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minx,y   f x, y( ) (1)

  s.t. g x, y( ) ≤ 0

x ∈{0,1}n

y ∈! m

 

minx,y   f x, y( ) (2)

  s.t. g x, y( ) ! 0 "( )
x = x* µ( )
x, y( ) # ! n+m
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To overcome this caveat in practical applications and obtain dual variables
from binary programs, the following approach is often used (cf. OÕNeill et al.,
2005). Consider the general constrained problem:

min
x,y

f (x, y)

s.t. g(x, y) ! 0 (1)

x " { 0, 1} n , y " Rm

To obtain dual variables to the constraints g(x, y), such problems are com-
monly solved in a two-step procedure: Þrst, the original problem (1) is solved
using integer programming techniques; then, the binary variablesx are lin-
earized, and constraints are added to Þx these variables at the level determined
to be optimal, x! , in the Þrst step:

min
x,y

f (x, y)

s.t. g(x, y) ! 0 (! ) (2)

x = x! (µ)

(x, y) " Rn + m

min
x i " { 0,1} ,y i " Rm

f i
!
xi , yi , y# i (x# i )

"
(3)

s.t. gi
!
xi , yi

"
! 0 (! i ) (4)

0 = # x i f i

#
xi , yi , y# i (x# i )

$
+ ! i # x i gi

!
xi , yi

"
, xi (free) (5)

0 = # yi f i

#
xi , yi , y# i (x# i )

$
+ ! i # yi gi

!
xi , yi

"
, yi (free) (6)

0 $ gi
!
xi , yi

"
% ! i $ 0 (7)

0 = # yi f i

#
1, %y(1)

i , y# i (x# i )
$

+ %! (1)
i # yi gi

!
1, %y(1)

i

"
, %y(1)

i (free) (8)

0 $ gi
!
1, %y(1)

i

"
% %! (1)

i $ 0 (9)

0 = # yi f i

#
0, %y(0)

i , y# i (x# i )
$

+ %! (0)
i # yi gi

!
0, %y(0)

i

"
, %y(0)

i (free) (10)

0 $ gi
!
0, %y(0)

i

"
% %! (0)

i 1 $ 0 (11)

0.1 Marginal relaxation vs. the loss from a binary deviation

There is a further caveat of using the duals of Problem (2) for algorithms and
(economic) interpretation of results: this approach introduces the dualµ as the
marginal relaxation of the constraint that Þxes x at its optimal value. However,
it is more appropriate to ask not about a marginal relaxation, but a switch from

1

To overcome this caveat in practical applications and obtain dual variables
from binary programs, the following approach is often used (cf. OÕNeill et al.,
2005). Consider the general constrained problem:
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min
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f (x, y)

s.t. g(x, y)  0 (�) (2)

x = x⇤ (µ)

(x, y) 2 Rn+m

min
x i2{0,1},y i2Rm
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it is more appropriate to ask not about a marginal relaxation, but a switch from
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Player i will choose the value of the binary variable xi = x i and !y( x i )
i such that

f i

"
x i , !y( x i )

i , y! i (x! i )
#
is lowest given the decisions of the rivals y! i (x! i ). Mathemat-

ically, this can be written as follows:

f i
$
1, !y( 1 )

i , y! i (x! i )
%

< f i
$
0, !y( 0 )

i , y! i (x! i )
%

! x"
i = 1 (7a)

f i
$
1, !y( 1 )

i , y! i (x! i )
%

> f i
$
0, !y( 0 )

i , y! i (x! i )
%

! x"
i = 0 (7b)

f i
$
1, !y( 1 )

i , y! i (x! i )
%
= f i

$
0, !y( 0 )

i , y! i (x! i )
%

! x"
i = { 0, 1} (7c)

The logic is similar to the notion of incentive compatibility in game theory, i.e.,
there exists no profitable deviation given the decisions of all rivals. This can also be
interpreted as the optimal response of each player to the rivals’ decisions.

Hence, a vector (x"
i , y"

i (x
"
i ))i # I that satisfies the incentive compatibility constraints

in Definition 1 for each player constitutes a Nash equilibrium. If the incentive com-
patibility condition is not satisfied for any feasible strategy, it may be necessary to
financially compensate a player to ensure that she doesn’t deviate, as stated in Defi-
nition 2.

Now, we propose a mathematically equivalent formulation to represent the incen-
tive compatibility logic by introducing four non-negative variables for each player,
! ( 1 )

i , ! ( 0 )
i , " ( 1 )

i , " ( 0 )
i , and a su! ciently large scalar (or vector of scalars), !K .1 The vec-

tor ! ( x i )
i can be interpreted as the loss the player would incur by switching from its

optimal decision to the other option, so it is similar to a dual, but not on the margin,
as discussed in the previous section. The vector " ( x i ) are compensation payments to
guarantee incentive compatibility (i.e., the remuneration the player receives from the
market operator or regulator to not deviate from the decision).

Although this may look very similar a disjunctive constraints reformulation at first
glance, it’s a bit di" erent:

f i

"
1, !y( 1 )

i , y! i

#
+ ! ( 1 )

i " " ( 1 )
i " ! ( 0 )

i + " ( 0 )
i = f i

"
0, !y( 0 )

i , y! i

#
(8a)

! ( 1 )
i + " ( 1 )

i # xi !K (8b)

! ( 0 )
i + " ( 0 )

i #
$
1 " xi

%!K

! ( 1 )
i , ! ( 0 )

i , " ( 1 )
i , " ( 0 )

i $ R+ (8c)

There are six possible outcomes regarding whether the incentives of an individual
player and the market operator are aligned need to deÞne in detail what incentive
align means... YES!, I am having trouble understanding this right away or
not:

individually equilibrium incentives

case optimal solution ! ( 1 )
i ! ( 0 )

i " ( 1 )
i " ( 0 )

i aligned

I active active > 0 0 0 0 yes
II inactive inactive 0 > 0 0 0 yes
III inactive active 0 0 > 0 0 no
IV active inactive 0 0 0 > 0 no
V either active/inactive 0 0 0 0 yes
VI active/inactive either 0 0 0 0 yes

Case I: incentives aligned, player would lose by not activating
Case II: incentives aligned, player would lose by activating
Case III: player must be compensated to not leave the market (i.e., deactivate)
Case IV: player must be compensated to not enter the market (i.e., activate)

1 In applied work using this reformulation, one can of course make the parameter !K speciÞc
to each player and constraint to improve computation e ! ciency. We omit this speciÞcation
for notational convenience.
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Player i will choose the value of the binary variable xi = x
i

and ey(x

i

)

i such that

f i

⇣
x
i

, ey(x

i

)

i , y�i (x�i )
⌘

is lowest given the decisions of the rivals y�i (x�i ). Mathemat-

ically, this can be written as follows:

f i
�
1, ey(1)

i , y�i (x�i )
�

< f i
�
0, ey(0)

i , y�i (x�i )
�

) x⇤
i = 1 (7a)

f i
�
1, ey(1)

i , y�i (x�i )
�

> f i
�
0, ey(0)

i , y�i (x�i )
�

) x⇤
i = 0 (7b)

f i
�
1, ey(1)

i , y�i (x�i )
�

= f i
�
0, ey(0)

i , y�i (x�i )
�

) x⇤
i = { 0, 1} (7c)

The logic is similar to the notion of incentive compatibility in game theory, i.e.,
there exists no proÞtable deviation given the decisions of all rivals. This can also be
interpreted as the optimal response of each player to the rivalsÕ decisions.

Hence, a vector (x⇤
i , y⇤

i (x⇤
i )) i 2I that satisÞes the incentive compatibility constraints

in DeÞnition 1 for each player constitutes a Nash equilibrium. If the incentive com-
patibility condition is not satisÞed for any feasible strategy, it may be necessary to
Þnancially compensate a player to ensure that she doesnÕt deviate, as stated in DeÞ-
nition 2.

Now, we propose a mathematically equivalent formulation to represent the incen-
tive compatibility logic by introducing four non-negative variables for each player,
! (1)

i , ! (0)

i , " (1)

i , " (0)

i , and a su! ciently large scalar (or vector of scalars), eK .1 The vec-
tor ! (x

i

)

i can be interpreted as the loss the player would incur by switching from its
optimal decision to the other option, so it is similar to a dual, but not on the margin,
as discussed in the previous section. The vector" (x

i

) are compensation payments to
guarantee incentive compatibility (i.e., the remuneration the player receives from the
market operator or regulator to not deviate from the decision).

Although this may look very similar a disjunctive constraints reformulation at Þrst
glance, itÕs a bit di" erent:

f i

⇣
1, ey(1)

i , y�i

⌘
+ ! (1)

i � " (1)

i � ! (0)

i + " (0)

i = f i

⇣
0, ey(0)

i , y�i

⌘
(8a)

! (1)

i + " (1)

i  xi eK (8b)

! (0)

i + " (0)

i 
�
1� xi

� eK

! (1)

i , ! (0)

i , " (1)

i , " (0)

i 2 R
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(8c)

There are six possible outcomes regarding whether the incentives of an individual
player and the market operator are aligned need to deÞne in detail what incentive
align means... YES!, I am having trouble understanding this right away or
not:

individually equilibrium incentives
case optimal solution ! (1)

i ! (0)

i " (1)

i " (0)

i aligned

I active active > 0 0 0 0 yes
II inactive inactive 0 > 0 0 0 yes
III inactive active 0 0 > 0 0 no
IV active inactive 0 0 0 > 0 no
V either active/inactive 0 0 0 0 yes
VI active/inactive either 0 0 0 0 yes

Case I: incentives aligned, player would lose by not activating
Case II: incentives aligned, player would lose by activating
Case III: player must be compensated to not leave the market (i.e., deactivate)
Case IV: player must be compensated to not enter the market (i.e., activate)

1 In applied work using this reformulation, one can of course make the parameter !K speciÞc
to each player and constraint to improve computation e ! ciency. We omit this speciÞcation
for notational convenience.
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