("x Sx) "‘ht (i’t St)) ||Vh”H~‘)~'~ST(F><Y)7 0 S Sx S Iy < 5,

1
0<s;<n< ok

hold for all py, € V}ifﬁ" (I'xY) and v, € V}Z"}ffo (C'xY).

10
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For positive order, these inverse estimates follow directly from the well-known inverse esti-
mates in the spaces XZ{* (I') and Th‘f’ (Y), see [9, Lemma 7.4]. The estimates for negative order
can be obtained with a duality argument, see, e.g.,[12, Lemma 10.10]. We omit details.

Corollary 3.3. The following inverse inequalities

()
IN
©“
AN

el S (A1) ltall o

,lJ’, ,l+£
gs(w nt Z)rxhnm,

o
IN
2}

A

1%

N = N =

hold for all X € V" (T x T) x V{0 (I x X),

3.2 Efficient Solution Procedure

To describe the Galerkin discretization of (14), we introduce the finite element space
_ d0=d0 Cl ,do
Vi=Vn (th,h; (T X X) x V{1 x r))

and the projection g, = [gn4,8p,x] Where gy, = fP;liofP,ZogN and gpj = P’ ,iOgD. This ap-

x

proximation is necessary to avoid a separate quadrature to compute the application of boundary
integral operators to the Dirichlet or Neumann data. Thus the discrete problem is: Find ¢, € V,,
such that for all x;, € V},

a(0n~+gnxn) = (f+An) - (19)

The discrete problem appears in the form of a lower-triangular block-T6plitz system,

i
ZAi*jW./:fh l:O,]V,—l
j=0
Here y; and f; are coefficient vectors of the solution and right hand side for time step j and
Vi - (% M+ Ki)

A; = ) )
’ (%MHLK,T) Dy

where the blocks correspond to the different layer potentials
Vil = [ [ Viilx =)0 (0050, (¥)dsydss.
rr
The time integrated kernel are given by

h ot
I Gx—y,t =0 ()05 (v)dude , i=j,

Vigiji(x=y) = ¢'30%50 (20)

fo fo G(x—y,t =)0 () (t)dede , i>j.
t=01=

11
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The matrices K; and Dy are defined similarly for the double layer operator and the operator
D+ xg 1. Finally, §; j 1s the Kronecker-delta and M is the mass matrix

Mis = by [ 050, (3005, (x)dss
r

The solution of the above system can be found by forward elimination, where every time step
amounts to solving
Agdi=b;, i=0,...N,—1, (21)

where the right hand side involves the solution of the previous time steps
i—1
b,‘ :f,'— ZAi—j(l)j .
Jj=0

This linear system can be solved by elimination; writing b; = [c,d] and ¢; = [q,u] we have

1 T
Spu=d— <2I\/I+K0) Vy'e, (22)
1
Voq:C—|—<2M—|—Ko)u, (23)
where S is given by
1 T /1
So = Do+ EI\/H-KO V, §M+Ko (24)

which can be viewed as a discrete Dirichlet to Robin operator. Thus every time step involves
solving linear systems with V( and Sy.

Note that the matrices on the left and right hand side are dense and must be evaluated by
a fast method to overcome a complexity estimate that grows quadratically with the number of
unknowns. This is achieved by an adaption of the parabolic fast multipole algorithm (pFMM)
[13], [14] to Galerkin discretized boundary integral operators of the heat equation as described
in [7] and [6].

4 Error Estimates

Error estimates for the Galerkin discretization of boundary integral equations of parabolic in-
tegral equation were already derived in [4, 9]. However, the discussion there assumes that the
boundary data and the bilinear form of the operators are represented exactly. To account for their
approximations, a variation of the well known Strang lemma and the Aubin-Nitsche duality ar-
gument can be used. To make this work self contained we will give the argument in this section,
while for a discussion along these lines in the case of elliptic BEM we refer to [10].

When multiplying powers of the temporal and spatial meshwidths we frequently use the fol-
lowing estimate which is a simple consequence of Young’s inequality

(h;+h§)(h;+h§)g(h;mrh?), rs>0.

12
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If the exponents have opposite signs, then the product can be estimated by
(h;+h,5) (h;“rh,_%) S C(h) (h;*wh,%) , rs>0,
where Vi
h hy
clh _max{x,} |
W =M

4.1 Bilinear Form

As mentioned in the introduction, we use the parabolic fast multipole method to evaluate layer
potentials efficiently. This algorithm is based on a hierarchical subdivision of space-time into
space-time clusters. To compute interactions of these clusters efficiently, the kernel (2) is ap-
proximated by an expression that separates the (x,7) and (y,t) variables, for instance, by a
multivariate Chebyshev interpolation. This replaces the kernel by an approximation G,, with
error [14]

_3
G(x—y,t =1) = Gap(x —y,1,7)| Shy * (pI" +p) =2, (25)
where p, and p, are the expansion orders and p; < 1 and p, < 1 depend on the way the space-
time clusters are separated with respect to their size. The point is that any desired accuracy €&
can be achieved by increasing the expansion order, while the complexity of the fast algorithm is
order (pt2 + pf;) /(h2h,), see [13, 7]. The subscript of €, indicates that the expansion orders are
adjusted to the discretization mesh width, such that the approximation error of the kernel does
not affect the asymptotic convergence of the discretization scheme.
For %, = [pn,vn] and 0, = [gp,up] in Vj, the errors of the layer potentials when G is replaced
by G, can be bounded as
<(rV_ rVh)clhjph>rx]f Sen H%Hm(rxr) ”thLz(FxY) )
(K — &) un, Pr)roy S € H“hHHLO(rxT) thHLz(FxY) )
<(7(' - 7@/) qhavh>1"><y Sen thHLz(l"xY) HVhHHLO(rXr) )
(D —Dy) un, Vi) oy S €n HuhHHLO(rxr) thHHl‘O(FXT) .

We will denote the resulting approximate bilinear form by aj(-,-). The variational problem we
solve is: Find ¢; € Vj, such that for all y;, € V,,

an(0h + gnsxn) = (f+%n) - (26)

In the remainder of this section we will derive error estimates for ¢, — ¢. First note that the
difference of the exact and approximate bilinear form satisfies the bound

|a(®ns Xn) — an(On, Xn)| S €nl|Onll g 1%l 7 5 (27)

where the space H was introduced in (13). Using the inverse inequality (Corollary 3.3) and the
ellipticity of a(-,-) we can now estimate

an(Xn>%n) = a(XnsXn) — <a(XhaXh) - ah(%h,Xh))

_1
> (1eh (h;1+h, )) s o

13
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for all 3, € Vj,. Thus the approximate bilinear form a;(-,-) is coercive in V}, independent of the
mesh width, if €, goes to zero sufficiently fast, i.e.,

S\ !
Sh:0<<h;l—|—h, 2) >

To ensure that the fast method reproduces the full convergence behavior as the direct Galerkin
discretization method the parameter €, must satisfy the stronger bound

en S C 2 (h) (2+h)) (28)
which will become apparent in the following error estimates. Equation (25) implies that the
expansion orders p, and p, depend logarithmically on the mesh width and hence, the complexity
of the fast method is log-linear.

4.2 Estimates in the Energy Norm
The error in the H%-norm can be estimated by the well known Strang Lemma (see, e.g., [2]).

Lemma 4.1. If ¢, satisfies (28) and % <r< % then the error of (26) can be estimated by

10+~ 0 —gnllyo S (he+h5) 10+8ll
Proof. For any X, € V), we set \y, = ¢ —x, and estimate, using the ellipticity of aj,(-,-)
10— allo < an (@ — s 05— 1)
=a(d+g—%n—8nWn) + [a(Xh + 8, Wh) — an(Xn =+ 8, W)
+ |an(Qh + &ns W) _a(¢+87\l’h)} :

Because of (14) and (26) the last square bracket cancels and thus it follows from (27) and the
boundedness of the bilinear form that

*_ v
105 = %Xl o < H¢+g—xh—thHo+8hHXh+8h”ﬁM'
h HO

Setting %, = P,0, and applying the inverse estimate gives

105 = Bi0ll0 < 10+ 8 — By (0—8) 0+ (h;5+h:*) 120+ 8) 5 -

Combining this with the triangle inequality
10+g— 0k — 8nllo < 10+8— i (0+8)l 0+ 1107 — Bull 0

r _1 _1
S () o el en (7 ) ol

where we have used the approximation and stability properties of P,. The assertion follows from
(28). O

14
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4.3 Estimates in Stronger Norms

Error estimates in H*-norms, s > 0, can be derived with the help of the inverse estimate.

Lemma 4.2. If¢, satisfies (28), s € (0, %) andr e [%, %] then the error of (26) can be estimated
by
10+8— 0= 8all e S C() (1 +h ) o+gl

Moreover, the solution is stable in the sense that

* 1
105+ &nllz S C2(R) [0 +ell,y -

Proof. From the triangle inequality, the approximation properties of P, (Theorem 3.1), and the
inverse estimate (Corollary 3.3) we get

10-+8— 07— gl < 10+~ Bud— gl + B0 — 05
S (17 ) 10+ gl + (7 ) 12 (0+8— 03— @) o

where the last step is justified because B, (g — gn) = 0. The stability of #, (Corollary 3.2) and
Lemma 4.1 then imply that

s

10+8— 0 —gnlle S [ (i +n" )+ (e nd ) (1) | o+ gl

which gives the first assertion. To show the second statement, repeat the same arguments from
before with H* replaced by H. This implies that

N 1 r—1 r_1
o+l < CH) (W0 Yol

Combining this result for r = % with the triangle inequality leads to

* 1
10+ gnllz < N0 +& =0 —gnlly +10+elly S C2 () [9+ell,1

which is the second assertion. O

4.4 Estimates in Weaker Norms

The error in the H *-norm can be estimated with a variation of the Aubin-Nitsche duality argu-
ment.

Lemma 4.3. If ¢, satisfies (28), % <r< % and 0 <s < % then the error of (26) can be estimated
by

N
10+ 8= —gnll S (1 +h? ) o+gly

15
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Proof. Forb e (H*)' let y* € H* be the solution of the adjoint problem

a( ') = (x,b), VyeH’. (29)
Sety = ¢ +g— ¢, —gr in (29) and add and subtract ?;,\Vb € Vy. Then
(0+g— 0, —8nb) = a(0+g— 0 —gn )
= a(0+g—0; — 2V — By")

+ [an(9h + gn, By”) — a(0;, + g1, By’
+ [a(0+ 8, BuW’) — an (0, + gn BV)]

Since ¢ and ¢; solve (14) and (26) the second square bracket cancels, and thus

(0+g— 0 —gnb)

0+g—0, —gnllys = sup

be(H-s 161l g1y
< sup a(0+g—9; —gn ¥’ — Buy") G0,
be(H—) 11l g7y
n an(9; + g Buy’) — a9 + gn Buy’)
||bH(Hﬂ')’

From Lemma 2.3 it follows that ||y?||,,, ~ |6/l (g-+y- Using Lemma 4.1 and the approximation
property of B, the first term can be estimated by

KA P
1wl

< (meent ) (h+n7 ) 0+ gl

a(d0+g—9; — gn, W — By?)
16/l gg-sy

SN0+ g—0; —gnll o

The second term in (30) can be estimated using (27), the inverse estimate, the stability of P, and
Lemma 4.2

BN

an(Q; + 8gn, Pa’) — a(0}; + gn, Tuy?)

Senllon+gnlly

1] (g5 W21 g5
1 N e HfPhWb‘ Hs
Senchmlo-val,,y (et ) e
w2\ ' [P
The assertion follows by combining (28) with the last two estimates. ]

5 Conditioning of the Linear Systems

After the optimal realization of the discrete boundary integral operators via pFMM it remains to
investigate the conditioning of the system matrices in the linear systems (22) and (23). Note that

16
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the matrices Vg, Dy o and Sg are symmetric positive definite, thus it suffices to derive bounds for
the spectral condition number to predict the behavior of an iterative solver.
We denote by 74 the integral operator with the time integrated kernel Vj, o given by (20).
Furthermore, 7 is defined similarly for the hypersingular operator.
For estimates of the conditioning of Vo and Dg we consider functions in the ansatz space
qn(x,1) = on, 0(t) p,(x) , and  up(x,1) = o, 0(t)vn, (X) , G
where

Z(Ph K(X)p, and vy (x Z(Phx (32)
The equivalences

1on, 2,0 ~ 2 0IPIE and g, 12,0y ~ 2 [IVI3 (33)

of the L,(I" X Y)-norm of the function and the Euclidean norm of the coefficient vectors follow
from the assumptions of the mesh refinement, see, e.g., [12]. By Theorem 2.3,

2

<%phxvphx>r = <rVCIh7Qh>FXY ~ ||qhHH7%'7%(F><Y) 5 (34)
2

(Dovh,vi)r = (Dun,un)psey ~ Huh”H%%(er) : (35)

We begin with an estimate of ¢y, o.

Lemma 5.1. Fors € ( 35 2) and h; — 0 the estimate

1
Hq)thHHS(R) ~ ht2
holds.

Proof. Because of the scaling ¢y, o(t) = Gjoc(t/h;) it follows that the Fourier transform oy, of on,
satisfies (T)h, ()= h,ﬂ)loc(ht’c). Thus the change of variables p = &,T gives

19, 1775y = 77 / (147 [broc ()| dr = B> / (R 49> [bioc(p)*dp . (36)
R R

It remains to verify that the last integral can be bounded from above and below independently
of h;. To that end, consider the case s > 0 first. A lower bound can be obtained by dropping the
factor 4, in the integrand of (36). Thus

_2s s |42 2
[N A=y /p2 0i0c(p)|"dp,  s>0.

Since the latter integral is positive, the first part of the assertion is verified. An upper bound can
be obtained by replacing 4, in the integrand of (36) with unity, thus

2
108 [y < B> [ (1402 [buclp)Pdp, 50,
R

Since [|roc||ys(ry is finite this establishes the next part of the assertion. The argument for neg-
ative s is the same, with the exception that dropping 4, in (36) will give the upper bound and
replacing 4, by unity will give the lower bound of ||¢y, || HY(R)- O

17
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Lemma 5.2. For h; — 0 the function uj(X,t) defined in (31) satisfies

2 3 2
N P Ry T

HM”HH 3(I'xY) H2 (D)

A

Proof. The Fourier transform of uy(X,7) in time is @, (X,T) = v;, (X)0y, (T). Moreover, the defini-
tion of the H 2+ (I' x R) norm in (9) implies that

1
0211 gy = [ N g+ (L) 3
. 2 2 2 2
= 10y 19y g g 002 g

Thus the assertion follows from Lemma 5.1 and the fact that H”hHH%,%(er = ||unl| 1 P

0

Lemma 5.3. For h; — 0 the function q,(X,t) defined in (31) satisfies

llgnll? il < h? 1pn 17,

4(Ixx) ™

Proof. The negative norm is defined by the duality

(qn, )
llan|l "**%(rxr) SUP HH¢
07&(p€H2 i (C'xY) ? %% (I'xY)
07&(p6H2 i (I'xR) ”(P” Zlf (I'xR)

Here the duality pairing is given by

@)z = [ [ on0pn (000015t = / [ 000 s
R T

where the second step is Parseval’s identity. We estimate this integral using the Cauchy-Schwarz
inequality for the I'-integral and the duality in the H~ 4 (Y) norm for the T-integral. That is,

NN I
‘(Qh,@er‘z < ||Phx||i2(r)/(1+12) ! ‘¢h,(f)|2d7/(1+12)4 ||(P(wf)f|iz(r)dT

R R
2 2
<Pl ”¢h,||H" H(PHH%% I'xR)

and the assertion follows from (37) and Lemma 5.1. ]

18
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Theorem 5.1. For h; — 0 the eigenvalues and spectral condition numbers of Vo and Dy satisfy
the bounds

2
3
kmax(V()) S ht2 h,% ’ }\'max(DO) </’l 2 +/’l > h)zcht s
) |
Amin(Mo) 2 (h : +h ) h)zcht ) Amin(Do) 2 h;%hzz )
h h\ 2
cond(Ve) % 1+ h;) , cond(D0) < 1+ 1)

Proof. Let qp, pp, and p be defined by (31) and (32). From (34), Theorem 3.2, (33) and
Lemma 5.1 we have

TV Vopn., ||QhH 11
Amin(Vo) = min P_Vop min< 0Pk, fhx>r 2 min (FXY)
20 pll3 P20 lpll3 p#0 Hsz
o\ 72 Iz, 110,117 S\ 72
2(hx2+ht4> min | H“m”z HLZ(Y)Z(izx“rh,“) 12, .
P70 Ipll3

Likewise, from Lemma 5.3 we get

TV ||61h|| il s ol
p'Vop _ Hrx1) < 1 max | XHLé(r)
P70 |pl3

= olw

h.

Amax (Vo) = max <h

< max
P70 lpll; P70 ||PH2

To estimate the eigenvalues of Dg we consider uy, v, and v as defined in (31) and (32). From
(35), Lemma 5.2 and the norm equivalence (5.2) we get

~ 't

2
v Dov m i ) 5 o

Amin(Do 2 min 2 hf min ——5— 2 :
min(Do) = 0jp vz ~vA v VA0 vf3 :

~ 't

Moreover, from Theorem 3.2 it follows that

v Dov Ju hHHZ '3 (IxY)

xmax(DO) max S max
VA0 |3 VA0 IvI13

Nl om0 . A
S(he>+h * ) max —= 2 < e PR ) Bhy
o IvI13

The condition numbers are finally derived by taking the ratios of the estimates for the extremal
eigenvalues. O

We now turn to the discrete Dirichlet to Robin operator in (24).
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Theorem 5.2. For h; — 0 the eigenvalues and spectral condition numbers of Sq satisfy the
bounds

1
kmin(SO) ,Z ht2 hgzc ’
1

ho\ AN
Amax(So0) S 1+(hz> (hxz—Hz, 4) hihy

hy

3
I
cond(So) S 1+ <112> .

Proof. Letvy, pn,, uj and g, be defined as in (31). Further, in view of (24), we define the vector
: M+ K
c=|= v
) 0

VTSOV =v' Dy oV + cTV(jlc. (38)

then

Since V|, ! is symmetric positive definite and since k > 0 it follows that
2
v Sov > Amin(Do) ||Vl
which implies the first assertion.

For the second assertion, we estimate, using Lemma 5.3 and the inverse estimate

1
el = sup 2 — sup BT K)oy
2 sl e Pl

etnll 5. ey 1934 oy

< sup
up e[l

AT Un Ph,
5<hx2+h/‘>h;* qup 2ot 1P
p7#0 Pl

_1 TR
S (hx P+hy 4) b e |Iv[
Thus it follows from (38) and Theorem 5.1 that

vTSov < Mnax (Do) V113 + A (Vo) llc3

'min

1
e\ 4 1 1
< <1+ (hz> ) (hx oy 4)hzh§||v\|%

which implies the second and third assertion. O
Our main result is a simple consequence of the previous estimates.

Corollary 5.1. If b, < h)zc then the spectral condition number of \VVo,Dg and Sq is independent of
the meshwidth.
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6 Numerical Examples

6.1 Condition of Vg and Dy

In this section we experimentally investigate the eigenvalues and spectral condition number of
Vg and Dg. We choose our domain to be the unit cube, i.e., Q = (—0.5,0.5)3, times the unit time
interval Y = (0, 1). The coarsest discretization consists of four equally sized triangles on each
face of the unit cube times one unit timestep. Starting from this discretization we perform four
uniform spatial and eight uniform temporal refinements.

Table 1 through 3 display the extremal eigenvalues and spectral condtion number of Vg, nor-
malized by the estimates given by Theorem 5.1. One should expect that these ratios stay bounded
away from zero and infinity, and it appears that they indeed do, at least in the lower right corners
of the tables. Table 4 through 6 display the analogous data for Dg.

hy=29% h=2"" pn=2"2% p,=23 ph =24
hy=2° 100914 0.0916 0.0918  0.0922  0.0919
h,=2"110.1004 0.1006 0.1009 0.1008  0.1006
hy=2"%210.1040 0.1040  0.1043  0.1044  0.1044
h,=27310.1034 0.1041  0.1039  0.1040  0.1043
hy=2"%10.1024 0.1021  0.1023  0.1024  0.1022
hy=27210.1005 0.1006 0.1008  0.1008  0.1006
hy=2"%10.0988 0.0991  0.0991  0.0996  0.0996
h=2"710.0976 0.0979  0.0982  0.0992  0.0990
h=2"%10.0967 0.0970 0.0976  0.0980  0.0985

3
Table 1: lmax(Vo)/[h)zchﬂ

hy=29 p,=2"1 p=2"2% p,=23 ph =24
h=2° 100326 0.0249 0.0196 0.0160 0.0136
hy=2"1100389 00289 0.0221 0.0176  0.0148
h=2"210.0469 0.0340  0.0253  0.0196  0.0160
hy=273100571 0.0405 0.0295  0.0222  0.0177
hy=2"%10.0693 0.0490 0.0347  0.0253  0.0196
hy=275100825 0.0595 0.0413  0.0295  0.0222
hy=2"910.0947 0.0719  0.0499  0.0347  0.0254
hy=2"710.1041 0.0854  0.0607  0.0415  0.0295
hy=27%10.1094 0.0976  0.0731  0.0500  0.0348

Table 2: Aopin (Vo) /[ (ks * +hy *) " 212h]
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hy=2% h=2"" =22 p =273 p=27"
h =20 56074 7.1340 84412  9.3567  9.9144
h=2"1| 51220 69087 85786  9.8093  10.5497
hy=27"%| 43118 6.1090 80138  9.5775 10.6316
h=273| 34035 51034 69929 88049  10.1273
hy=2"%| 26611 4.0487 59043  7.8616  9.3835
hy=273| 20868 3.1793  4.8421  6.7738  8.4979
hy=275| 1.6986 24821 38596 57358  7.6076
he=277 14503  1.9646  3.0413  4.7484  6.6624
hy=27"81| 12989  1.6191 24032 3.8066  5.6634

Table 3: cond(Vo)/ [1+ (hy/h2)?]

hy=2' h,=20 p =21 p, =22 p =273
hy=2°10.1003 0.1757 02347  0.2930  0.3461
h=2"1100860 0.1534 02080 0.2664  0.3213
hy =221 0.0748 0.1350 0.1823 02389  0.2955
h,=27310.06600 0.1202 0.1586  0.2124  0.2683
hy=2"%10.0820 0.1115 0.1389  0.1862  0.2412
hy =273 10.0995 0.1148 0.1242  0.1624  0.2134
hy=2"%10.1170 0.1276  0.1212  0.1408  0.1880
hy=2""710.1331 0.1429 0.1274  0.1254  0.1638
h,=2"%10.1485 0.1589  0.1399  0.1233  0.1423

Table 4: Ayar(Do)/ [ (i * + by *)*h2h,]

he=2" h, =29 p=2"" B =22 p,=273
h=2°10.0697 00776 0.0802  0.0813  0.0814
hy=2"110.0950 0.1047 0.1091  0.1104  0.1111
hy =272 101134 0.1336  0.1414  0.1446  0.1454
h,=273100874 0.1527 0.1688  0.1749  0.1774
hy=2"%10.0720 0.1414 0.1811  0.1943  0.1987
hy=27100645 0.1122 0.1747 02009  0.2100
hy=27%10.0614 00918 0.1498  0.1951  0.2130
h,=2""7100553 0.0765 0.1202 01774  0.2077
hy =278 10.0525 0.0659 0.0970 0.1505  0.1962

1
Table 5: Apin(Do)/ [h2h} ]

22



Preprint No 02/2014 Institute of Applied Mechanics

he=2" h=2° n=2"" p =22 p,=273
h=20 | 2.8766 43986 52695  5.8705 = 6.2523
hy=2"11] 1.7957 29107 35821  4.1372  4.4705
hy=272| 12816 20210 25038 29735  3.3099
h=273] 14178 15621  1.8656  2.2822  2.5936
hy=2"%| 20489 15309 15336  1.8621  2.1856
hy=275| 2.6462 19215 14114  1.6046  1.9095
hy=27%| 31059 25003 1.5726  1.4436  1.7147
hy=2""71 37203 32030 19916 14035  1.5656
hy=27%| 41607 3.9266 25963  1.5918  1.4509

Table 6: cond(Dy)/ [1 + (h,/h%)ﬂ

6.2 Initial Boundary Value Problems

In this section we solve homogeneous initial boundary value problems described in Section 2
for Q = (—0.5,0.5)% and Y = (0,0.5). In all cases, we choose the boundary data corresponding
to a heat point source gp(X,#) = G(X—Xo,?), gn(X,1) = 0y, G(X — X0, 1), and gg(X,7) = 0, G(x —
X0,1) + K(X)G(x — X0, 1) located at xo := (1.5,1.5,1.5) " with k= 1.

We monitor errors of g and u in the Ly (I" x Y)-norm. Setting r = % and 5 = % in Lemma 4.2
shows that the optimal theoretical convergence rate for ¢ is O(h, + v/h;). If the endpoint s = %
was included in the assumption of Lemma 4.3, the optimal convergence rate of u would be
(@) (h% —i—ht). However, the endpoint cannot be reached because it is not known whether the
statement of Theorem 2.3 can be extended to s = %, see [4]. However, our numerical result

reproduces this optimal result, at least for the geometry considered.

6.2.1 Initial Dirichlet BVP

In our first example we solve the pFMM approximated variational form related to the initial
Dirichlet boundary value problem (16). In Table 7 we present errors, iteration numbers, com-
putation time and memory requirement for a #, = O(h2) refinement scheme. We observe that
the optimal &, + v/h; convergence is achieved. Furthermore, the solution is obtained in optimal
complexity with respect to the total number of unknowns N,N;, thanks to the application of the
pFMM and the bounded number of iterations #V( implied by Theorem 5.1.

NN, Hq —q HLZ / Hq||L2 #Vo cpuf[sec] mem[GB]
12,288 1.23 107! 10 4.5410' 5.681072
196,608 6.07 1072 10 1.8310% 2.0510°!

3,145,728 3.01 102 10 33510° 1.0710°
50,331,648 1.50 1072 10 1.1210° 6.2910°

Table 7: Dirichlet IBVP with uniform /, = O(h?) refinement.
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6.2.2 Initial Neumann BVP

We solve the pFMM approximated variational form related to the initial Neumann boundary
value problem (17). In Table 8 we present results for a 2, = O(h?) refinement, which reveals
that the O(h,) behavior of the space-time Galerkin scheme is obtained in optimal complexity,
again thanks to pFMM algorithm and the bounded number of iterations #Dg.

NN Hu —uj HLZ /llull,, #Do cpufsec] mem|GB]
6,208 2.76 1072 8 1.0410>° 455102
98,560 6.65 1073 8 3.3710° 2.0910°!
1,573,888 1.651073 8 49310° 1.0910°
25,169,920 410107 8 155100 6.8810°

Table 8: Neumann IBVP with uniform 4, = O(h?) refinement.

6.2.3 Initial Robin BVP

We solve the pFMM approximated variational form related to the initial Robin boundary value
problem (18). In Table 9 we present more details for a i, = O(h?) refinement scheme. Again,
they reveal the O(h,) behavior of the nearly optimal computational complexity.

NN, Hu —uj HLZ / HuHL2 #S; cpu[sec] mem|GB]
6,208 2.19 1072 10 1.4310*> 8.8510°2
98,560 5461073 10 49610 3.5510°!
1,573,888 1.36 1073 10 8.1610° 2.0010°
25,169,920 3.4110°* 9 25810° 1.1210"

Table 9: Robin IBVP with uniform i, = O(h?) refinement.

6.2.4 Mixed Initial BVP

Finally, we solve the pPFMM approximated variational form of the mixed initial boundary value
problem (1). For our example below we have choosen I'p = (—0.5,0.5) x —0.5 x (—0.5,0.5),
Iy =(-0.5,0.5) x0.5x (—0.5,0.5),and T =T\ (TyUTp). The data in Table Table 10 display
the same convergence and complexity behavior of the algorithm as the other problems.

NN Hu - ”ZHLZ /ull,, #Sg cpu[sec] mem[GB|
6,208 2.19 1072 10 1.5210%> 7.4610°2
98,560 5451072 10 5.6410> 3.54107!
1,573,888 1.36 1073 10 9.6210° 1.9410°
25,169,920 3.411074 9 280100 1.1910!

Table 10: Mixed IBVP with uniform i; = O(h?) refinement.
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6.3 Industrial Application

Our method has been used for the thermal simulation of hot forming tools in joint work with W.
Weiss, who developed the thermal model in his PhD thesis [15]. The idea of using boundary
element methods is motivated by the fact that the geometry of hot forming tools is extremely
complicated (especially the cooling chanel geometry inside the tools) and only the surface tem-
perature of the tool is required.

o]
o
Co
[w]

™~
o
i
o

BMH\M‘WHH\HMHW
BMIIH.\‘WHIIHAIII'W

(a) Quasi-static working temperature [°C]. (b) Closing temperature [°C].

Figure 1: Significant temperatures of the hot forming tool.

The hot forming process consists of two main steps: Fast forming and rapid cooling of the
blank in the closed and cooled tool. The model in [15] consists of an energetic averaging of the
individual cycles until the quasi-static working temperature is reached followed by one cooling
cycle in order to compute the closing temperature of the tools before the next hot blank is formed.
This model leads to the mixed Dirichlet-Robin IBVP (14), which can be transformed trivially to
have zero temperature Dirichlet boundary conditions, and homogeneous initial conditions.

Figure 1 shows the quasi-static working temperature and the closing temperature of the tool
(the whole setup consists of an upper and a lower tool, however only the results for the upper tool
are shown). These numerical simulations have been verified experimentally by measurements
during the real process. On several significant points inside the tools thermo-elements have
been installed with one exemplary comparison shown in Figure 2. Observe, that [15]’s model is
based on an energetic averaging of the real process, thus the simulation can not reproduce the
individual cycles.
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Figure 2: Temperature comparison — simulation vs. measurement [15].
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